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Abstract

A classical tool in nonlinear analysis is the notion of an approximating curve, whereby a
particular solution to a nonuniquely solvable problem is obtained as the limit of the solutions to
uniquely solvable perturbed problems. We introduce and analyze new types of approximating
curves for nonexpansive fixed point problems and monotone inclusion problems in Hilbert spaces.
The solution attained by these curves solves a strictly monotone variational inequality over the
original solution set. Various special cases are discussed.

1 Introduction

In nonlinear analysis, a common approach to solving a problem with multiple solutions is to replace
it by a family of perturbed problems admitting a unique solution, and to obtain a particular original
solution as the limit of these perturbed solutions as the perturbation vanishes. This principle
arises for instance in minimization problems (Tikhonov regularization [2, 26]), in partial differential
equations (viscosity solutions [28, Section 33.11]), in monotone inclusions [28, Section 32.18], in
variational inequalities [9], in evolution equations (elliptic regularization [19, Chapitre 3]), and in
fixed point theory (approximating curves [16]); further examples will be found in [3, 25, 28] and
the references therein. For the sake of illustration, let us consider two examples in a Hilbert space

H.



e Let T be a nonexpansive operator defined on H, and suppose that the set FixT of its fixed
points is nonempty. Given a € H, a classical way to perturb the basic fixed point equation
x = Tz is to add to T a viscosity term £(a — T'), which yields z. = ea + (1 — €)Tz., where
e € ]0,1[. As the viscosity term vanishes, i.e., as € — 0, the approximating curve (zc).¢),1|
converges strongly to the best approximation xg to a from FixT [9]. A simple manipulation
shows that the same result holds for the approximating curve defined by

(Ve €]0,1]) 2. =T (z:+e(a — z.)). (1.1)

o Let A: H — 2" be a maximal monotone operator with zeros. Given ¢ € ]0, 1[, consider the
perturbation 0 € Az, +ew. of the inclusion 0 € Az. Then the approximating curve (z.).¢)o,1
converges strongly to the zero xg of A of minimal norm as ¢ — 0 [11].

Besides their importance in the problems mentioned above, approximating curves are also relevant
to numerical methods since understanding their properties is central in the analysis of parent
continuous [3, 21, 23] and discrete [5, 12, 17, 27] dynamical systems (see also [13] for an application
of such dynamical systems to concrete problems). The goal of this paper is to analyze the properties
of new types of approximating curves for fixed point and monotone inclusion problems. The limit
attained by these curves is the solution of the general variational inequality 0 € Noxg+ Bxg, where
N¢ denotes the normal cone operator to the original solution set C and B: H — 2" is a suitable
strictly monotone operator.

Throughout, H is a real Hilbert space with scalar product (- | -), norm ||-||, and identity operator
Id. In addition, Pg denotes the projector onto a nonempty closed convex subset C of H, and
Nc: H — 2™ its normal cone operator, i.e.,

N xH{{uEH|(VyEC) (y—z|u) <0}, ifzeC;
ok

, otherwise.

(1.2)

As is customary, — and — denote, respectively, strong and weak convergence.

2 Nonexpansive fixed point problems

The domain and fixed point set of an operator T: H — H are denoted by domT and FixT,
respectively. Recall that T is nonexpansive if it is Lipschitz-continuous with constant 1, firmly
nonexpansive if 27" — Id is nonexpansive, and a strict contraction if it is Lipschitz-continuous with
a constant in [0, 1[. It will be convenient to introduce the following notion.

Definition 2.1 Let (T:).c01] be a family of operators from H to H with domain H and let
(zc)egroa be a family in H. Then (xc).cpo,1| is T-focused with respect to (T:)eejo| if, for every
x € H and every sequence (ep)nen in |0, 1] such that e, | 0,

(2, = 2 and z., —T:,2., — 0] = (Veel0,1]) Tz == (2.1)



Example 2.2 Let T: domT = H — H be a nonexpansive operator such that FixT # @, let
(Ae)eepo,1) be a family in 0, 1] such that inf.gjg [ Ae > 0, set (Ve € ]0,1[) 7o = Id+A(T — Id), and
take (7c)o)0,1 in H. Then (xc).¢)0,1[ is T-focused with respect to (7:)cejo,1-

Proof. Suppose that ]0,1[ > &, | 0, z,, — z, and z¢, — T¢, xc, — 0. Then, since inf.¢jo 1 Ae > 0,
we obtain x., — Tz., — 0 and the demiclosed principle [10, Lemma 2] yields « € FixT = FixT.. O

Our first result concerns the convergence of a generalization of (1.1).

