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Abstract

A common problem in applied mathematics is that of finding a function in a Hilbert space
with prescribed best approximations from a finite number of closed vector subspaces. In the
present paper we study the question of the existence of solutions to such problems. A finite
family of subspaces is said to satisfy the Inverse Best Approzimation Property (IBAP) if there
exists a point that admits any selection of points from these subspaces as best approximations.
We provide various characterizations of the IBAP in terms of the geometry of the subspaces.
Connections between the IBAP and the linear convergence rate of the periodic projection
algorithm for solving the underlying affine feasibility problem are also established. The results
are applied to investigate problems in harmonic analysis, integral equations, signal theory, and
wavelet frames.

1 Introduction

A classical problem arising in areas such as harmonic analysis, optics, and signal theory is that
of finding a function z € L?(R") with prescribed values on subsets of the space (or time) and
Fourier domains [10, 20, 23, 29, 37, 36]. In geometrical terms, this problem can be abstracted
into that of finding a function possessing prescribed best approximations from two closed vector
subspaces of L?(RY) [39]. More generally, a broad range of problems in applied mathematics
can be formulated as follows: given m closed vector subspaces (U;)i<i<m of a (real or complex)
Hilbert space H,

find z € H such that (Vi€ {1,...,m}) Pz =u,, (1.1)

where, for every i € {1,...,m}, P; is the (metric) projector onto U; and u; € U;. In connec-
tion with (1.1), a central question is whether a solution exists, irrespective of the choice of the



prescribed best linear approximations (u;)1<i<m. The main objective of the present paper is to
address this question.

Definition 1.1 Let (U;)i1<i<m be a family of closed vector subspaces of H and let (P;)1<i<m de-
note their respective projectors. Then (U;)1<i<m satisfies the inverse best approximation property
(IBAP) if

(V(ui)lgigm S X?lle) (3% € H) (VZ S {1, ey m}) Px = u;. (1.2)

Moreover, for every (u;)i1<i<m € X2 ,U;, we set

S(u, ... um) = () {z € H | Pz = u;}, (1.3)
i=1

and, for every i € {0,...,m — 1},

m
Uys= > Uj, Py=Py-, and P} =Py (1.4)
j=i+l

The paper is organized as follows. In Section 2, we first show that the linear independence
of the subspaces (U;)i<i<m is necessary for satisfying the IBAP, but that it is not sufficient in
infinite dimensional spaces. The main result of Section 2 is Theorem 2.8, which provides various
characterizations of the IBAP. Several corollaries are derived and, in particular, we obtain in
Proposition 2.10 conditions for the consistency of affine feasibility problems. In Section 3, we
discuss minimum norm solutions and establish connections between the IBAP and the rate of
convergence of the periodic projection algorithm for solving (1.1). Finally, Section 4 is devoted to
applications to systems of integral equations, constrained moment problems, harmonic analysis,
wavelet frames, and signal recovery.

Remark 1.2 Since best approximations are well defined for nonempty closed convex subsets of
‘H, the IBAP could be considered in this more general context. However, useful results can be
expected to be scarce, even for two closed convex cones K; and K». Indeed, denote the projectors
onto K1 and K5 by P; and Ps, respectively. If k1 is a point on the boundary of K7 which is not
a support point of K; (by the Bishop-Phelps theorem [33, Theorem 3.18(i)] support points are
dense in the boundary of K7), then the only point « € H such that Pyz = ky is = k;. Therefore,
there is no point x € H such that Pix = k1 and Pox = ko unless ko = P>k, which means that
the IBAP does not hold. Let us add that, even if every boundary point of K; is a support point
(e.g., the interior of K is nonempty or H is finite dimensional), the IBAP can also trivially fail:
take for instance H = R?, K; = [0, 4o00[ x [0, +00[, K2 = {(3,—5) ‘ BeR}, ki = (0,1), and
ko = (1,—1).

Throughout, H is a real or complex Hilbert space with scalar product (- | -) and norm ||-||. The
distance to a closed affine subspace S of H is denoted by dg, and its projector by Pg. Moreover,
(Usi)i<i<m is a fixed family of closed vector subspaces of H with respective projectors (P;)1<i<m.-
Finally, N = {0, 1, ...} denotes the set of natural numbers.



2 Characterizations of the inverse best approximation property

We first record some useful descriptions of the set of solutions to (1.1).

Proposition 2.1 Let (u;)i<i<m € X[ U;. Then the following hold.

(1) S(ut,... um) =Ny (ui + UL).
(ii) Let x € S(u1,...,um). Then S(ui,... , up) =2+ i, Ui .

Proof. (i): Let z € H and ¢ € {1,...,m}. The projection theorem asserts that Pix = u; <
z—u; € Ut & 2 € u; + U, Hence, (1.3) yields x € S(uy,...,un) < z € N, (u + U).

(ii): Let y € H. By the linearity of the operators (P;)i<i<m, ¥y € S(u1,...,um) < (Vi €
{1,....om}) Ply—2)=0« (Vie{l,... m}y—2cUt+ ycax+ N, U+ 0O

The main objective of this section is to provide characterizations of the inverse best approxi-
mation property. Let us start with a necessary condition.

Proposition 2.2 Let (u;)i<i<m € (XI,U;) ~ {(0,...,0)} be such that 3 ;" u; = 0. Then
S(ul, .. .,um) = .

Proof. Suppose that € S(u1,...,uy). Then, for every i € {1,...,m}, u; = Pz and therefore
(uj | & — ;) =0, ie., |wl|* = (u; | ). Hence 0 < S [Jugl|? = (S0, u; | *) = 0, and we reach
a contradiction. O

Recall that the subspaces (U;)1<i<m are linearly independent if [24, Definition 6.6]

m

(V(ui)i<icm € XPLU:) > ui=0 = (Vie{l,...,m}) u;=0. (2.1)
=1

Using the notation introduced in (1.4), this property is characterized by [24, Lemma 6.6]
(Vie{l,...,m—1}) U;NnU;; ={0}. (2.2)

Corollary 2.3 Suppose that (U;)1<i<m Satisfies the inverse best approzimation property. Then
the subspaces (U;)1<i<m are linearly independent.

As the following example shows, the linear independence of the subspaces (U;)i<i<m is not
sufficient to guarantee the inverse best approximation property.

Example 2.4 Suppose that H is separable, let (e, )nen be an orthonormal basis of H, let (o, )nen
be a square-summable sequence in |0, 400[, and set (Vn € N) f,, = (e2n + aneant1)//1 + a2. Set
m =2,
U1 = span {e2 }nen, Uz = 5pan { fnfnen, u1 =0, and up = Z Qi fr- (2.3)
neN

Then Uy N Uz = {0} and S(uy,uz) = 2.



