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Introduction

Goal: design descent algorithms for nonsmooth, nonconvex local optimization.

f : Rn → R ∪ {+∞}, lower semicontinuous, (f = g + δC).

min {f (x) : x ∈ Rn}.

Guideline: Interplay between continuous dynamical systems (t → +∞) and algorithms.

Steepest Descent: (SD) ẋ(t) + ∂f (x(t)) ∋ 0.

• Geometrical assumption (Curry, 44; Palis-De Melo, 1982; Absil-Mahony-Andrews, 2005).

• Convexity: Brézis; Baillon; Bruck, JFA. 1975; Quasi-convex: Goudou-Munier, MPB, 2009.

• Analyticity:  Lojasiewicz 1984; Tame analysis: Bolte-Daniilidis-Ley-Mazet, TAMS 2010.

Algorithms:

• Forward gradient steps (smooth data), backward proximal steps (nonsmooth data).

• Decomposition methods, high dimension (forward-backward,...): imaging, PDE’s...
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Presentation of the results

f : IRn → IR ∪ {+∞} lower semicontinuous, proper;

(xk)k∈N verifying H1, H2, KL, a, b positive constants:

H1. (Sufficient decrease condition). For all k ∈ N,

f (xk+1) + a‖xk+1 − xk‖2 ≤ f (xk);

H2. (Relative error condition). For all k ∈ N, there exists wk+1 ∈ ∂f (xk+1) such that

‖wk+1‖ ≤ b‖xk+1 − xk‖;

KL. (Kurdyka- Lojasiewicz property) is satisfied by f (for example f semi-algebraic).

Then,

• (xk)k∈N converges to a critical point of f ;

• (xk)k∈N is of finite length, i.e.,
∑

k ‖xk+1 − xk‖ < +∞;

• x0 close enough to Argminf ⇒ (xk)k∈N converges to a global minimizer of f .
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Plan

1.  Lojasiewicz inequality and continuous gradient systems;

2. Kurdyka- Lojasiewicz inequality: nonsmooth case; semi-algebraic functions;

3. Descent algorithms; general convergence results.

4. Gradient methods;

5. Proximal algorithms;

6. Forward-backward algorithms;

7. Application to compressive sensing;

8. Gauss-Seidel methods.

9. Open questions, perspectives.
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1.  Lojasiewicz inequality and continuous gradient systems

Theorem ( Lojasiewicz inequality, 1963) f : U ⊂ Rn → R real analytic, U open, x̄ ∈ U
critical point of f . There exists θ ∈ [12, 1), C > 0, and a neighbourhood W of x̄ such that

∀x ∈ W |f (x) − f (x̄)|θ ≤ C‖∇f (x)‖.

Theorem ( Lojasiewicz, 1984) f : U ⊂ Rn → R real analytic. Any bounded trajectory of
the steepest descent dynamical system

(SD) ẋ(t) + ∇f (x(t)) = 0

has a finite length and hence converges to a critical point of f .

Related results:

• PDE: Simon (1983), semilinear parabolic equations.

• Second order gradient-like system with damping, Haraux-Jendoubi J.Diff.Eq. (1998)

ẍ(t) + λẋ(t) + ∇f (x(t)) = 0.
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The gradient conjecture of R. Thom

Thom, 1972; Publ. Math IHES, 1989.

Theorem (Kurdyka-Mostowski-Parunsinski, Annals. of Math. 2000)

• f : U ⊂ Rn → R real analytic.

• t 7→ x(t) trajectory of (SD) which converges to a critical point x̄ of f .

Then the directional convergence property holds: there exists d ∈ Sn−1 such that

lim
t→+∞

x(t) − x̄

‖x(t) − x̄‖ = d.

Thom’s conjecture fails for convex functions, Daniilidis-Ley-Sabourau, JMPA, 2010:

There exists f : IR2 → IR convex, C∞, and a trajectory of (SD) which turns infinitely
many times around its limit.
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 Lojasiewicz inequality

f real-analytic , ∇f (x̄) = 0. There exists θ ∈ [12, 1), C > 0, W ∈ V(x̄) such that

∀x ∈ W |f (x) − f (x̄)|θ ≤ C‖∇f (x)‖.

Proof n = 1, elementary: x̄ = 0. Analyticity yields ak ∈ R, p0 ≥ 2, et ap0 6= 0

f (x) − f (x̄) =

+∞
∑

k=p0

akx
k

Derivating term by term

f ′(x) =

+∞
∑

k=p0

kakx
k−1.

Taking θ ∈ R+
∗ and x 6= 0 close to zero,

|f (x) − f (x̄)|θ
|f ′(x)| ≈ 1

p0|ap0|1−θ
|x|p0(θ−1)+1.