Theorem 2.3 Let (T:)ccjo,1) and (Sc)ce)o,1] be families of nonexpansive operators from H to H with
domain H, let Q: dom Q =H — H be a strict contraction, and suppose that C' = ﬂee]o,l[ Fix T, #
&. Then there exists a unique point o € C such that xo = Po(Q xp). Now set

(Ve €]0,1]) = =Tz (:L'€ +e(QSecxe — xa)) (2.2)

Then (x¢)ze)0,1] s uniquely defined. In addition, if (vc).c)o,1[ i T-focused with respect to (Tt).ejo,1(,
CcC ﬂsE]O,l[FiX Se, and, for every x € H and every sequence (£p)nen in |0, 1] such that e, | 0,

(2., »2€C and =z, —T.,2., > 0] = S.z., — =, (2.3)

then x. — xy as € — 0.

Proof. Let € € ]0,1[. Since T; is nonexpansive, Fix T is closed and convex [16, Proposition 1.5.3]
and, therefore, C' is a nonempty closed convex set. As a result, since Po is nonexpansive and
Q@ is a strict contraction, Po@ is a strict contraction, and it follows from the standard Banach-
Picard theorem that the point x( is uniquely defined. Likewise, since S: is nonexpansive, the
composition QS: is a strict contraction. In turn, eQS: + (1 — ) Id is a strict contraction and so is
T.(¢QS: + (1 — £)Id ). Hence, the point z. is uniquely defined in (2.2).

To show the last assertion, let § € [0, 1[ be the Lipschitz constant of @ and let x be a point in
C. Then we deduce from (2.2) that

(Ve €]0,1]) lze — x| = ’|T€(5QS€$€ +(1— 5)355) —Tex||
< Hngsl's + (1 - 8)1‘5 - :EH
= [e(@Seze — QSex) + (1 — €)(z: — z) +e(Qx — 2)|
< e0||Sewe — Sexf| + (1 — &) ||z — x| + l|Qz — ]

< (1-e+eb)z. — | +¢|Qz — 2. (2.4)
Hence,
(Ve €]0,1]) [z — 2| < ”Qf_;'. (2.5)

Consequently, (7¢).¢jo,1[ is bounded and, since

(Ve €]0,1)) |QSewe — x| < [[QSexe — QSex| + ||z — Q|| < Ollze — 2l + [Jee — Qzf|,  (2.6)



we obtain

8= sup ||QS:z: — x| < +o00. (2.7)
e€]0,1]

Now set (Ve €]0,1[) ye = xzc + e(QSzx- — z.). Then (2.2) yields

(Vy € C)(Ve €]0,1]) 62”@551‘5 — $5||2 +2e(QScx: —xe |2 — )
= Hya - Teya||2 +2 <ye — Ty | T:y: — y>

= |ly- - yH2 — | Teye — yH2 (2.8)
> 0.
Therefore, by (2.7),
€ ,  ef?
(Vy € C)(Ve €]0,1]) (we — QSexe |2 —y) < §||stxs —z[]” < 5 (2.9)
Hence, using Cauchy-Schwarz, we obtain
(Vy € C)(Ve €]0,1]) (1 = 0)[lze — yl* < [l — y[* = [lz= =yl - |QSeze — QSey
< flze — yH2 —(ze —y | QSewe — QSey)
= ((Id-QS:)xe — (Id =QSo)y |z — y)
g3
§7+(1:57y|62y7y). (2.10)
Next, we derive from (2.2) and (2.7) that
(Ve €]0,1]) ||ze — Texe|| = ||T% (xa +e(QSex: — xe)) — T.a.||
< el|QS:ze — x| (2.11)
< eB. (2.12)
Thus,
hH(l) |xe — Tex|| = 0. (2.13)
e—

To complete the proof, let (e,,)nen be an arbitrary sequence in |0, 1[ such that €, | 0. Then it is
enough to show that x., — x¢. Let w be a weak cluster point of (z., )nen, say Tey, — W. Then
it follows from (2.13) and (2.1) that w € C. Therefore, (2.10) yields

(tneN) (1-0)lles, - w|® <

8712624’(336”_“] |Qw_w>7 (2'14)

which implies that z., — w. Consequently, by (2.13) and (2.3), we obtain S, =, — w and,
therefore, (2.9) results in

(vy € C) <$5kn - QSEkank:n ’ xskn - y> - <’LU - Qw | w — y>
< Iim (ze, — QS:, e, |7, —y) <0. (2.15)

~ n——+oo

We thus obtain sup e (w — Qu |w —y) <0, ie., w = Pc(Qw). Since g is the unique fixed point
of Po@, we have w = xy. Accordingly, the bounded sequence (zc, )nen admits g as its unique
weak cluster point, whence x., — xg. In turn, it follows from (2.14) that x., — x¢. O

4



Example 2.4 Using the standard characterization of the projection onto a convex set, the limit
xg of the approximating curve (z.) c€jo,1[ in Theorem 2.3 is the solution to the variational inequality

g€ C and (VyeC) (y—xzo | Qro—z0) <0. (2.16)
Here are some specific examples, where 0 < a < 8 < 4o00.

