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Abstract

Several methods for solving systems of equilibrium problems in Hilbert spaces — and for find-
ing best approximations thereof — are presented and their convergence properties are established.
The proposed methods include proximal-like block-iterative algorithms for general systems, as
well as regularization and splitting algorithms for single equilibrium problems. The problem of
constructing approximate equilibria in the case of inconsistent systems is also considered.

1 Introduction

Let ‘H be a real Hilbert space, let K be a nonempty closed convex subset of H, and let (F;);c; be a
countable family of bifunctions from K? to R. We address the broad class of problems whose basic
formulation reduces to solving the system of equilibrium problems

find z € K such that (Vie I)(Vy € K) Fi(z,y) > 0. (1.1)

In the case of a single equilibrium, i.e., [ is a singleton, the formulation (1.1) was shown in [5, 24]
to cover monotone inclusion problems, saddle point problems, variational inequality problems,
minimization problems, Nash equilibria in noncooperative games, vector equilibrium problems, as
well as certain fixed point problems (see also [15]). The above formulation extends this formalism
to systems of such problems, covering in particular various forms of feasibility problems [2, 11]. We
shall also address the problem of finding a best approximation to a point a € H from the solutions
to (1.1), namely

project a onto S = ﬂ S;, where (Viel) S;={z€ K |(Vy € K) Fy(z,y) >0}. (1.2)
iel
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Our main objective is to devise algorithms for solving (1.1) and (1.2) and to analyze their
asymptotic behavior under the standing assumption that the bifunctions (F;);c; all satisfy the
following set of standard properties.

Condition 1.1 The bifunction F: K2 — R is such that:
(i
(ii

(ii

) Ve e K) F(x,z)=0.

) (Y(z,y) € K?) F(z,y) + F(y,z) <O0.

) For every z € K, F(x,-): K — R is lower semicontinuous and convex.
)

(iv) (V(@,y,2) € K%) T F((1= ) +e2,y) < Flavy)

While some methods have been proposed to solve (1.1) in this context in the case of a single
bifunction (see [22, 23] and, in the case of Euclidean spaces, [13, 17, 20]), we are not aware of any
result for systems of equilibrium problems. In addition, there does not seem to be any iterative
algorithm in the literature to solve (1.2), even in the case of a single bifunction. Our analysis will
also bring to light new connections between equilibrium programming and standard optimization
methods.

The remainder of the paper is organized as follows. In section 2, we define our notation and
provide technical facts that will be used in subsequent sections. In section 3, we establish conver-
gence results for parallel, proximal-like, block-iterative methods to solve (1.1) and (1.2). In the case
of a single equilibrium problem, an alternative approach to (1.2) based on regularization ideas is
presented in section 4. In section 5, we address problems with a single bifunction which can be split
into two components, and devise forward-backward-like algorithms for solving them. In section 6,
these results are applied to the problem of finding approximate solutions to (1.1) and (1.2) in the
inconsistent case, i.e., when S = .

2 Notation and preliminary results

2.1 Notation

Throughout the paper N denotes the set of nonnegative integers and H is a real Hilbert space
with scalar product (- | -), norm || - ||, and distance d. K is a fixed nonempty closed convex subset
of H and Id denotes the identity operator on H. The expressions z, — z and x, — x denote
respectively the weak and strong convergence to = of a sequence (z,)nen in H, and 20(z, )nen its
set of weak cluster points. The class of all proper, lower semicontinuous, convex functions from H
to |—o00, +o0] is denoted by I'g(H). Now let C' be a subset of #. Then int C' is the interior of C,
dc its distance function, and ¢ its indicator function, which takes the value 0 on C' and +o0o on its
complement. If C' is nonempty, closed, and convex, then Py denotes the projection operator onto
C. Finally, FixT = {z € H | Tx = 2} denotes the set of fixed points of an operator T': H — H.