By taking 1 > θ > 1 − 1
p0

and x sufficiently small, one obtains

|f (x) − f (x̄)|θ ≤ |f ′(x)|.
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 Lojasiewicz inequality and gradient systems

f real-analytic , ∇f (x̄) = 0. There exists θ ∈ [12, 1), C > 0, W ∈ V(x̄) such that

∀x ∈ W |f (x) − f (x̄)|θ ≤ C‖∇f (x)‖.

Equivalent formulation: ϕ(s) = cs1−θ (desingularizing function)

ϕ′(f (x) − f (x̄))‖∇f (x)‖ ≥ 1.

Convergence of (SD): ẋ(t) + ∇f (x(t)) = 0.

Lyapunov function: h(t) = ϕ(f (x(t)) − f (x̄)), (x̄ limit point of the trajectory)

ḣ(t) = ϕ′(f (x(t)) − f (x̄)) 〈∇f (x(t)), ẋ(t)〉;
ḣ(t) + ϕ′(f (x(t)) − f (x̄)) ‖ ∇f (x(t)) ‖2= 0;

ḣ(t)+ ‖ ∇f (x(t)) ‖≤ 0;

ḣ(t)+ ‖ ẋ(t) ‖≤ 0.

Hence ẋ ∈ L1(0, +∞).
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2. Kurdyka- Lojasiewicz inequality: the nonsmooth case

Tools from variational analysis:

• Fréchet subdifferential of f at x ∈ domf :

∂̂f (x) :=







x∗ ∈ IRn : lim inf
y 6= x

y → x

1

‖x − y‖[f (y) − f (x) − 〈x∗, y − x〉] ≥ 0







.

• Limiting subdifferential (shortly subdifferential) of f (Mordukhovich):

∂f (x) := {x∗ ∈ IRn : ∃xk → x, f (xk) → f (x), x∗
k ∈ ∂̂f (xk) → x∗}.

• Closedness property of ∂f : (xk, vk) ∈ Graph∂f ⊂ IRn × IRn

(xk, vk) → (x, v) and f (xk) → f (x) ⇒ (x, v) ∈ Graph∂f.

• Optimality condition: a necessary condition for x ∈ IRn to be a (local) minimizer of f is

∂f (x) ∋ 0.

Such a point is said to be critical. The set of critical points of f = critf .
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KL inequality

Definition f : IRn → IR ∪ {+∞} lsc. has the KL property at x̄ ∈ dom ∂f if there exists
η ∈ (0, +∞], U ∈ V(x̄), ϕ : [0, η) → IR+ (desingularizing function):

• ϕ(0) = 0; ϕ : [0, η) → IR+ continuous, ϕ ∈ C1(0, η);

• ϕ increasing: ϕ′(s) > 0 for all s ∈ (0, η);

• ϕ concave;

such that for all x in U ∩ [f (x̄) < f < f(x̄) + η], the KL inequality holds:

(KL) ϕ′(f (x) − f (x̄)) dist(0, ∂f(x)) ≥ 1.

•  Lojasiewicz (1963): real analytic functions, ϕ(s) = s1−θ, θ ∈ [12, 1).

• Kurdyka (Ann. I. Fourier, 1998): differentiable functions definable in an o-minimal struc-
ture (semi-algebraic, subanalytic,...).

• Bolte-Daniilidis-Lewis-Shiota (SIOPT, 2007): Clarke subgradients of nonsmooth functions
definable in an o-minimal structure.

• A.-Bolte-Redont-Soubeyran (MOR, 2010): above (KL) definition.
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Semi-algebraic sets and functions

Definition (a) S ⊂ IRn semi-algebraic ⇐⇒ there exists polynoms Pij, Qij : IRn → IR

S =

p
⋃

j=1

q
⋂

i=1

{ x ∈ IRn : Pij(x) = 0, Qij(x) < 0}.

(b) f : IRn → IR ∪ {+∞} semi-algebraic ⇐⇒ graph(f ) ∈ IRn+1 semi-algebraic.

Boolean structure: finite union, intersection, complementary; polynoms: semi-algebraic.

Numerical analysis [50]: cone of positive semidefinite matrices, Stiefel manifold (spheres,
orthogonal group [38]), matrices with fixed rank...

Theorem [Tarski-Seidenberg] A ⊂ IRn+1 semi-algebraic. Its canonical projection on IRn

{(x1, . . . , xn) ∈ IRn : ∃z ∈ IR, (x1, . . . , xn, z) ∈ A}
is a semi-algebraic subset of IRn.

Illustration: S and g semi-algebraic ⇒ f (x) = supy∈S g(x, y) is a semi-algebraic function.