(i) Suppose that B: dom B = H — H is a-strongly monotone (i.e., B — aId is monotone)
and Lipschitz-continuous with constant G, and let v € ]O, 200/ 3 [ Then @ = Id —yB is a

strict contraction with constant 6 = /1 —v(2c — y32) and g is the unique solution to the
variational inequality

zg€e C and (MyeC) (y—uxo |Bxo)>0. (2.17)

(ii) Suppose that B: dom B = H — H is a-strongly monotone and that B/ is firmly non-
expansive, and let v € ]0,2/8[. Then @ = Id—~B is a strict contraction with constant
0 = /1 — ay(2 — Bv) (this constant is smaller than that given in [14, Theorem 2]). Indeed,
for every x and y in H, we have

1Qz — Qyl|*> = |z — y|* — 2v(z —y | Bx — By) +v*||Bz — By||?
<|lz—y|* =2 - By)(z —y | Bx — By)
< (1=av(2=07) = —yl* (2.18)

Here, z¢ is the unique solution to (2.17).

(iii) Suppose that ¢: H — R is convex and differentiable, and that V¢ is a-strongly monotone
and Lipschitz-continuous with constant 3. Then it follows from [4, Corollaire 10] that Vi /3
is firmly nonexpansive. Hence, we deduce from (ii) that @@ = Id —yV is a strict contraction
for v €]0,2/03[. In this case, x¢ is the unique minimizer of ¢ over C.

(iv) A special case of (iii) is when ¢: H — R is convex, twice continuously Fréchet-differentiable,
and that

(V(z,y) € H?) allyll® < (y | Vie(x)y) < Bllyl*. (2.19)
This follows from [14, Theorem 4].

(v) Let a € H and suppose that Q: x — a. Then z is the projection of a onto C.

Remark 2.5 In Theorem 2.3, FixT. may vary with ¢. For instance, let (C).¢jo,1[ be closed convex
subsets of H such that C' = (). 1; C= # @ and such that the associated projectors (T ).¢o,1| satisfy
(Vx € H) Tex — Pox as € — 0. Furthermore, fix a € H and set Q:  — a and S. = Id. Then
(Ve €]0,1]) FixT. = C: and (2.2) = 2. = Tz (2. +e(a—x.)) = T.a. Therefore, (2.3) holds trivially
and (7¢).¢o,1] is T-focused with respect to (T:).¢jo,1[- Indeed, ze — = < T.a — x. However, since
T.a — Pga, we obtain x = Poa € C.



Remark 2.6 Let (B:).cjo,1| be a family of operators from H to H with domain H which uniquely
define a curve (z¢).)0,1| via the equations (Ve € ]0,1[) ze = T:(Id —eB:)ze. Set (Ve € ]0,1]) y. =
re — eB.x.. Then

(Ve €10,1]) ye = (Id —eB.)T.ye.. (2.20)

Thus, if z. — zg as ¢ — 0 and (Bsxs)ae}m[ is bounded, we also have y. — x9 as ¢ — 0. This
simple observation yields the following alternative approximating curve result. Let us make the
same assumptions as in Theorem 2.3 and let us set (Ve € ]0,1]) B. = Id—QS.. Then (2.20)
becomes

(Ve €10,1]) ye = eQSeTeye + (1 — €)Teye. (2.21)

In view of (2.7), the family (B:ze)cejo,1 is bounded. Therefore, Theorem 2.3 yields y. — xg =
Po(Qxp) as € — 0. In particular, ifa € H, Q: x — a, T. = T, and S; = Id, we recover the classical
result [9, Theorem 2] alluded to in Section 1 (see also [10, Theorem 1] and [17, Theorem 1] for
alternate proofs of this result).

Remark 2.7 (Infeasible case) Suppose that we make the same assumptions as in Theorem 2.3,
except that C = @ and D = (g FixS: # @ (e.g., Sc = 1d). Then [|z|| — +oo0 as ¢ — 0.
Indeed, otherwise there would exist a bounded sequence (z., )nen, where ]0,1] 2 &, | 0. Taking
z € D in (2.6), we would obtain the boundedness of (QS:,zs, — Z¢, Jnen and it would follow from
(2.11) that T, zc, — 7, — 0. On the other hand, we could extract a subsequence (7, )nen such
that zc, — w. However, the J-focused assumption would yield w € C, which is absurd.

We close this section with a special case of Theorem 2.3.

Corollary 2.8 Let T: domT = H — H be a nonexpansive operator such that FixT # & and let
Q: dom Q) = H — H be a strict contraction. Then there exists a unique point xg € FixT such that
2o = Prix7(Q ®0). Now let (Ae)ocpo1] and (fie)eeo,1| be families in [0,1] such that inf.gp i Ae > 0
and set

(Ve €]0,1)) ze = (Id+A(T —1d)) (w2 + (Q (2 + pe(Txe — 7)) — 7). (2.22)

Then (zc)ee)o,1 is uniquely defined and r. — xo as € — 0.