Proof. By construction, (e2)nen and (fyn)nen are orthonormal bases of Uy and Us, respectively.
It follows easily that U; N Uz = {0}. Now suppose that there exists a vector x € H such that
Pix = uy and Pox = uz. Then the identities ) (% | e2n)e2n = Piz = uy = 0 imply that

(VneN) (z|e) =0. (2.4)

Hence, it results from the identities Y -y anfn =uz = Pox =Y - (T | fn) fr that

a
2 (x| eant).
V14 oZ

Therefore, inf,en (z | e2p41) = infren /1 + @2 = 1, which is impossible. O

VneN) an=(z|f) = (2.5)

The next result states that linear independence is necessary and sufficient for obtaining an
approximate inverse best approximation property.

Proposition 2.5 The following are equivalent.

(i) The subspaces (Uj)1<i<m are linearly independent.
(i) For every (ui)i<i<m € X["1U; and every e € 10,400, there exists x € H such that

Px — ;|| <e. 2.6
121%):”” i —ul| < e (2.6)

Proof. Set V = {(Pix)lgigm ‘ T e H} and let W be the orthogonal complement of V' in the
Hilbert direct sum ;" U;.

(i)=(ii): Take (u;)1<i<m € W and set = Y u;. Then Y /" (u; | ) =Y 1% (u; | Pix) =0,
which implies that [|z||*> = >, (u; | ) = 0. Hence z = 0 and, in view of the assumption of
independence, we conclude that (Vi € {1,...,m}) u; = 0. Therefore, V' is dense in B, U;.

(ii)=(i): Take (ui)i<i<m € X, U; such that >, u; = 0, take € € ]0, 400}, and take z € H
such that (2.6) holds. Then Y ;" (u; | Piz) = Y i (u; | ) = 0 and therefore

m m m m
Y lluill? =" llui = Pa|® + 2Re Y (ui = P | Py + Y || Pz
i=1 i=1 i=1

i=1
m m

= llui = Pa|® =) || Pal?
i=1 i=1

< me?. (2.7)
Hence, (Vi € {1,...,m}) u; =0. 0

In order to provide characterizations of the inverse best approximation property, we require
the following tools.

Definition 2.6 [18, Definition 9.4] Let U and V be closed vector subspaces of H. The angle
determined by U and V is the real number in [0, 7/2] the cosine of which is given by

c(U,V)=suwp{l[{z|y)| [z eUNUNV), yeVn@NV): [lz <1, [ly| <1} (2.8)



Lemma 2.7 Let U and V be closed vector subspaces of H, let u € U, let v € V, and set
S=(u+UL)N(v+ VL), Then the following hold.

(i) Letx € S. ThenS:PUJF—V;L‘—I—(ULﬂVJ—).

(ii) Suppose that |PyPy|| <1 and set

u = (Id —PUPV)_l(u — PU’U)

v = (Id —P\/PU)il(’U — Pvu) (29)

z=u+7v, where {

Then the following hold.

(a) S# 2.
(b) z= Ps0.

Proof. (i): As in Proposition 2.1, we can write S = x + (U+ N V1), Hence, since (U +V)* =
(U+V)E =UnVE weget S = 2+(UNVE) = Pyipyryra+(UNVE) = Poppra+(U+FNVE).

(ii): These properties are known (see for instance [23, Item 3.B) p. 91] and [23, Section 5 on
pp. 92-93], respectively); we provide short alternative proofs for completeness.

(ii)(a): Let w € U and v € V. Since Py and Py are self-adjoint, |PyPy|| = ||(PvPy)*|| =
| PPy || = ||PuPy|| <1, and the vectors @ and v are therefore well defined. Moreover, it follows

from the identity u = ZjeN(PUPV)j (u — Pyv) that w € U and therefore that Pyu = u. On the

other hand, the second equality in the right-hand side of (2.9) yields

Pyt = Py < > (PyPyYi (v - PVU)>
JEN
= (Id —PyPy) Y(Pyv — PyPyu)
= (Id —PyPy)" ' ((Id —PyPy)u — (u — Pyv))
= u — . (2.10)

Thus, Pyz = Py(u+7) =u+ Pyv = u. Likewise, PyT = ¥ and Pyu = v — v, which implies that
Pyz = Py(u+7) = Pyu+7v =v. Altogether, z € S.

(ii)(b): As seen above, z € S,u € U, and v € V. Now let x € S. As in Proposition 2.1(ii), we
can write * = z +w = u + v + w, for some w € U+ N VL. Hence, ||z]|? = ||2||> + 2Re(u | w) +
2Re(v | w) + [[w|® = [|2]* + [lw]* = [|2]*. O

We can now provide various characterizations of the inverse best approximation property (the
notation (1.4) will be used repeatedly).

Theorem 2.8 The following are equivalent.

(1) (Ui)i<i<m satisfies the inverse best approzimation property.

(i) Vie{l,....m—=1})(Vu; € U;)(3z € H) vy = Pz and (Vj € {i+1,...,m}) Pjx =0.



(iii) (Vie{l,....,m—1}) P(U%) =U;.
(iv) (Vie{l,...,m—1}) U} + UL =H.

(v) The subspaces (U;)1<i<m are linearly independent and (Vi € {1,...,m—1})(3y; € |0, +o0])
dytaug < Vi (dys + dUﬁr)'

(vi) The subspaces (U;)i<i<m are linearly independent and (Vi € {1,...,m —1}) U; + Uy s
closed.

(vii) The subspaces (Uj)i<i<m are linearly independent and, for every i € {1,...,m — 1},
C(UZ', Ui+) < 1.

(viil) (¥ € {1,...,m — 113 € [1, +00)) (Vs € Uy) [[usl] < 7l PA i
() (Vi € {L,....m— 13 € [2,+00])(Va € H) [l2]] < %(| el + | PAa]).
(x) (Vi€ {1,...,m —1}) [ PPy < L.

Proof. (i)=(ii): Clear.

(ii)=(iii): Let i € {1,...,m —1}. It is clear that P,(U;}) C U;. Conversely, let u; € U;. By
assumption, there exists x € ﬂ;”:iﬂ UjJ- = Uf; such that u; = P;z. In other words, U; C Pi<Uz'JJr)~
Altogether, P;(U;) = U;.