Theorem Let f : IRn → IR ∪ {+∞}, lower semicontinuous. Then

f semi-algebraic ⇒ f satisfies KL inequality;

(with ϕ(s) = cs1−θ, θ ∈ [0, 1) ∩ Q and c > 0).
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Further examples of functions satisfying KL

• o-minimal structures (semilinear, semi-algebraic, subanalytic,...): axiomatization of the
qualitative properties of semi-algebraic sets, van den Dries (1998).
Functions definable in a o-minimal structure satisfy KL: Kurdyka (1998), BDLS (2007).

• Uniform convexity: for all x, y ∈ IRn, x∗ ∈ ∂f (x),

f (y) ≥ f (x) + 〈x∗, y − x〉 + K‖y − x‖p, p ≥ 1

⇒ f ∈ KL, φ(s) = cs1/p.

Existence of a smooth convex f : R2 → R which does not satisfy KL;
Bolte-Daniilidis-Ley-Mazet (2010); Daniilidis-Ley-Sabourau (2010).

• Linearly regular intersection of Fi, transversality, Lewis-Malick (2008):

⇒ f (x) := 1
2

∑

i dist(x, Fi)
2 satisfies KL.

• Metric regularity: F : IRn → IRm metrically regular at x̄ ∈ IRn, if there exists a neigh-
bourhood V of x̄ in IRn, a neighbourhood W of F (x̄) in IRm and k > 0

x ∈ V, y ∈ W ⇒ dist (x, F−1(y)) ≤ k dist (y, F (x)).

⇒ f (x) = 1
2dist 2(F (x), C) satisfies KL, C ⊂ IRm closed convex, φ(s) = c

√
s, ([5]).
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Sets and functions definable in an o-minimal structure

van den Dries [36] (1998): axiomatization of the qualitative properties of semi-algebraic sets.

Definition O = {On}n∈N, On collection of subsets of IRn. O is an o-minimal structure if:

(i) Each On is a boolean algebra: ∅ ∈ On, A, B in On ⇒ A ∪ B,A ∩ B, IRn \ A ∈ On.

(ii) For all A in On, A × IR and IR × A belong to On+1.

(iii) For all A in On+1, Π(A) := {(x1, . . . , xn) ∈ IRn : (x1, . . . , xn, xn+1) ∈ A} ∈ On.

(iv) For all i 6= j in {1, . . . , n}, {(x1, . . . , xn) ∈ IRn : xi = xj} ∈ On.

(v) The set {(x1, x2) ∈ IR2 : x1 < x2} belongs to O2.

(vi) The elements of O1 are exactly finite unions of intervals.

A is definable in O if A belongs to O.

f : IRn → IR ∪ {+∞} is definable if its graph is a definable subset of IRn × IR.

Theorem (BDLS, SIOPT 2007) Let f : IRn → IR ∪ {+∞} be lower semicontinuous,
definable in an o-minimal structure O. Then, f has the KL property at each point of
dom ∂f . Moreover, the desingularizing function ϕ is definable in O.

→ semilinear, semi-algebraic, subanalytic o-minimal structures.
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3. Descent algorithms; general convergence results

f : IRn → IR ∪ {+∞} proper lower semicontinuous.
a et b fixed positive constants;
We consider sequences (xk)k∈N which satisfy H1, H2, H3:

H1. (Sufficient decrease condition). For each k ∈ N,

f (xk+1) + a‖xk+1 − xk‖2 ≤ f (xk);

H2. (Relative error condition). For each k ∈ N, there exists wk+1 ∈ ∂f (xk+1) such that

‖wk+1‖ ≤ b‖xk+1 − xk‖;

H3. (Continuity condition). There exists a subsequence (xkj)j∈N and x̃ such that

xkj → x̃ and f (xkj) → f (x̃) as j → ∞.

Remark In most practical algorithms (e.g. forward-backward, Gauss-Seidel...) H3 is satisfied
assuming just that f is lower semicontinuous.
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Convergence theorems

Theorem 1 (Convergence to a critical point) Let f : IRn → IR ∪ {+∞} be a proper lower
semicontinuous function. Consider a sequence (xk)k∈N that satisfies H1, H2, and H3.
If f has the KL property, then the sequence (xk)k∈N converges, and its limit x̄ is a critical
point of f . Moreover, the sequence (xk)k∈N has a finite length, i.e.

+∞
∑

k=0

‖xk+1 − xk‖ < +∞.

Theorem 2 (Local convergence to a global minima) Let f : IRn → IR ∪ {+∞} be a lower
semicontinuous function which has the KL property at x∗, a global minimum point of f .
Then for each r > 0, there exist ρ ∈ (0, r), µ > 0 such that the inequalities

‖x0 − x∗‖ < ρ, min f < f(x0) < min f + µ

imply that any sequence (xk)k∈N that satisfies H1, H2, and which starts from x0 satisfies

(i) xk ∈ B(x∗, r), ∀k ∈ N,

(ii) xk converges to x̄ and
∑+∞

k=1 ‖xk+1 − xk‖ < +∞,

(iii) f (x̄) = min f .
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Convergence to a local minima

Let x∗ be a local minimizer of f and suppose that f satisfies the growth condition:

H4. f (y) ≥ f (x∗) − a

4
‖y − x∗‖2 for all y ∈ IRn.