Proof. Set C = FixT and, for every ¢ € ]0,1[, T = Id+A(T — Id) and S; = Id+u(T —
Id). Then, for every € € ]0,1[, 7. and S. are nonexpansive, and FixS. = C or H, according
as 0 < pe < 1 or pe = 0. On the other hand, since inf.cjg A: > 0, FixT. = C. Altogether,
@ # C = (goi FixTe C (g, FixSe. Moreover, Example 2.2 shows that (2:).gjo,1) is T-
focused with respect to (7%).¢),1[, While (2.3) is readily verified. Thus, the result is a special case
of Theorem 2.3. O

In particular, setting @Q: x — a and A\. = 1 in Corollary 2.8, we recover the fact that the limit of
the approximating curve (1.1) is the best approximation to a from Fix T



3 Monotone inclusion problems

Let A: H — 2™ be a set-valued operator. The sets dom A = {x € H | Az # @}, ran A = {u € H |
(3z € H) u € Az}, and gr A = {(z,u) € H? | u € Ax} are the domain, the range, and the graph of
A, respectively. The inverse A~! of A is the set-valued operator with graph {(u,z) € H? | u € Az},
the resolvent of A is J4 = (Id+A)~!, and its Yosida approximation of index v € ]0,+oo[ is
A = (Id —Jya)/7v. Moreover, A is monotone if

(V(z,u) € grA)(V(y,v) € grA) (z—ylu—v)=0, (3.1)

and maximal monotone if, furthermore, gr A is not properly contained in the graph of any monotone
operator B: H — 2" If A is monotone and dom A # &, the associated Fitzpatrick function [15] is
the proper lower semicontinuous convex function f4: H X H — |—00, +00| defined by

(V(z,w) e HXH) falz,w)={(x |w)+ sup (r—y|v—w). (3.2)
(y,v)eegr A

Definition 3.1 Let (Ag)ae}oal[ be a family of mazimal monotone operators from H to 2™ and let
(Te)eepo,1] be a family in H. Then (xc).co,( is A-focused with respect to (Ac)egiof if, for every
x € H and every sequence (ey)nen in 10, 1] such that €, | 0,

[z, = 2 and 'A.,z., —0] = (Ve€]0,1]) 0€ A.xz. (3.3)

Example 3.2 Let (Ac).),1 be a family of maximal monotone operators from H to 2" which
graph-converges to some maximal monotone operator A: H — 27 such that A=10 = ﬂse]o,l[ AZto,
and take (7¢).cjo,1 in H. Then (z¢).¢,1[ is A-focused with respect to (Ac).co,1-

Proof. Suppose that ]0,1] > ¢, | 0, z., — =, and ‘A, x., — 0. Then Ja., ze, — x and
'A., 2., — 0, while (Vn € N) (Ja_ zc,, 'Ac,2¢,) € gr A.,. Therefore, [1, Proposition 3.59] yields
(x,0) e grA. 0O

We start with an application of Theorem 2.3.

Corollary 3.3 Let (A:)ccjo,1 be a family of mazimal monotone operators from H to 2" such that
C = ﬂge]O,l[As_lO % & and let Q: dom@Q = H — H be a strict contraction. Then there exists a
unique point xo € C' such that xo = Pc(Q xo). Now take (pe)eejo and (Ve)zgjoa| i [0,2] such that
inf_cj0,1[pe > 0, and set

(Ve €]0,1]) 2. = (Id4pe(Ja. —1d)) (2= + e(Q(ze + ve(Ja.ze — z)) — 22)). (3.4)

Then the family (ze)egjo,] s uniquely defined. In addition, if (ze)zcjo| is A-focused with respect
to (Ae)eelo,1[, then e — wo as e — 0.

Proof. Set (Ve € ]0,1]) T. = Id+p-(Ja, —Id) and S. = Id +v.(Ja. — Id). For every € € ]0,1],
since A is maximal monotone, 2.J4_ — Id is nonexpansive with domain H and fixed point set AZ10



[16, Section 1.11]; consequently, T: and S. are nonexpansive, FixT. = A-'0 (since p. > 0), and
Fix S, = AZ10 or H, according as 0 < v. < 2 or v = 0. Consequently, & # C = ﬂae]m[Fing C
Neejo,1[ Fix Se. Now take ]0,1[ 5 &, | 0. Since inf.gpo1(pe > 0, e, — Tz, 7, — 0 = 4., 2., — 0,
and it follows from (3.3) that (xc).),1[ is T-focused with respect to (7%).c)o,1- Finally, suppose
that ., — = € C. Then z., — 1., z., — 0 = 2|4, z., || — 0 = v, ||['A 2., || — 0 =
|ze, — Sene, || — 0 = S¢,x., — =. Hence, (2.3) holds. Altogether, since (3.4) is a special case of
(2.2), the claims follow from Theorem 2.3. O

Corollary 3.4 Let (A:)cgjo,1 be a family of mazimal monotone operators from H to 2" such that
C = ﬂee]o,l[As_lo # @ and let B = Id —Q, where Q: dom@Q = H — H is a strict contraction.
Then there exists a unique point o € C such that g = Po(xg — Bxg). Now let

(Ve €]0,1]) 0 € Acz. + eBx.. (3.5)

Then the family (ze)egjo,] 18 uniquely defined. In addition, if (ze)zcjo| is A-focused with respect
to (Ae)eelo,1[, then e — wo as e — 0.