(iii)=(iv): Let i € {1,...,m — 1}. We have

H=Us +Ui=U + BUL)=U"+ | (v—Pyo)=Uf+ (J {o} =0 + U5 (211)

UEUZ-J_"_ UEUiJ_‘*_

(iv)=(v): Let i € {1,...,m — 1}. We have
U; N Uiy = (U + UL = 1 = {0} (2.12)

As seen in (2.2), this shows the independence claim. Moreover, since U;- + Ul-J;r = 'H is closed,
the inequality on the distance functions follows from [8, Corollaire I1.9].

(v)=(vi): Let i € {1,...,m — 1}. It follows from [8, Remarque 7 p. 22| (see also [3, Proposi-
tion 5.16]) that U + Uz, is closed. In turn, since [8, Théoréme IL.15] asserts that Ut + UL*
is closed, we deduce that

U; + Uy is closed. (2.13)

It remains to show that U,y is closed. If i = m — 1, U;;. = U,, is closed. On the other hand, if
i €{2,...,m—1} and U;y is closed, we deduce from (2.13) that U;_1); = U; + Uiy = Ui + Ugy.
is closed.

(vi)=(vii): Let ¢ € {1,...,m —1}. Then U,; and U; + U, are closed and it follows from [18,
Theorem 9.35] that c(U;, U;4) < 1.



(vii)=(viii): Let ¢ € {1,...,m — 1} and let u; € U;. Then (2.8) yields
luill* = | P ual® + || P |
= || Prjwil® + (ui | Pryus)
< P usll® + e(Us, Ui )il | Po s
< 1Py uill® + c(Us, Ui )i . (2.14)
+
Hence, | Pruil® > (1 = c(Us, Ui)||uil >
(viii)=(ix): Let i € {1,...,m — 1} and let = € H. There exists vy € [1,4o00[ such that
lz]| < || Pa|| + || P
<3P Pl + 1P e
< (1Pl + 1P Prall) + 1Pz
<Pzl + (1 + )Pl (2.15)

(ix)=(x): Let i € {1,...,m — 1} and let € H. There exists v € [2, +o00[ such that
1P| = || P Pi|® + || P P |
= ||Pix Pl + (I P3 Piz|| + || P~ Pic]])?
> 1P Pt + 2 P (2.16)

Therefore || Py Piz|? < (1 — 7 2)||Pz|? < (1 — v 2)||z||>. Hence ||P;yP|| < 1 and, in turn,
1PiPis|| = 1P Bl = [Py )7 = ([ P Pl < 1.

(X):>(i): Fix (ui)lgigm S X:ile and set (Vl € {0, oo, M — 1}) S; = m;n:iJrl(Uj + UJJ‘) Let
us show by induction that

Vie{0,....m—2}) S;#@ and (Va;€S;) S;= Pz +U". 2.17
i+

First, let us set ¢« = m — 2. Since, by assumption || P,,,—1 P, || < 1, it follows from Lemma 2.7(ii)(a)
that S,,—o # @. Moreover, we deduce from Lemma 2.7(i) that, for every x,,—2 € Sp,_2,

Sm_g = PmSUm_Q + (Un{:—l N UHJ;) = P(m_2)+$m_2 + U(J;n_g)_i_- (218)

m

Next, suppose that (2.17) is true for some i € {1,...,m — 2} and let z; € S;. Then, using
Lemma 2.7(i), we obtain

Si—1 = (Uz + UZL) nsS; = (Ul + UZL) N (Plurl'i + UlJ_]_) (2.19)

Since, by assumption |P;P;1| < 1, it follows from Lemma 2.7(ii)(a) that S;—; # &. Now, let
xi—1 € S;—1. Combining (2.19) and Lemma 2.7 (i), we obtain

Si1 = Pygg i1+ (UZ’L N Uzﬁ) = P 1)ymi-1 + Ué_l)Jr. (2.20)

This proves by induction that (2.17) is true. For i = 0, we thus obtain So = ;2 (u; + U]J‘) #+ .
In view of Proposition 2.1(i), the proof is complete. O



An immediate application of Theorem 2.8 concerns the area of affine feasibility problems
[4, 9, 10, 14, 28, 36]. Given a family of closed affine subspaces (S;)1<i<m of H, the problem is to

find 2 € () S;. (2.21)

i=1

In applications, a key issue is whether this problem is consistent in the sense that it admits a
solution. Our next proposition gives a sufficient condition for consistency. First, we recall a
standard fact.

Lemma 2.9 Let S be a closed affine subspace of H, let V =5 — S be the closed vector subspace
parallel to S, and let y € S. Then S =y+V and (Vz € H) Psx =y + Py(x —y).

Proposition 2.10 Let (S;)1<i<m be closed affine subspaces of H and suppose that (U;)1<i<m are
the orthogonal complements of their respective parallel vector subspaces. If (U;)1<i<m satisfies the
inverse best approrimation property (in particular, if any of properties (ii)—(x) in Theorem 2.8
holds), then the affine feasibility problem (2.21) is consistent.

Proof. For every i € {1,...,m}, let a; € S;, and set V; = S; — S; and w; = P;a;. Then, by
Lemma 2.9, (Vie {1,...,m}) S; =a; +V; =a; + UZ-L = u; + Uf. Thus,

S; = ((us + UH), (2.22)

-
IDE

1

<.
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_

(2

and it follows from Proposition 2.1(i) that (2.21) is consistent if (U;)1<i<pm satisfies the IBAP. O
Remark 2.11 The converse to Proposition 2.10 fails. For instance, let S and Sy be distinct
intersecting lines in H = R3. Then U; = (S; — S1)* and Uy = (S9 — S3)* are two-dimensional

planes and they are therefore linearly dependent. Hence, the IBAP cannot hold by virtue of
Corollary 2.3.

In the case of two subspaces, Theorem 2.8 yields simpler conditions.

Corollary 2.12 The following are equivalent.

(i) (U1,Us) satisfies the inverse best approximation property.
(ii (V’U,l S Ul) S(ul,O) 7& .
(iii) P (Us) = Uy.

(V U1 N U2 = {0} and (El’)/ S ]0,+OOD dUlLﬁUQL S ’y(dUlL + dU2L)

)
)
)

(iv) U + U = H.
)

(vi) Uy NUz ={0} and Uy + Us is closed.
)

(vii) Uy NUs = {0} and c(U1,Us) < 1.



(vii)) (37 € [1,+oo)(Vur € U1) [ur| < || Pswall.
(ix) 3y € [2,+oo))(Vz € H) |lz|| < (|Pirz| + || P =)
(x) [P < 1.

Remark 2.13 Corollary 2.12 provides necessary and sufficient conditions for the existence of
solutions to (1.1) when m = 2. The implication (ix)=-(i) appears in [23, Item 3.B) p. 91],
the equivalences (vi)<(viil)<(ix)<(x) appear in [23, Item 1.A) p. 88], and the equivalences
(iii)<(iv)<(x) appear in [31, Lemma on p. 201].