Theorem 3 (Local convergence to a local minima) Let f : IRn → IR ∪ {+∞} be a proper
lower semicontinuous function which has the KL property at some local minimizer x∗. Assume
that H4 holds at x∗.

Then, for any r > 0, there exist u ∈ (0, r) and µ > 0 such that the inequalities

‖x0 − x∗‖ < u, f(x∗) < f(x0) < f(x∗) + µ,

imply that any sequence (xk)k∈N starting from x0, that satisfies H1, H2 has the finite length
property, remains in B(x∗, r) and converges to some x̄ ∈ B(x∗, r) critical point of f with
f (x̄) = f (x∗).
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4. Gradient methods

f : IRn → IR class C1, ∇f Lipschitz continuous with constant L, inf f > −∞.

Algorithm 1 Parameters a > 0, b > 0, a > L. Fix x0 in IRn. For k = 0, 1, . . .

〈∇f (xk), xk+1 − xk〉 +
a

2
‖xk+1 − xk‖2 ≤ 0,

‖∇f (xk)‖ ≤ b‖xk+1 − xk‖.

Example (steepest descent): xk+1 − xk = −λk∇f (xk); 0 < λ < λk < λ < 2
L.

Theorem 4 Suppose that f has the KL property. Then each bounded sequence (xk)k∈N

generated by Algorithm 1 converges to some critical point x̄ of f , and has a finite length.

Remark

1. Classical convergence results: ∇f (xk) → 0.
First convergence results for (xk)k∈N: Absil-Mahony-Andrews, SIOPT, 2005.

2. The conclusion remains unchanged if there exists a closed subset S of IRn such that

• xk ∈ S for all k ∈ N; ∇f is L-Lipschitz continuous on co S;

• f satisfies the KL inequality at each point of S,
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Average projections for feasibility problems

F1, . . . , Fp closed subsets of IRn such that

p
⋂

i=1

Fi 6= ∅.

A classical approach to the problem of finding a common point x̄ to the sets F1, . . . , Fp

x̄ ∈
p
⋂

i=1

Fi

is to find a global minimizer of the function f : IRn → [0, +∞)

f (x) :=
1

2p

p
∑

i=1

dist (x, Fi)
2,

where dist (·, Fi) is the distance function to the set Fi.

• Fi semi-algebraic ⇒ dist(x, Fi)
2 semi-algebraic ⇒ f ∈ KL.

• Fi prox-regular ⇒ 1
2dist(x, Fi)

2 locally C1 function whose gradient is 1-Lipschitz
⇒ f idem.
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Prox-regular sets

Definition A closed subset F of IRn is prox-regular if its projection operator PF is single-
valued around each point x in F .

Prominent examples: closed convex sets and C2 submanifolds of IRn .

Set g(x) = 1
2dist(x, F )2 and suppose that F is prox-regular.

Theorem (Poliquin-Rockafellar-Thibault, Trans. AMS, 2000) Let F be a closed prox-regular
set. Then for each x̄ in F there exists r > 0 such that:

(a) The projection PF is single-valued on B(x̄, r).

(b) The function g is C1 on B(x̄, r) and ∇g(x) = x − PF (x).

(c) The gradient mapping ∇g is 1-Lipschitz continuous on B(x̄, r).
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Inexact averaged projection algorithm

Gradient method for f (x) := 1
2p

∑p
i=1 dist(x, Fi)

2.

Algorithm 2 Take θ ∈ (0, 1), α < 1
2, M > 0; x0 ∈ IRn.

xk+1 ∈ (1 − θ) xk + θ

(

1

p

p
∑

i=1

PFi
(xk)

)

+ ǫk,

(ǫk)k∈N is a sequence of admissible errors which satisfies

〈ǫk, xk+1 − xk〉 ≤ α‖xk+1 − xk‖2

‖ǫk‖ ≤ M‖xk+1 − xk‖

Theorem 5 Let F1, . . . , Fp be semi-algebraic, and prox-regular subsets of IRn,
⋂p

i=1 Fi 6= ∅.
If x0 is sufficiently close to

⋂p
i=1 Fi, then Algorithm 2 reduces to the gradient method

xk+1 = xk − θ∇f (xk) + ǫk,

which therefore defines a unique sequence. Moreover, this sequence has a finite length and
converges to a feasible point x̄, i.e. such that x̄ ∈ ⋂p

i=1 Fi.
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Linear regular intersection, transversality

Lewis-Malick (Math. Oper. Res., 2008), Lewis-Luke-Malick (Found. Comput. Math., 2009):

Similar results hold for sets Fi having a linearly regular intersection at some point x̄:

p
∑

i=1

yi = 0, with yi ∈ NFi
(x̄) =⇒ yi = 0,∀i = 1, . . . , p

.
Example: transverse manifolds.