Proof. Setting p. =1 and v, =0 in (3.4), we obtain (3.5). We can then apply Corollary 3.3. O

Remark 3.5 We can rewrite (3.5) as (Ve € 10,1[) . = Ja_jc (2 —Bz.). In particular, for A, = A
and B = Id, we obtain
(Ve €]0,1[) @ = Jy,.0. (3.6)

(i) In this case, Corollary 3.4 coincides with [11, Lemma 1], i.e., J4/.0 — P4-100 as ¢ — 0 (here
(3.3) follows from the fact that, by maximal monotonicity of A, gr A is sequentially weakly-
strongly closed in H x H). This result can be traced back to [20] (see also [23, Theorem 1
and Remark 2] for a Banach space version, and [9, Theorem 1] for a related result; moreover,
Remark 2.7 corresponds to [22, Theorem 2], i.e., ||ze| — +o0 if 0 ¢ ran A).

(ii) Let U: H — 2™ be a maximal monotone operator, let = € H, and let A = U~! — 2. Then
(3.6) becomes (Ve € ]0,1[) xe = “Ux. Therefore, (i) asserts that

(a) if x € dom U, that is 0 € ran A, then . — P4-1y0 = Py,0 as ¢ — 0;
(b) if x ¢ dom U, that is 0 ¢ ran A, then ||z.|| — +00 as ¢ — 0.

This classical result can be found in [7, Proposition 2.6(iii)&(iv)].

In Corollary 3.4, the approximating curve (3.5) converges strongly to the solution zy to the
variational inequality

0e N( xg + Bz, (37)

msE]O,l[ AE_IO)

where B is a special type of single-valued strongly monotone operator (see Example 2.4 for specific
examples). In Theorem 3.10 below, we extend this result to a more general type of set-valued
strictly monotone operator B. First, we require the following facts, starting with a generalization
of the notion of strong monotonicity.



Definition 3.6 Let B: H — 27 be a set-valued operator with dom B # @ and let c: [0, 4o00[ —
[0, +00] be a nondecreasing function that vanishes only at 0 and such that lim;_, 4 c(t)/t = +00.
Then B is c-uniformly monotone if

(V(z,u) € gr B)(V(y,v) €grB) (z—y |u—v)=c([z—yl). (3.8)
If c: t — at? for some a € ]0,+00], then B is a-strongly monotone.

Lemma 3.7 Let B: H — 2™ be a c-uniformly monotone operator. Then (dom B) x H C dom fg.

Proof. Fix (z,u) € gr B and w € H, and set v = ||ju — w|| and ¢: [0,+o0] — R: ¢t — vt — c(t).
Since limy_, 40 ¢(t)/t = 400, we can find 7 € [0, 00| such that ¥ (t) < 0 = ¢(0) whenever ¢ > 7.
Thus, supcjo,4o0[ ¥(t) = Supyco,7) ¥(t) < 7 < +o00. Therefore, (3.2), (3.8), and Cauchy-Schwarz
yield

fB(z,w)—(z |w)= sup (z-ylv-—u)+(z-ylu-w)< sup Y(|z—yl)<-+oo. (3.9)
(y,v)€gr B yEdom B

In other words, (z,w) € dom fp. O

Lemma 3.8 Let A,B: H — 2™ be mazimal monotone operators such that A + B is mazimal
monotone and B is c-uniformly monotone. Suppose that, in addition, (dom A) x (ran A) C dom f4
or dom A C dom B. Then:

(i) ran(A+ B) ='H.

(ii) The inclusion 0 € Az + Bz admits a unique solution.

Proof. (i): Fix (y,v) € gr B. Then (3.8) yields

(V(z,u) € grB) ||z —y| - [lull > (z —y |u)
=@-ylu—v)+{@—y|v)
> c(llz —yll) = llz =yl - l|o]l. (3.10)

Accordingly, since lim;_, o ¢(t)/t = 400, we have lim yedom B infue s ||u|| = +00 whenever dom B
]| =00

is unbounded. It then follows from [28, Corollary 32.35] that ran B = H and, in turn, from
Lemma 3.7 that (dom B) x (ran B) = (dom B) x H C dom fp. We then deduce from the Brézis-
Haraux theorem [8, Théoremes 3 and 4] that int ran(A + B) = int(ran A + ran B) = H.

(ii): Since A is monotone and B is strictly monotone, A + B is strictly monotone. Hence, the
inclusion 0 € Az + Bz has at most one solution. Existence follows from (i). O

Remark 3.9 Fitzpatrick functions have recently been shown to be remarkably useful in establish-
ing concise proofs of various key results in monotone operator theory (see [6, 24] and the references
therein). In the same vein, S. Simons (personal communication, April 7, 2005) has produced a new
proof of the Brézis-Haraux theorem in Banach spaces.