As consequences of Theorem 2.8, we can now describe scenarii in which the necessary condition
established in Corollary 2.3 is also sufficient.

Corollary 2.14 Suppose that the closed vector subspaces (Uj)i<i<m are linearly independent,
that || Pm—1Pn|| < 1 and that, for every i € {1,...,m — 2}, U; is finite dimensional or finite
codimensional. Then (U;)1<i<m satisfies the inverse best approximation property.

Proof. In view of the equivalence (i)<(vii) in Theorem 2.8, it is enough to show that (Vi €
{1,...,m —1}) c(U;,Uiy) < 1. For i =m — 1, since | P;Piy|| = ||Pm—1Pm| < 1, we derive from
the implication (x)=-(vii) in Corollary 2.12 that c(U;,U;;+) < 1. Now suppose that, for some
i€{2,...,m—1}, c(U;,U;1+) < 1. Using to the implication (vii)=-(vi) in Corollary 2.12, we
deduce that U_1)4 = U; + Uiy is closed. In turn, since U;—; is finite or cofinite dimensional,
it follows from [18, Corollary 9.37] that c(U;_1),U;—1)4+) < 1, which completes the proof by
induction. O

Corollary 2.15 Suppose that the closed vector subspaces (U;)1<i<m are linearly independent and
that, for everyi € {1,...,m—1}, U; is finite dimensional or finite codimensional. Then (U;)1<i<m
satisfies the inverse best approximation property.

Proof. Since U, is finite dimensional or finite codimensional, it follows from [18, Corollary 9.37]
and the implication (vii)=-(x) in Corollary 2.12 that ||P,,—1Py|| < 1. Hence, the claim follows
from Corollary 2.14. O

Example 2.16 Let V be a closed vector subspace of H and let (v;)1<i<m—1 be linearly indepen-
dent vectors such that V- N span {viti<i<m—1 = {0}. Then, for every (n;)1<i<m—1 € C™™!, the
constrained moment problem

zeV and (Vie{l,....m—1}) (z|v)=mn (2.23)

admits a solution.

Proof. This is a special case of Corollary 2.15, where U,, = V*, u,, = 0, and, for every i €
{1,...,m — 1}, U; = span {v;} and u; = nyv;/||v;||>. O

Corollary 2.17 Suppose that the subspaces (U;)i<i<m are linearly independent and that H is
finite dimensional. Then (U;)1<i<m satisfies the inverse best approximation property.



The above results pertain to the existence of solutions to (1.1). We conclude this section with
a uniqueness result that follows at once from Proposition 2.1(ii).

Proposition 2.18 Let (ui)i<i<m € X[ Ui. Then (1.1) has at most one solution if and only if
Mz, Ui = {0}

Combining Theorem 2.8 and Proposition 2.18 yields conditions for the existence of unique
solutions to (1.1). Here is an example in which m = 2.

Example 2.19 The following are equivalent.

(i) For every u; € Uy and ug € Us, S(u1,us2) is a singleton.
(ii) Ui + U5 = H and Ui N U5~ = {0}.

Proof. Existence follows from the implication (iv)=-(i) in Corollary 2.12, and uniqueness from
Proposition 2.18. O

3 IBAP and the periodic projection algorithm

If (Ui)1<i<m satisfies the IBAP, then (1.1) will in general admit infinitely many solutions (see
Proposition 2.18) and it is of interest to identify specific solutions such as those of minimum
norm.

Proposition 3.1 Suppose that (U;)1<i<m satisfies the inverse best approximation property, let
(wi)i<i<m € X" U;, and, for everyi € {1,...,m — 1}, set

Ti: Uy — Ui+ Uit

v+ (Id —=PP) Y(u; — Pw)+ (Id =P P) (v — Piyu;). (3.1)
Define recursively T, = un, and (Vi € {m—1,...,1}) T; = T;Tiy1. Then, for everyi € {1,...,m},
T; = Ps,0, where S;= ﬂ(u] + UJL) (3.2)

j=i

In particular, T1 = Pg(y, ... u,,)0 is the minimal norm solution to (1.1).

Proof. Let i € {1,...,m — 1}. We first observe that the operator T; is well defined since the
implication (i)=-(x) in Theorem 2.8 yields |P;P;+| = ||Pi+F;|| < 1. Moreover, the expansions
(Id =PPiy)™" = Y ien(PiPiy)? and (Id =Py )~ = 2 y(Pi B;)’ imply that its range is
indeed contained in U; + U;1. Thus, Z; is a well defined point in U; 4+ U4 = U(i_1)+.

To prove (3.2), we proceed by induction. First, for i = m, since u,, € U,,, we obtain at once

10



Now, suppose that (3.2) is true for some i € {2,...,m}. By definition,
Tio1 = (1d =Pio1Py_1yy) (i1 = Pia®) + (Id =Py Pot) ' (@i — Paoyyruio1). - (3.4)

Since Z; € U(;—1)4 and u;—1 € U;—1, Lemma 2.7(ii)(b) asserts that T;_ is the element of minimal
norm in (w1 + Ui-,) N (T + Ué_l)Jr). On the other hand since, by (3.2), 7; € (jL;(u; + U]»L),
we derive from (1.4) that, as in Proposition 2.1,

m 1 m m
fi+Ud771)+=fi+ <ZU]‘> Zfi-f—ﬂUjJ':m(Uj—i-Uj'). (3.5)
j=i j=i j=i
As a result, T;_1 is the element of minimum norm in
(i1 + U= N () (wy + Uf). (3.6)
j=i

In other words, Z;—1 = Ps, ,0, which completes the proof. O

Conceptually, Proposition 3.1 provides a finite recursion for computing the minimal norm
solution Z; to (1.1) for a given selection of vectors (u;)i<i<m € X[2;U;. This scheme is in
general not of direct numerical use since it requires the inversion of operators in (3.1). However,
minimal norm solutions and, more generally, best approximations from the solution set of (1.1)
can be computed iteratively via projection methods. Indeed, for every r € H and (u;)i<i<m €
XM, U;, let us denote by B(r;uq,...,uy) the best approximation to r from S(uy,...,un), i.e.,
by Proposition 2.1(i),

B(r;ut, .. um) = Ps(uy,.um)T = Pam (uut)T- (3.7)
A standard numerical method for computing B(r;uy, .. ., uy,) is the periodic projection algorithm
xo=7r and (VneN) z,11=0Q1 Qunz, (3.8)

where, for every i € {1,...,m}, Q; is the projector onto u; + Uf, ie.,
Qi=P, o —ui+z— Pz (3.9)

This algorithm is rooted in the classical work of Kaczmarz [26] and von Neumann [40]. Although it
has been generalized in various directions [3, 4, 9, 15], it is still widely used due to its simplicity and

ease of implementation. If S(uy,...,un) # &, the sequence (x,,),en generated by (3.8) converges
strongly to B(r;u1,...,uny). If u; = 0, this result was first established by von Neumann [40] for
m = 2 and extended by Halperin [22] for m > 2. Strong convergence to B(r;ui,...,uy,) in the

general affine case (u; # 0) is a routine modification of Halperin’s proof via Lemma 2.9 (see [18]
for a detailed account). Interestingly, if the projectors are not activated periodically in (3.8) but
in a more chaotic fashion, only weak convergence has been established [1] and it is still an open
question whether strong convergence holds.