Key property in LLM: f (x) := 1
2

∑

i dist (x, Fi)
2 locally satisfies the inequality

‖∇f (x)‖2 ≥ cf (x),

=  Lojasiewicz inequality with a desingularizing function of the form ϕ(s) = 2√
c

√
s.

Compare

• The linear regular intersection property provides linear convergence;

• KL approach, algebraic structure (common feature), possible tangent sets, desingularizing
function (rate of convergence).
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5. Proximal algorithms

f : IRn → IR ∪ {+∞} proper lower semicontinuous, inf f > −∞, λ > 0.

proxλf : IRn
⇉ IRn

proxλfx := argmin
{

f (y) + 1
2λ‖y − x‖2 : y ∈ IRn

}

.

Algorithm 3a (Proximal algorithm, exact version)

0 < λ < λk < λ < +∞;

x0 ∈ IRn;

xk+1 ∈ proxλkf(x
k).

Theorem 6 Suppose that f has the KL property, and that the restriction of f to its domain
is a continuous function. Then each bounded sequence (xk)k∈N generated by Algorithm 3
converges to some critical point x̄ of f , and has a finite length.
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Rate of convergence

• xk → x̄ convergent sequence generated by the proximal algorithm;

• f : U ⊂ Rn → R lower semicontinuous, satisfies KL at x̄:

There exists θ ∈ [0, 1), C > 0, W ∈ V(x̄) such that

∀x ∈ W, ∀w ∈ ∂f (x) |f (x) − f (x̄)|θ ≤ C‖w‖.

Theorem 7 (AB, MPB, 2009)

(i) If θ = 0, the sequence (xk)k∈N converges in a finite number of steps.

(ii) If θ ∈ (0, 1
2] then there exist c > 0 and Q ∈ [0, 1) such that

‖xk − x̄‖ ≤ c Qk.

(iii) If θ ∈ (1
2, 1) then there exists c > 0 such that

‖xk − x̄‖ ≤ c k− 1−θ
2θ−1 .
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Inexact version of the proximal point method

Algorithm 3b: (Proximal algorithm, inexact version)
Take x0 ∈ IRn, 0 < λ ≤ λ < ∞, 0 ≤ σ < 1, 0 < θ ≤ 1.

For k = 0, 1, . . . , choose λk ∈ [λ, λ], and find xk+1 ∈ IRn, wk+1 ∈ IRn such that

f (xk+1) +
θ

2λk
‖xk+1 − xk‖2 ≤ f (xk);

wk+1 ∈ ∂f (xk+1);

‖λkw
k+1 + xk+1 − xk‖2 ≤ σ(‖λkw

k+1‖2 + ‖xk+1 − xk‖2).

The last condition can be replaced by the weaker condition: for some positive b > 0

‖λkw
k+1‖ ≤ b‖xk+1 − xk‖.

Theorem 8 Suppose that f has the KL property, and that the restriction of f to its domain
is a continuous function. Then each bounded sequence (xk)k∈N generated by the inexact
proximal algorithm converges to some critical point x̄ of f , and has a finite length.
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6. Forward-Backward splitting algorithms

f : IRn → IR ∪ {+∞} proper, lower semicontinuous, structured

f = g + h

• h : IRn → IR C1, ∇h Lipschitz continuous, L = Lipschitz constant of ∇h.

• g : IRn → IR ∪ {+∞} lower semicontinuous, minorized.

• f satisfies KL.

Forward-Backward splitting algorithm (exact form): 0 < γ < γk < γ < 1
L

xk+1 ∈ proxγk g(x
k − γk∇h(xk)).

Proximal mapping: IRn
⇉ IRn, proxγgx := argmin

{

γg(y) + 1
2‖y − x‖2 : y ∈ IRn

}

.

Theorem 9 Each bounded sequence (xk)k∈N generated by the forward-backward splitting
algorithm converges to a critical point of f = g + h.

Moreover, (xk)k∈N has a finite length i.e.
∑

k ‖xk+1 − xk‖ < +∞.
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Convergence of the forward-backward algorithm with relative error

Algorithm 4: Take a, b > 0 with a > L. Take x0 ∈ dom g.
For k = 0, 1, . . . , find xk+1 ∈ IRn, vk+1 ∈ IRn such that

g(xk+1) + 〈xk+1 − xk,∇h(xk)〉 +
a

2
‖xk+1 − xk‖2 ≤ g(xk);

vk+1 ∈ ∂g(xk+1);

‖vk+1 + ∇h(xk)‖ ≤ b‖xk+1 − xk‖;
Theorem 10 Under the following assumptions

• f = g + h : IRn → IR ∪ {+∞} proper, lower semicontinuous, minorized, satisfying KL;

• h : IRn → IR C1, ∇h Lipschitz continuous, L = Lipschitz constant of ∇h;

• the restriction of g to its domain is continuous;

each bounded sequence (xk)k∈N generated by Algorithm 3 converges to a critical point of
f = g + h. Moreover, (xk)k∈N has a finite length i.e.