Theorem 3.10 Let (Ac).¢jo,1] be a family of mazimal monotone operators from H to oM such that
C= ﬂge]o,l[Aglo # @ and let B: dom B = H — 2™ be a mazimal monotone operator which is
c-uniformly monotone. Then there exists a unique point xog € H such that 0 € Noxg + Bxg. Now
let

(Ve €]0,1]) 0 € Acz. + Bz, (3.11)

Then the family (zc).c)0,1] is uniquely defined. In addition, if B maps every bounded subset into a
bounded subset and if (x:)cejo,1 8 A-focused with respect to (Ac)zcjo1(, then e — ¢ as e — 0.

Proof. By maximal monotonicity, the sets (A-10) cejo,1[ are closed and convex, and so is therefore
C'. Accordingly, N¢ is maximal monotone and, since dom B = H, Lemma 3.8(ii) guarantees that
o is uniquely defined. Likewise, it follows from (3.11) and Lemma 3.8(ii) that (7c).¢o,1[ is uniquely
defined.

To show the last assertion, we first derive from (3.11) that there exists a family (be).¢jo,1| such
that
(Ve €]0,1]) b. € Bx. and —eb. € A.xe. (3.12)

Now fix z € C and u € Bzx. Then (Ve € ]0,1[) 0 € Ac.z. Hence, in view of (3.12), the monotonicity
of the operators (A:).cjo,1[ yields

(Ve €10,1]) (z —xe |bs) >0, (3.13)
while the c-uniform monotonicity of B yields
(Ve €]0,1]) (x —zc |u—"0be) > ||z — zc]|)- (3.14)
Adding (3.13) and (3.14) we obtain
(Ve €]0,1]) (x—zc |u) > c(]|z — z¢]), (3.15)

and therefore
(Ve €10,1]) llz — zell - |lull > e([lz — ). (3.16)

Consequently, since lim;—, oo c(t)/t = +00, (Tc)cg)o,1[ is bounded. In turn, it follows from the
boundedness of B on bounded sets that

B = sup [be < +oo. (3.17)
€€]0,1]

Now, observe that the monotonicity of the operators (Ac).¢),1| and (3.12) yield

(Ve €]0,1)(Vy € C) (z-—y | b:) <0. (3.18)
Likewise,
—ebe € Acxe 1 1 1
= A Acxe +ebe)y <0 = A <ellbe|| < g, 3.19
{1A€x€ € Ay . < ele | ele z—:> > | “Acz.|| < ellbe]| < eB ( )
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where the last implication follows from Cauchy-Schwarz and (3.17). We have thus shown that

lim || Az || = 0. (3.20)
£—

Now let (£y,)nen be an arbitrary sequence in |0, 1] such that €, | 0. Then it remains to show
that x., — zo. To this end, take a weak cluster point of (z¢, )nen, say z¢,, — w. Then it follows
from (3.20) and (3.3) that w € C. In turn, (3.15) implies that x., — w. Moreover, in view of
(3.17), passing to a further subsequence if necessary, we assume that (be, )nen converges weakly,
say b, ~— v. Since B is maximal monotone, its graph is sequentially strongly-weakly closed in
H x H and therefore v € Bw. Altogether, z., — w, b, — v, and hence (3.18) yields

(VyGC’) <$5kn -y ‘bekn>_)<w_y ‘1}> <

n

lim (z., —y|bs,) <O. (3.21)
——400

Consequently, sup,cc (w — y |v) < 0 and, therefore, —v € Now. Recalling that v € Bw, we obtain
0 € Now 4+ Bw. However, since the inclusion 0 € Noxy + Bxg admits a unique solution, w = xg is
the unique weak cluster point of (z¢, )nen and therefore z., — x¢. Invoking (3.15), we conclude
that z., — 9. O

Remark 3.11 (Infeasible case) Suppose that we make the same assumptions as in Theo-
rem 3.10, except that C = @. Then ||z.|| — +o0o0 as ¢ — 0. Indeed, otherwise there would
exist a bounded sequence (x., )nen, where ]0,1] 3 &, | 0. Hence, the sequence (b, )nen given by
(3.12) would also be bounded and, as in (3.19), we would get || 'A., z., || < enlbs, || — 0. Fur-
thermore, we could extract a subsequence (z., )nen such that z., — w, and (3.3) would force
wel=0.

Remark 3.12

(i) Asseen in Example 3.2, the A-focused condition holds in Theorem 3.10 when (A¢).¢jo,1] graph-
converges to a maximal monotone operator A: H — 2% such that A710 = ﬂge}m[ AZ10. In
such instances, 0 € N4-15z9 + Bxo.