In connection with (3.8), an important question is whether the convergence of (zy)nen to
B(r;uq,...,uy) occurs at a linear rate. The answer is negative and it has actually been shown
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that arbitrarily slow convergence may occur [5] in the sense that, for every sequence (ay,)pen in
10, 1] such that «,, | 0, there exists r € H such that
(Vn e N) ||zp — B(r;ut, ..., um)|| > an. (3.10)

On the other hand, several conditions have been found [3, 5, 6, 17, 19, 27| that guarantee that, if
(1.1) admits a solution for some (u;)1<i<m € X/, U;, then, for every r € H, the sequence (zp)nen
generated by (3.8) converges uniformly linearly to B(r;uy, ..., u,) in the sense that there exists
a € [0,1] such that [19, Section 4]

(Vn e N) ||zp — B(ryut, ..., un)|| < &"|jr — B(r;ug, ..., up)|. (3.11)

The next result states that the IBAP implies uniform linear convergence of the periodic projection
algorithm for solving the underlying affine feasibility problem (1.1) for every (u;)1<i<m € X[*1Ui;
and every r € H. In other words, if (1.1) admits a solution for every (u;)1<i<m € X/,U;, then
uniform linear convergence always occurs in (3.8).

Proposition 3.2 Suppose that (U;)i1<i<m satisfies the inverse best approzimation property and
set

m—1

a= 1T (1 - (Ut vh)?). (3.12)

i=1

Then o € [0,1] and, for every r € H and every (u;)i<i<m € X[ Ui, the sequence (xp)nen
generated by (3.8) satisfies (3.11).

Proof. We first deduce from the implication (i)=(vii) in Theorem 2.8 that (Vi € {1,...,m —1})
c(U;, Uiy) < 1. Hence, it follows from [18, Theorem 9.35] that (Vi € {1,...,m—1}) c(Ui*,U%) <
1. In turn, (3.12) and (1.4) imply that

o= 1—W1L'[1 (1—c<UiL, ﬁ U].L)z) €[0,1]. (3.13)

i=1 j=i+1
Now let (ui)1<i<m € X[,U;. Since the IBAP holds, we have
S(ut, ..., un) # 2. (3.14)

Altogether, it follows from (3.13), (3.14), and [18, Corollary 9.34] applied to (Ui")1<i<m that
(3.11) holds. O

In the case when m = 2, the above result admits a partial converse based on a result of [5].

Proposition 3.3 Suppose that Uy N Uy = {0}, that (Uy,Us) does not satisfy the IBAP, and that
(u1,u9) € Uy x Uy satisfies S(ui,ug) # &. Let (an)nen be a sequence in ]0,1[ such that ay, | 0.
Then there exists r € H such that the sequence (zy)nen generated by (3.8) with m = 2 satisfies

(Vn eN) ||z, — B(r;uy,uz)| > an. (3.15)
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Proof. Tt follows from our hypotheses and the equivalence (i)<(vi) in Corollary 2.12 that Uy 4+ Us
is not closed. In turn, we derive from [5, Theorem 1.4(2)] that there exists yo € H such that the
sequence (Y )nen generated by the alternating projection algorithm

(Vn S N) Yn+1 = PUlLPijn (316)

satisfies
(V’I’L € N) ”yn - PUli-mUQJ-yOH > Q. (317)

Now let y € S(uj,u2) and set r = y + yp. It follows from Proposition 2.1(ii) that S(u1,u2) =
y + (Ui NUs-). Hence, it follows from (3.7) and Lemma 2.9 that

B(r;ui,us9) :y—i-PUleUj(r—y) =+ Pyiautvo. (3.18)
On the other hand, xg — y = yo and, using Lemma 2.9, (3.8) with m = 2 and (3.18) yield
(VneN) zp41—y= PosvtPupyvptn —y =P 1P yian —y =Py Py (xn —y). (3.19)

This and (3.16) imply by induction that (Vn € N) z,, — y = y,,. In turn, we derive from (3.18)
and (3.17) that

(Y0 €N) [l —Blrius, u2)l| = (g +3) — 0+ Pz 90)ll = lvn — P g oll = @, (3.20)

which completes the proof. O

4 Applications

In this section, we present several applications of Theorem 2.8. As usual, L?(R%) is the space of
real- or complex-valued absolutely square-integrable functions on the N-dimensional Euclidean
space RY | Z denotes the Fourier transform of a function € L?(R") and suppZ the support of
Z. Moreover, if A ¢ RV, 14 denotes the characteristic function of A and CA the complement
of A. Finally, ; designates the Lebesgue measure on R, ranT the range of an operator T’ and
tan 1 is the closure of ranT'.

The following lemma and its subsequent refinement will be used on several occasions.

Lemma 4.1 [2, Proposition 8], [7, Corollary 1] Let A and B be measurable subsets of RN of
finite Lebesgue measure, and let x € L*(RY) be such that x1g, = 0 and T1gg = 0. Then x = 0.

Lemma 4.2 [2, p. 264], [21, Theorem 8.4] Let A and B be measurable subsets of R of finite
Lebesgue measure. Set U = {x € L*(RY) | zlgy =0} and V = {z € L*(R") | Z1gg = 0}. Then
| PuPr| <1.

4.1 Systems of linear equations

Going back to Definition 1.1, we can say that (U;)1<i<m satisfies the IBAP if for every (u;)1<i<m €
X7 ran P; there exists € H such that (Vi € {1,...,m}) Pix = u;. As we have shown,
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this property holds if (iv) in Theorem 2.8 is satisfied, i.e., if (Vi € {1,...,m — 1}) ker P, +
ﬂ;"zz 41 ker P; = H. In the following proposition, we show that such surjectivity results remain
valid if projectors are replaced by more general linear operators.