∑

k ‖xk+1 − xk‖ < +∞.

Remark a) Forward-Backward splitting algorithm (exact form) = particular case.
b) Forward-Backward algorithm, exact form: the continuity assumption concerning g is useless.

c) Application to splitting methods for coupled systems, A.-Briceno-Combettes, SIOPT 2010.
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Nonconvex gradient projection algorithms

• f = iC + h (C closed subset of IRn). For each γ > 0, proxγ iC
x = PC(x);

• h : IRn → IR be a differentiable function whose gradient is L-Lipschitz continuous;

• C a nonempty closed subset of IRn.

• ǫ ∈ (0, 1
2L), a sequence of stepsizes γk such that ǫ < γk < 1

L − ǫ.

(NGP ) xk+1 ∈ PC(xk − γk∇h(xk)).

Theorem 11 Let(xk)k∈N be a bounded sequence that complies with (NGP) algorithm. If
h + iC is a KL function, then the sequence (xk)k∈N converges to a point x∗ in C such that

∇h(x∗) + NC(x∗) ∋ 0.

Remark a) The assumption f = iC + h ∈KL is very general. It is satisfied for example if h
ic C1 semi-algebraic, and C is closed, semi-algebraic.
b) There is no (variational) regularity assumption on C: C is not supposed to be prox-regular,
the projection operator may be multivalued in a neighbourhood of C.
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Hard-constrained feasibility problems

• F, F1, . . . , Fp finite collection of nonempty closed subsets of IRn;

• F1, . . . , Fp convex sets; the hard constraint F is not supposed to be convex;

Combettes-Wajs, Multiscale Model. Simul., 2005: ωi > 0,
∑

i ωi = 1,

min
x∈F

{

h(x) :=
1

2

p
∑

i=1

ωidist (x, Fi)
2

}

.

Gradient projection algorithm → satisfy the hard constraint F , 6= F1, . . . , Fp are relaxed.

L = 1 Lipschitz constant of ∇h; 0 < γ ≤ γk ≤ γ < 1,

(NGP ) xk+1 ∈ PF

(

(1 − γk)x
k + γk

p
∑

i=1

ωiPFi
(xk)

)

.

Theorem 12 F, F1, . . . , Fp semi-algebraic.

• Each bounded sequence (xk)k∈N generated by the (NGP) algorithm converges to a critical
point of h + iF , i.e, ∇h(x∗) + NF (x∗) ∋ 0.

• If x0 is sufficiently close to the intersection of the F, F1, . . . , Fp, then (xk)k∈N converges
to a point which belongs to the intersection of the F, F1, . . . , Fp.
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7. Application to compressive sensing

Optimization methods: Donoho, (2006), Chartrant (2007), Becker-Bobin-Candes (2009).
GDR Opt.-Image, http://www.ceremade.dauphine.fr/ peyre/mspc/mspc-moa-11/slides/.

Recover sparse solutions of under-determined linear systems:

(P ) min{‖x‖0 : Ax = b}
• ‖ · ‖0: counting norm (ℓ0 norm): the number of nonzero components of x ∈ IRn.

• A 6= 0: m × n real matrix (m < n), b ∈ IRm.

(Pλ) min{λ‖x‖0 +
1

2
‖Ax − b‖2}.

Forward-Backward algorithm: f = g + h, g(x) = λ‖x‖0, h(x) = 1
2‖Ax − b‖2

• f is lower semicontinuous: ‖ · ‖0 is lower semicontinuous;

• f = g + h semi-algebraic, KL function: h polynomial, ‖ · ‖0 piecewise linear graph.

xk+1 ∈ proxγkλ‖·‖0

(

xk − γk(A
TAxk − ATb)

)

.

Iterative hard thresholding algorithms, Blumensath-Davis (2008), (2009).

29



Computing proxγλ‖·‖0

n = 1, counting function | · |0;

proxγλ|·|0u =







u if |u| >
√

2γλ
{0, u} if |u| =

√
2γλ

0 otherwise.

n ∈ N , u = (u1, . . . , un) ∈ IRn,

proxγλ‖·‖0
u = (proxγλ|·|0u1, . . . , proxγλ|·|0un),

Theorem 13 Each bounded sequence (xk) generated by the hard thresholding algorithm

xk+1 ∈ proxγkλ‖·‖0

(

xk − γk(A
TAxk − ATb)

)

0 < γ < γk < γ < |||ATA|||−1, converges to a critical point x∗ of λ‖x‖0 + 1
2‖Ax − b‖2,

i.e., i.e. x∗ satisfies

(ATAx∗)i = (ATb)i.

for all i such that x∗
i 6= 0.
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Relaxation, approximation of the counting function

(P ′
λ) min{λ‖x‖∗ + 1

2‖Ax − b‖2}.
Algorithm: xk+1 ∈ proxγk‖·‖∗(x

k − γkλ(ATAxk − ATb)).