(ii) Suppose that B is single-valued in Theorem 3.10. Then z. — x¢ = Po(xg — Bxzg) as € — 0.
However, as shown in (3.17), the family (Bxc).c),1[ is bounded. On the other hand, (3.11)
can be rewritten as

(Ve €]0,1]) zc = Ja.(1d —€B)z. (3.22)

Consequently, it follows from the observation made in Remark 2.6 that, under the same
assumptions as in Theorem 3.10, the approximating curve defined by (Ve € ]0,1]) y. =
ze —eBx,, ie., by

(VE € ]07 1[) Ye = JAEys - EBJAgya (3.23)

converges strongly to xg as € — 0.
(iii) Consider the special case when A, = A. Then (3.11) reduces to

(Ve €]0,1]) 0 € Az, + eBuz.. (3.24)

11



In this context, a result related to Theorem 3.10 — though based on different assumptions
— is [28, Theorem 32.K]. If we further specialize by imposing that B be strongly monotone,
then Theorem 3.10 and Remark 3.11 reduce to [18, Proposition 2.1]. Finally, when A is the
subdifferential of a proper lower semicontinuous convex function f: H — |—o0, 00| and B
the subdifferential of a uniformly convex function ¢g: H — R, z. in (3.24) is the minimizer
of f 4 eg, and we obtain the Tikhonov regularization setting (see [2, Section 5| for related
results and [26] for classical work).

4 Further nonexpansive fixed point results

In this section, we derive from the results of Section 3 additional approximating curves for fixed
point problems.

As seen in Example 2.4(i)&(ii), Theorem 2.3 asserts that if B: dom B = H — H is strongly
monotone and possesses additional properties then, for some suitable v € 0, +oc[, the limit xy of
the approximating curve

(Ve €]0,1[) ze =Tz (ze + e((Id —yB)Sexe — x2)), (4.1)

as € — 0, solves the variational inequality (2.17). We now investigate an alternative approximating
curve, which allows for a more general type of operator B.

Corollary 4.1 Let (T:).c0,1 be a family of nonexpansive operators from H to H with domain
H such that C = ﬂee]O’l[Fing # & and let B: domB = H — H be a mazimal monotone
operator which is c-uniformly monotone. Then there exists a unique point xy € C such that o =
Po(xg — Bxg). Now set

(Ve €10,1]) z. =T (1'5 — eB:rE) — eBuz,. (4.2)

Then (mg)se}m[ is uniquely defined. In addition, if B maps every bounded subset into a bounded
subset and (7¢)z¢jo,1] 15 T-focused with respect to (1t).)0,1(, then x. — xo as e — 0.

Proof. Set (Ve € 0,1[) F: = (T. +1d)/2 and A, = F. ' — Id. Since (FL).cjo1( is a family of firmly
nonexpansive operators with domain H, (Ag)se}m[ is a family of maximal monotone operators [16,
Section 1.11]. Moreover, it follows from Definitions 2.1 and 3.1 that (z.).¢)o,1[ is A-focused with
respect to (Ae)qejo,1[- Finally, since (4.2) is equivalent to (3.22), which is itself equivalent to (3.11),
the results follow from Theorem 3.10. O

We conclude with two results on the approximation of a particular fixed point of a nonexpansive
operator.

Corollary 4.2 Let T: domT = H — H be a nonexpansive operator such that FixT # @, let
(Ae)egpo,1) be a family in ]0,1] such that inf.cjg [ Ae > 0, and let B: dom B =H — H be a mazimal
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monotone operator which is c-uniformly monotone. Then there exists a unique point xg € FixT
such that xy = Ppix7 (o — Bxo). Now set

Ae — 2

(Ve €]0,1]) @ =T(zc — Bxe) +¢ Bze. (4.3)

£

Then (:Bg)ae}m[ is uniquely defined. In addition, if B maps every bounded subset into a bounded
subset, then r. — x¢ as € — 0.

Proof. Set (Ve €]0,1[) T- = Id +A.(T —Id) in Corollary 4.1 and use Example 2.2. O

Corollary 4.3 Let T: domT = H — H be a nonexpansive operator such that FixT # @& and let
B: dom B =H — H be a mazimal monotone operator which is c-uniformly monotone. Then there
exists a unique point o € Fix T such that xy = Prix7(z0 — Bxg). Now set

(Ve €]0,1]) zc =Tx. — eBux.. (4.4)

Then (zc)cc)o,1] is uniquely defined. In addition, if B maps every bounded subset into a bounded
subset, then x. — xg as € — 0.

Proof. Tt suffices to set A. = Id —T in Theorem 3.10. To check (3.3), take |0,1[> &, | 0, z., — =,
and lAgnajsn — 0. Letting (Vn € N) p, = Ja,, z.,, we obtain p, — z and p, —Tp, = A, pn =
T, — pn — 0. Then the demiclosed principle [10, Lemma 2] yields x € FixT = AZ10. O

In particular, if B = Id —Q, where @: dom @ = H — H is a strict contraction, then (4.4) reduces

to 1
€
5+1Q$€+5—|—1

and Corollary 4.3 reduces to [21, Theorem 2.1].