Proposition 4.3 For every i € {1,...,m}, let G; be a normed vector space and let T;: H — G;
be linear and bounded. Suppose that

m
(Vie{l,...,m—1}) kerT;+ ﬂ kerT; = H. (4.1)
J=i+1

Then, for every (yi)i<i<m € X2 ranT;, there exists x € H such that

(Vie{l,...,m}) Tx=uy. (4.2)

Proof. For every i € {1,...,m}, let y; € ranT;, set U; = (kerT;)*, and let u; € U; be such
that Tju; = y;. Now let x € H. Then x solves (4.2) & (Vi € {1,...,m}) Thx = Tu; &
(Vie{l,....m}) Ty(x —w)) =0 < (Vie {l,...,m}) v —w; € ker T; = U~ & (Vi € {1,...,m})
P,z = u;. We thus recover an instance of problem (1.1) and, in view of the equivalence between
items (i) and (iv) in Theorem 2.8, we obtain the existence of solutions to (4.2) if, for every
ie{l,...,m—1}, Ut + U} =H, ie., if (4.1) holds. O

We now give an application of Proposition 4.3 to systems of integral equations.

Proposition 4.4 For everyi € {1,...,m}, let v;, w;, and y; be functions in L*(RYN) such that
there exists x; € L*(RN) that satisfies [pn 2i(s)vi(s)wi(t — s)ds = y;(t) p-a.e. on RY. Moreover,
suppose that there exist measurable sets (A;)1<i<m in RN such that

(Vie{l,...,m}) wp((A;+supp?d;) Nsuppw;) =0 (4.3)
and .
(Vie{l,...,m-1}) AU [ 4; =RV (4.4)
j=i+1

Then there exists * € L*(RN) such that

(Vie{l1,...,m}) /]RN z(s)vi(s)wi(t — s)ds = y;(t) p-a.e. on RY. (4.5)

Proof. The result is an application of Proposition 4.3 in H = L2?(RY). To see this, denote
by * the N-dimensional convolution operation and, for every i € {1,...,m} and every =z € H,
set Tz = (xv;) * w;. Then (T})1<i<m are bounded linear operators from H to H since, by [8,
Théoréme IV.15],

(Vie{l,....m}) (Ve € ) [Tl = || (zvi) % wil| < llwvillprflwill < ] foill sl (4.6)

Now fix i € {1,...,m — 1}. Since (4.5) can be written as (4.2), Proposition 4.3 asserts that it
suffices to show that

kerT; + (] kerZj =H. (4.7)
j=it+1
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To this end, let z € H. It follows from (4.4) that we can write z = 2 + 22, where 2} = Z1,4, and
Zy =z 1gy,. We have

Tz = [(z1v5) xwi]" = (i % 5)w; = ((Z1a,) % 6;) W (4.8)
and
supp ((EIA,L.) *6}-) C supp (214,) + suppv; C A; + supp v;. (4.9)

Therefore, we derive from (4.8) and (4.3) that
pu(supp Tiz1) = u(supp ((14,) * 0;) N supp 'L/U\z) =0. (4.10)
This shows that z; € kerT;. Now fix j € {i+1,...,m}. Then it remains to show that z, € ker T}.
Since (4.4) yields 0A; = (N, Ar C A, arguing as above, we get
suppl?;g = supp (((Echi)*ﬁ})@) C (BAﬁ—supp @)ﬁsuppw/\j C (Aj—l—supp @)ﬂsupp wj. (4.11)
In turn, we deduce from (4.3) that u(supp szg) = 0 and therefore that zo € ker 7). O

We now give an example in which the hypotheses of Proposition 4.4 are satisfied with m = 3.

Example 4.5 Let {a, 3,7} C R and let {vy,vs,v3, wy, wa, w3} C L*(R). Suppose that 0 < v <
2a and that

{Suppvi C [B,B84 1], supp 0z C [a, +00[, supp 3 C ]—00, —a] (4.12)

suppw; C [~a+ B+, a+ (], suppws C |—00,0], suppws C [0, +o0].
Now set A1 = |—o00, —a]U[a, +0], Ay = [—a, +oo[, and A3 = |—00, a]. Then (4.4) is satisfied and,

since Aj +supp 0y C |—00, —a+ 5+ 7| U[a + 3, +00[, Az +supp 03 C [0, 00, and Az + supp 03 C
]—00,0], so is (4.3).

Next, we consider a moment problem with wavelet frames [12, 13, 16].

Proposition 4.6 Let ¢ be a band-limited function in L*(R), say supp ) C [—p, p] for some
p € ]0,+oo[. Suppose that (V) (jxyez2, where Yjg: t — 21/24p(27t — k), is a frame for L*(R),
i.e., there exist constants o and 3 in |0, +o00] such that

(Vo € L*(R)) allel* <) > el vwl* < Bllz)?, (4.13)

Je7 kel

and, moreover, that (V; 1) xyezz admits a lower Riesz bound v € |0, +o0[, i.e.,

2
(Y(eim)gmezz € T S el <4 D0 ciuthin (4.14)
JEZ kEL JEZ KEL
Let A be a measurable subset of R such that 0 < u(A) < +oo, let J € Z, and set
A={(G,k)ezZxZ|j<J}. (4.15)

Then, for every function y € L?*(A) and every sequence (Mj.k) G k)en € P2(A), there exists © €
L?(R) such that

rla=y and (V(j,k) €A) (|jr) =Nk (4.16)
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Proof. Set H = L*(R), G; = L?(A), and Gy = £2(A), and define bounded linear operators
Ti:H—G:z—wxla and To:H — Go:x— (x| Yj5) (ke (4.17)

Then ran7} = G; and, on the other hand, it follows from [11, Lemma 2.2(ii)] and (4.14) that
ranTy = Gy. Hence, in view of (4.16), we must show that, for every y; € ran7j and every
yo € ran Ty, there exists x € H such that Tix = y; and Thx = ys. Appealing to Proposition 4.3,
it is enough to show that ker T + ker T, = ‘H or, equivalently, that

Ul + U =H, where U =tanly and U, =tanTy. (4.18)

Set U = {z € L*(R) | zlgy =0}, B = [-27p,27p], and V = {x € L*(R) | T1gp =0}. By
Lemma 4.1, U NV = {0} and it therefore follows from [18, Lemma 9.5] and Lemma 4.2 that

c(U, V) =||PyPy — Punv| = |PuPv| < 1. (4.19)

On the other hand, it follows from (4.17) that T}: G; — H satisfies

. t), if te A
(wegner) Ty =" . (4.20
0, otherwise
and that
T5: Go — H: (k)G ryer — Z 10k Vj k- (4.21)
(J.k)eA
Since U(j,k:)eA Suppm C B, we have
U cU and Uy CV. (4.22)
Hence, Uy N Uy = {0} and (4.19) yields
c(Ur,Uz) <c(U, V) < 1. (4.23)

In view of the implication (vii)=-(iv) in Corollary 2.12, we conclude that (4.18) holds. O

4.2 Subspaces spanned by nearly pairwise bi-orthogonal sequences

The following proposition provides a wide range of applications of Theorem 2.8 with m = 3.