1. ‖x‖∗ = ‖x‖1 convex relaxation (soft thresholding, Chen-Donoho-Saunders, 2004).

2. ‖x‖∗ = ‖x‖p =
∑n

1 |xi|p, p ∈ (0, 1), Chartrand (2007), Bredies-Lorenz (2009).

Separable structure of ‖ · ‖p ⇒ computing proxγ‖·‖p
(u) is equivalent to find solve

min
{

2γ|x|p + (x − u)2 : x ∈ IR
}

.

f (x) = ‖x‖p + λ
2‖Ax − b‖2 satisfies KL: There exists a o-minimal structure containing

{xα : x > 0, α ∈ IR} and the restricted analytic functions ([37]). ϕ(s) = csθ, θ ∈ [0, 1).

3. Mangasarian (1999), Jokar et Pfetsch (2007) ‖x‖∗ =
∑n

1(1 − e−α|xi|).

4. Zhang et al. (2006), ‖x‖∗ =
∑n

1 φ(xi)

φ(xi) =







λ|xi| if |xi| ≤ λ,
−(|xi|2 − 2aλ|xi| + λ2)/(2(a − 1)) if λ < |xi| ≤ aλ,

(a + 1)λ2

2 if |xi| > aλ
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8. Regularized Gauss-Seidel methods

Fix an integer p ≥ 2, and let n1, . . . , np be positive integers. The current vector x belongs
to the product space IRn1 × . . . × IRnp, x = (x1, . . . , xp), xi ∈ IRni.

min

{

Q(x1, . . . , xp) +

p
∑

i=1

fi(xi); xi ∈ IRni, i = 1, 2, ..., p

}

• Q : IRn1 × . . . × IRnp → IR C1 coupling function, ∇Q locally Lipschitz continuous;

• fi : IRni → IR ∪ {+∞} proper lower semicontinuous function, i = 1, 2, ..., p.

A proximal modification of the Gauss-Seidel method (Auslender (1992), ABRS (2010))
Alternating proximal minimization of f (x) = Q(x1, . . . , xp) +

∑p
i=1 fi(xi).

(Bk
i )k∈N symmetric positive definite matrices; x0 = (x0

1, . . . , x
0
p) in IRn1 × . . . × IRnp;

xk+1
1 ∈ argmin{f (u1, x

k
2, . . . , x

k
p) +

1

2
〈Bk

1 (u1 − xk
1), u1 − xk

1〉 : u1 ∈ IRn1}.

xk+1
i ∈ argmin{f (xk+1

1 , . . . , xk+1
i−1 , ui, x

k
i+1, . . .) +

1

2
〈Bk

i (ui − xk
i ), ui − xk

i 〉 : ui ∈ IRni};

xk+1
p ∈ argmin{f (xk+1

1 , . . . , xk+1
p−1, up) +

1

2
〈Bk

p (up − xk
p), up − xk

p〉 : up ∈ IRnp}.
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A proximal version of the Gauss-Seidel method with relative error

Take 0 < λ < λ < ∞.
(Ak

i )k∈N symmetric positive definite matrices whose eigenvalues lie in [λ, λ].
bi positive parameters (i = 1, . . . , p).
x0 = (x0

1, . . . , x
0
p) in IRn1 × . . . × IRnp.

For k = 0, 1, . . . , find xk+1 and vk+1 ∈ IRn1 × . . . × IRnp such that

fi(x
k+1
i ) + Q(xk+1

1 , . . . , xk+1
i−1 , xk+1

i , . . . , xk
p) +

1

2
〈Ak

i (x
k+1
i − xk

i ), x
k+1
i − xk

i 〉
≤ fi(x

k
i ) + Q(xk+1

1 , . . . , xk+1
i−1 , xk

i , . . . , x
k
p); (1)

vk+1
i ∈ ∂fi(x

k+1
i ); (2)

‖vk+1
i + ∇xi

Q(xk+1
1 , . . . , xk+1

i , xk
i+1, . . . , x

k
p)‖ ≤ bi‖xk+1

i − xk
i ‖, (3)

where i ranges over {1, . . . , p}.