(Ve €]0,1]) =z = Tz, (4.5)

References

[1] H. Attouch: Variational Convergence for Functions and Operators, Pitman, Boston, MA, 1984.
[2] H. Attouch: Viscosity solutions of minimization problems, STAM J. Optim. 6 (1996) 769-806.

[3] H. Attouch and R. Cominetti: A dynamical approach to convex minimization coupling approximation
with the steepest descent method, J. Differential Equations 128 (1996) 519-540.

[4] J.-B. Baillon and G. Haddad: Quelques propriétés des opérateurs angle-bornés et n-cycliquement mono-
tones, Israel J. Math. 26 (1977) 137-150.

[5] H.H. Bauschke: The approximation of fixed points of compositions of nonexpansive mappings in Hilbert
space, J. Math. Anal. Appl. 202 (1996) 150-159.

[6] J. M. Borwein: Maximal monotonicity via convex analysis, J. Convex Anal. this issue.

[7] H. Brézis: Opérateurs Maximaux Monotones et Semi-Groupes de Contractions dans les Espaces de
Hilbert, New York, North-Holland /Elsevier, 1973.

13



8]
[9]

[10]

[20]
[21]
[22]
23]
24]
[25)

[26]

H. Brézis and A. Haraux: Image d’une somme d’opérateurs monotones et applications, Israel J. Math.
23 (1976) 165-186.

F. E. Browder: Existence and approximation of solutions of nonlinear variational inequalities, Proc.
Nat. Acad. Sci. U.S.A. 56 (1966) 1080—-1086.

F. E. Browder: Convergence of approximants to fixed points of nonexpansive nonlinear mappings in
Banach spaces, Arch. Rational Mech. Anal. 24 (1967) 82-90.

R. E. Bruck Jr.: A strongly convergent iterative solution of 0 € U(x) for a maximal monotone operator
U in Hilbert space, J. Math. Anal. Appl. 48 (1974), 114-126.

P. L. Combettes: Construction d’un point fixe commun a une famille de contractions fermes, C. R.
Acad. Sci. Paris Sér. T Math. 320 (1995) 1385-1390.

P. L. Combettes: A block-iterative surrogate constraint splitting method for quadratic signal recovery,
IEEE Trans. Signal Process. 51 (2003) 1771-1782.

J. C. Dunn: Convexity, monotonicity, and gradient processes in Hilbert space, J. Math. Anal. Appl. 53
(1976) 145-158.

S. Fitzpatrick: Representing monotone operators by convex functions. Workshop/Miniconference on
Functional Analysis and Optimization (Canberra, 1988), 59-65, Proc. Centre Math. Anal. Austral.
Nat. Univ., 20, Austral. Nat. Univ., Canberra, 1988.

K. Goebel and S. Reich: Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings, Marcel
Dekker, New York, 1984.

B. Halpern: Fixed points of nonexpanding maps, Bull. Amer. Math. Soc. 73 (1967) 957-961.

B. Lemaire: Regularization of fixed-point problems and staircase iteration, in Ill-Posed Variational
Problems and Regularization Techniques, (M. Théra and R. Tichatschke, eds.), 151-166, Lecture Notes
in Economics and Mathematical Systems 477, Springer-Verlag, New York, 1999.

J. L. Lions: Quelques Méthodes de Résolution des Problemes aux Limites Non Linéaires, Dunod, Paris,
1969.

G. J. Minty: On a “monotonicity” method for the solution of nonlinear equations in Banach spaces,
Proc. Nat. Acad. Sci. U.S.A. 50 (1963) 1038-1041.

A. Moudafi: Viscosity approximation methods for fixed-points problems, J. Math. Anal. Appl. 241
(2000) 46-55.

S. Reich: Asymptotic behavior of resolvents in Banach spaces, Atti Accad. Naz. Lincei Rend. Cl. Sci.
Fis. Mat. Natur. VIII 67 (1979) 27-30.

S. Reich: Strong convergence theorems for resolvents of accretive operators in Banach spaces, J. Math.
Anal. Appl. 75 (1980) 287-292.

S. Simons and C. Zalinescu: Fenchel duality, Fitzpatrick functions, and maximal monotonicity, J.
Nonlinear Convex Anal. 6 (2005).

M. Théra and R. Tichatschke (eds.): Ill-Posed Variational Problems and Regularization Techniques,
Lecture Notes in Economics and Mathematical Systems 477, Springer-Verlag, New York, 1999.

A. N. Tikhonov and V. Y. Arsenin: Solution of Ill-Posed Problems, Halsted Press, New York, 1977.

14



[27] 1. Yamada: The hybrid steepest descent method for the variational inequality problem over the intersec-
tion of fixed point sets of nonexpansive mappings, in Inherently Parallel Algorithms in Feasibility and
Optimization and Their Applications (D. Butnariu, Y. Censor, and S. Reich, eds.), 473-504, Elsevier,
New York, 2001.

[28] E. Zeidler: Nonlinear Functional Analysis and Its Applications II/B — Nonlinear Monotone Operators,
Springer-Verlag, New York, 1990.

15