Proposition 4.7 Let (uy ;)kez, (U2k)kez, and (usi)kez be orthonormal sequences in H such
that
(Vk € Z)(Vi € {1,2})(Vj € {i+ L3NVl € Z~ {k}) usp L . (4.24)

Moreover, suppose that

sup \/[{urk | wz k)| +supy/[{ugk | usp)| +supy/[{urg | use)] < 1. (4.25)
keZ keZ keZ

Then, for all sequences (a1 k)kez, (02.k)kez, and (ask)rez n 2(Z), there exists x € H such that

(VE€Z) oaqp = (x|uig), aor = (x| ugk), and azp = (x| ug). (4.26)
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Proof. For every i € {1,2,3}, set U; = span{u;}rez and observe that (Vo € H) Pz =
Y kez (T | wig)u; k. Accordingly, we have to show that (U, Uz, Us) satisfies the IBAP. Using the
equivalence (i)<>(x) in Theorem 2.8, this amounts to showing that ||Pi P4 || < 1 and || P2Ps]| < 1.

First, let us fix ¢ € {1,2} and j € {i + 1,3}, and let us show that

sup | (e | wjr)|* < | PPl < sup [(wig | wjr)] - (4.27)
kEZ kEZ

In view of (4.24), we have

(Vo eH) PPx=> (z|uj)uy
leZ

Ui )W - (4.28)

Hence, for every k € Z, PPjujr = |(uik | ujk>| u; and therefore ||PP;|| > || PPju;k| =
|(wi g | u3k>| This proves the ﬁrst inequality in (4.27). On the other hand, it follows from (4.28)
that
(o € H) PPl = 1o i luss [ua < supl(usy | i) ol (420
leZ

This proves the second inequality in (4.27).

Since (4.25) and (4.27) imply that |P,Ps|| < 1, it remains to show that ||PPiy| < 1. We
derive from (4.25) and (4.27) that
VPR + VPB4 VI PePsl) = VPR + VI PLPs|| = | PP

+ (VPP + V| PLPs|| + V][ P Ps|) V|| P2 Ps|
<1—|Pps. (4.30)

For every k € Z, let P?’Lk denote the projector onto {uzj}* and set

1

P3,k“2,k U2k — (ug k| usk)us k
h —

B, V1=l [ us i)

which is well defined since (4.25) guarantees that |(ug i | ug k)| < 1. Let us note that (4.31) yields

: (4.31)

U2,k = ||

2
(ug ks | w2 k)v2k . B (ug | ugk)u2 K [(uk | us k)| usk
= ug, ~ :
\/1—\ (ug e | us )l L—[{ugp |ugp)|” 1 —[(ugp [ us)l
1
(us — (ug g | ugr)usk). (4.32)

1— [(ugp | uzp)|®

On the other hand, it follows from (4.24) and (4.31) that {va ; }rez U {us k }kez is an orthonormal
set and that

span ({va tkez U {us k tkez) = Span ({P:fkuz,k}kez U{ugptrez) =Us+Us =Ury.  (4.33)

To compute | PLP1+], let € H and let k € Z. We derive from (4.33) that

Piiz=Y (z]|ve)var+ Y (x| usg)usy. (4.34)
l€Z leZ
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Hence, using (4.24), (4.31), and (4.32), we obtain

(Pryz | ug) = (@ | var)(vak [ ur k) + (o | usp)(usk | w1 k)

(vo i | U1 k)

= (v [ ugk) -
V1 Huzg | us)]

u3k u2k U2k ulk
+@mm0wkww | w2 {va | ﬁ
V1= [z | )2

= (| ug k) Br + (2 | u3 k) Yk (4.35)
where
g, = \tak [ ue) = Qunp | us ) (usp | van) (4.36)
1= (g | ug i)l
and
_ (up | wap) — (usr | U2,k><U2 k| u1 k>. (4.37)
1 — |(ugk | ug )l
We note that (4.27) yields
el < (e | o )| + [Cuap | ug )| [Cun g [us )| _ VPP + /[ P2Ps]l /[ P Ps | (4.38)
B 1— [(ugy | usp)|” - 1 — || PP
and, likewise,
e < VP3|l + /|| P2 P3| \/HP1P2H (4.39)
- 1 — [P Ps]|
Thus, we obtain
(Ve eH) |[PiPuyall= > (P | u)l
kez
DN Lz Bl + 1> o [ us )l
kez kez

g(mwmmwmmw

1- HP2P3H

Appealing to (4.30), we conclude that |PiPi4+| < 1. O

Remark 4.8 A concrete example of subspaces satisfying the hypotheses of Proposition 4.7 can
be constructed from an orthonormal wavelet basis. Take 1 € L?*(R) such that the functions
(Vk1) (k1)ez2, Where P2t — 2k/24(2Ft — 1), form an orthonormal basis of L?(R) [16]. For every
i € {1,2,3} let, for every k € Z, (1 1)icz be a sequence in ¢?(Z) such that >, [n;x/* = 1 and
define
U; = span {u; r }rez, where (Vk€Z) wu;p = Zm,k,z%,l- (4.41)
lEZ
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Then (u1 k)kez, (U2k)kez, and (us k)rez are orthonormal sequences in L%(R) that satisfy (4.24).
Moreover since, for every i and j in {1,2,3} and every k € Z, (uik | wjk) = Y ez M kiTjkls the
main hypothesis (4.25) is equivalent to

Z Mk 1712,k

leZ

<L (4.42)

Z 712,k 1713,k 1

leZ

Z MLk, 1713,k L

leZ

sup
kEZ

+ sup
keZ

+ sup
kezZ

4.3 Harmonic analysis and signal recovery

Many problems arising in areas such as harmonic analysis [2, 7, 21, 23, 25, 29], signal theory
[10, 32, 39], image processing [14, 36], and optics [30, 37] involve imposing known values of
an ideal function in the time (or spatial) and Fourier domains. In this section, we describe
applications of Theorem 2.8 to such problems.

The following lemma will be required.