Theorem 14 [Proximal regularization of Gauss-Seidel method] Suppose that

f (x) = Q(x1, . . . , xp) +
∑p

i=1 fi(xi).

is a KL function which is bounded from below. Each bounded sequence (xk)k∈N generated
by the proximal Gauss-Seidel method converges to some critical point x̄ of f .
Moreover the sequence (xk)k∈N has a finite length, i.e.

∑

k ‖xk+1 − xk‖ < +∞.
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Perspectives

Numerical aspects

• Discrete version of Thom’s conjecture.

• Desingularizing functions: rate of convergence, complexity.

• Accelerating gradient methods, Nesterov [58], Beck-Teboulle [13], Becker-Bobin-Candes
[14], Wright [69] (t1 = 1):

xk ∈ proxγk g(y
k − γk∇h(yk))

yk = xk−1 +
tk−1 − 1

tk
(xk−1 − xk−2)

tk =
1 +

√

1 + 4t2k−1

2

• Nonautonomous versions, approximation methods

Coupling descent methods with penalization:

forward-backward: A.-Czarnecki-Peypouquet, SIOPT 2011
relaxed Gauss-Seidel methods: A.-Cabot-Frankel-Peypouquet, JNA 2011.
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Applications

• Compressive sensing, rank reduction, imaging, signal, statistics.

• Games: Best response dynamics, cost to change, Nash equilibration, Pareto front.

• Infinite dimension problems

a) Decomposition of domains for PDE’s: H.A.-Briceno Arias-Combettes [7].

fi ∈ Γ0(Hi), ϕij ∈ Γ0(L
2(Υij)),

minimize
x1∈H1,..., xm∈Hm

m
∑

i=1

fi(xi) +

m−1
∑

i=1

∑

j∈J(i+)

ϕij(Tij xi − Tji xj),

b) Optimal control, optimal design of structure:

min {f (y) + g(u) : E(y, u) = 0}
Penalization of the state equation:

min
{

f (y) + g(u) + λ‖E(y, u)‖2
}

.

Optimal design of structure: Allaire [2], alternating minimization, gradient projection.
Quasi-static brittle fracture: Francfort-Marigo, Ambrosio-Tortorelli variational approach,
alternating minimization algorithm: Bourdin-Francfort-Marigo [19], Burke-Ortner-Süli.

35



References

[1] Absil, P.-A., Mahony, R. , Andrews, B., Convergence of the iterates of descent
methods for analytic cost functions, SIAM J. Optim., 16, no. 2, (2005), 531–547.

[2] Allaire, G., Optimal design of structures, Ecole polytechnique, 2011.

[3] Aragon, A., Dontchev, A. , Geoffroy, M., Convergence of the proximal
point method for metrically regular mappings, ESAIM Proc., 17, EDP Sci., (2007).

[4] Attouch, H., Bolte, J., On the convergence of the proximal algorithm for nons-
mooth functions involving analytic features, Math. Program., Ser. B, 116 (2009), 5-16.

[5] Attouch, H., Bolte, J., Redont, P., Soubeyran, A. Proximal alternating
minimization and projection methods for nonconvex problems. An approach based on the
Kurdyka-Lojasiewicz inequality, Mathematics of Operations Research, 35, no. 2, (2010),
438-457.

[6] Attouch, H., Briceño-Arias, L.M., Combettes, P.L. A parallel splitting
method for coupled monotone inclusions, SIAM J. Control Optim., 48, no. 5, (2010),
3246-3270.

[7] Attouch, H., Briceño-Arias, L.M., Combettes, P.L. Domain decomposi-
tion splitting methods, 2011.

36



[8] Attouch, H., Cabot, A., Frankel, P., Peypouquet, J. Alternating proximal
algorithms for constrained variational inequalities, Applications to domain decomposition
for PDE’s, submitted to J. Nonlinear Analysis, 2010.

[9] Attouch, H., Czarnecki, M.O., Peypouquet, J. Coupling forward-backward
with penalty schemes and parallel splitting for constrained variational inequalities, 2011.

[10] Attouch, H., Czarnecki, M.O., Peypouquet, J. Prox-penalization and split-
ting methods for constrained variational problems, SIAM J. Optimization, 2010.

[11] Attouch, H., Soubeyran, A. Local search proximal algorithms as decision dynam-
ics with costs to move, Set Valued and Variational Analysis, Online First, 2010.

[12] Auslender, A., Asymptotic properties of the Fenchel dual functional and applications
to decomposition problems, J. Optim. Theory Appl., 73 (1992), 427–449.

[13] Beck, A., Teboulle M., Gradient-based algorithms with applications to signal re-
covery problems, Preprint, Tel-Aviv University, Technion.

[14] Becker, S., Bobin, J., Candès, J., Nesta: A fast accurate first-order method for
sparse recovery, Caltech, (2009).

[15] Benedetti, R., Risler, J.-J., Real Algebraic and Semialgebraic Sets, Hermann,
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