Lemma 4.9 Let U, V, and W be closed vector subspaces of H such that W C V. Then
|[PoPw| < [[PuPyll.

Proof. Set B = {wxe€H | ||z]| <1}. Then Pw(B) C B. In turn, since W C V,
Py (B) = Py(Pw(B)) C Py(B) and hence Py (Pw(B)) C Py(Py(B)). Consequently, || PyPw || =
sup {||PuPwz| | x € B} <sup {||PyPya ‘ z € B} =|PyPy|. 0

The scenario of the next proposition has a simple interpretation in signal recovery [14, 36]: an
N-dimensional square-summable signal has known values over certain domains of the spatial and
frequency domains and, in addition, m — 2 scalar linear measurements of it are available.

Proposition 4.10 Let A and B be measurable subsets of RN of finite Lebesgque measure, and
suppose that m > 3. Moreover, let (v;)1<i<m—2 be functions in L2(RN) with disjoint supports
(Ci)lgigme such that

(Vie{l,....m—2}) u(C;) <+occ and u(C;NCA)> 0. (4.43)

Then, for all functions vy, and vy,—1 in L2(RN) and every (n;)1<i<m-2 € R™~2, there exists a
function x € L*(RY) such that

(Vie{l,...,m—2}) / z(t)vi(t)dt =i, z|a = Vm—1|a, and T|p = Um|B- (4.44)
C;
Proof. We first observe that the problem under consideration is a special case of (1.1) with
H= LYRY),

U; = span {v;} and  w; = nvi/||vi|?, 1<i<m—2;
Up-1 = {x eH ‘ xlpy = 0} and  Up—1 = Upm_1l4; (4.45)
Un={zxeH|Zlgg=0} and Uy = Onls.
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It follows from Lemma 4.2 that ||P,,—1Py|| < 1. Hence, in view of Corollary 2.14, it suffices to
show that the closed vector subspaces (U;)1<i<m are linearly independent. Since the supports
(Ci)1<i<m—2 are disjoint, the subspaces (U;j)1<i<m—2 are independent. Therefore, if we set U =

ZZZ_F U;, it is enough to show that U, U,,—1, and U,, are independent. To this end, take

(Y Ym—1,Ym) € U X Upy—1 X U, such that
Y+ Ym—1+ym =0, (4.46)

and set C = (J"7°Ci. We have (y + Ym-1)1gauey = 0, p(AU C) < +00, Ymlgp = 0, and
p(B) < +oo. Hence, it follows from (4.46) and Lemma 4.1 that

Y+ Ym—1 =0 and y, =0. (4.47)

It remains to show that y = 0. Since y € U, there exist (a;)i1<i<m—2 € C™ 2 such that y =
211_12 a;v;. However, since the supports (C;)i1<i<m—2 are disjoint,

m—2
E ;U5
i=1

On the other hand, (4.43) implies that, for every i € {1,...,m — 2},

2 m—2
lyl* = = > fail?vi]*. (4.48)
i=1

||v,~|]2:/ ]vi(t)|2dt+/ |v,-(t)\2dt>/ () 2dt = [[viLal% (4.49)
CiﬁA CiﬂCA C,L'QA

At the same time, we derive from (4.47) that y = —y;,—1 € U,,—1 and therefore from (4.45) that
ylgy = 0. Consequently, (4.48) yields

m—2
D lailllvill* = lyl® = llytal® =
i=1

2 m—2
= > Jail*JvsLal* (4.50)
i=1

m—2
Z vl 4
i=1

In view of (4.49), we conclude that (Vi € {1,...,m —2}) a; =0. 0

Remark 4.11 In connection with Proposition 4.10, let us make a few comments on the following
classical problem: given measurable subsets A and B of RY such that p(A) > 0 and u(B) > 0,
and functions a and b in L2(RY), is there a function € L?(RY) such that

x|la=alg and ZT|p=0blp? (4.51)
To answer this question, let us set

{U1 = {x e L2(RN) ‘ xlpgy = 0} and wu; =aly, (4.52)

Upy={x e L*(RY) | Z1gp =0} and 7wz = blp.

Thus, the problem reduces to an instance of (1.1) in which m = 2.

o If u(A) < +o0 and u(B) < o0, it follows from Lemma 4.2, (4.52), and the implication
(x)=(i) in Corollary 2.12 that the answer is affirmative (see also [23, Corollary 5.B p. 100]).

o If 4(CA) < 400 and p(CB) < +oo, it follows from (4.52), Proposition 2.18, and Lemma 4.1
(applied to Ui~ and Us") that (4.51) has at most one solution.
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e Suppose that A is bounded and that ;(CB) > 0, and let € € ]0,+o0o[. Then there exists
x € L?(RY) such that

/ (t) — a(t)2dt + / () — b(&)|de < e. (4.53)
A B

To show this, we first observe that U; N Us = {0}. Indeed, let y € U; N Us. Then ¥y can be
extended to an entire function on C¥ (see [35, Theorem 7.23] or [38, Theorem I11.4.9]) and,
at the same time, ylgg = 0, which implies that ¥ = 0 [34, Theorem 1.3.7]. Hence, applying
Proposition 2.5 with m = 2, we obtain the existence of x € L?(RY) such that

|Prz — up||* + || Pz — ug|? < ¢, (4.54)

which yields (4.53). In the case when CB is a ball centered at the origin and b = 0,
(4.53) provides the following approximate band-limited extrapolation result: there exists
r € L*(RY) which approximates a on A and such that Z nearly vanishes for high frequencies.

The following example describes a situation in which the IBAP fails.

Example 4.12 The following example is from [30]. Let C = [-1/2,1/2] x [—1/2,1/2] and set
H = L?(C). Moreover, define

(V(m,n) € Z*) Z(m,n) = / x(s,t) exp(—i2m(ms + nt))dsdt, (4.55)
C

set A =0,1/2] x[0,1/2], and set B = FU{(m,0) | m € Z}, where F is a nonempty finite subset
of Z x Z. The problem amounts to finding functions with prescribed best approximations from
the closed vector subspaces

Up={xeH|azlgy=0}
Uy ={z€H|a(st)=xz(—s,t)ae onC} (4.56)
U3:{.%'€H ‘ 31320}.

Since Uit + Us- + Uz = {0} [30], it follows from Proposition 2.18 that the problem has at most

one solution. However, the subspaces are not independent. Indeed, given a finite subset I of Z
such that (0,n) ¢ F whenever n € I and complex numbers (¢, )ner, the trigonometric polynomial

(s,t) — Z cpemmt (4.57)

nel

is in Uz N Us. Therefore, in the light of Corollary 2.3, the IBAP does not hold.
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