2.2 Set-valued operators

Let A: H — 2™ be a set-valued operator. The sets domA = {x € H | Az # @} and grA =

{(z,u) € H? | u € Az} are the domain and the graph of A, respectively. The inverse A~! of A is

the set-valued operator with graph {(u,z) € H? | u € Az}. The resolvent of A is J4 = (Id+A)~!

and its Yosida approximation of index vy € 0,400 is

~ Id—Jya
—

A (2.1)

Moreover, A is monotone if
(V(xz,u) € grA)(V(y,v) €grA) (x—y |u—v) >0, (2.2)

and maximal monotone if, furthermore, gr A is not properly contained in the graph of any monotone
operator B: H — 2". If A is monotone, then J4 is single-valued on dom Jy; in addition, if A is
maximal monotone, then dom Jy4 = H (see [1, section 3.5] for details).

Lemma 2.1 Let A: H — 2" be a mazimal monotone operator and let v € |0, +o00[. Then

1
J(’YA) =1Id —I-ﬁ (J(fy—i—l)A - Id) . (2.3)

Proof. Let (z,y) € H%. Then

-1
y:J('yA):E & yz(%ﬂld—%iﬁg T
< (v+ 1Dy -z =Jyay
& ye(y+ Dy —yz+7A((y+ Dy —yx)
& z-—yeA((y+1)y—z)
& o ((v+1y—z) € (v + DA((v + 1)y — )
& (v+ 1Dy —yz = Jnynaz
& y=$+TL(J(y+1)A$—$)- (2.4)

The subdifferential of a proper function f: H — ]—o00,400] is the set-valued operator
of it H—2" o {ueH|(VyeH) (y—a|u)+ flz) < fly)} (2.5)

The normal cone operator of a nonempty closed convex set C C H is No = die. If f € To(H),
then df is maximal monotone and
prox; = Jyy (2.6)

is Moreau’s proximity operator [21]; moreover, the Moreau envelope of index v € ]0,4o00| of f is
the function 7f: x — minyey f(y) + %HIE —yl*.
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Lemma 2.2 Let f € T'g(H) and v € |0,+o00[. Then

1
prox(»yf) =1d —I—ﬁ <prox(,y+1)f - Id) . (2.7)

Proof. Since [21, Proposition 7.d] implies that O(Vf) = 7(0f), it suffices to set A = 9f in
Lemma 2.1. 0

2.3 Nonlinear operators

Definition 2.3 Let T: H — H be a single-valued operator with domT = H. Then T

(i) belongs to the class ¥ [3] if (V(z,y) € H x FixT) (y—Tz |z —Tz) <0;

(ii) 4s nonexpansive if (V(x,y) € H?) |Tz — Tyl < ||z — yl|;

(iii) s firmly nonexpansive if (V(z,y) € H?) [Tz — Ty||> < (Tx — Ty |z —y);

)
)
)
) is a-averaged for some o € |0,1[ if T = (1 — o) Id+aR for some nonexpansive operator
R: dom R =H — H [8]. The class of a-averaged operators on H is denoted by A(«).

(iv

The following relationships exist between these types of operators (see, e.g., [3, Proposition 2.3]
and [12, Lemma 2.1]):

T €% <« Tis firmly nonexpansive < Id—T is firmly nonexpansive

4 ) (2.8)

T is nonexpansive T € A(3).

Lemma 2.4 [11, Proposition 2.4] Let (T;)ier be a finite family of operators in T such that C' =
Nicr FixT; # O and let (w;)ier be real numbers in |0,1] such that ), ;w; = 1. Define
Sgella ol
(Vo € H) L(z. (Bier. (wilier) = { [>T —al
1, otherwise,

(2.9)

and

T:-H—->H:xz—x+ M) (Z wiliz — x) , where 0 < X(x) < L(w, (T;)ier, (wi)ier).  (2.10)
iel
Then:
(i) For all x € H, L(z, (T})icr, (wi)ic1) is a well defined number in [1,+o0l.
(i) FixT = C.
(iii) 7 € %.



2.4 Convergence of two %T-class algorithms

Algorithm 2.5 Given ¢ €]0,1] and xy € H, a sequence (z,)nen is constructed inductively as
follows: for every n € N, select T, € T and set x, 11 =, + (2 — &)(Thzy — Tp)-

Theorem 2.6 Let (z,,)nen be an arbitrary orbit of Algorithm 2.5 and let C' be a nonempty closed
convex subset of H such that C' C (), oy FixT5,. Then:
(i) (@n)nen is bounded.

(i) Y pen lZnt1 — znl> < +oo and X, oy 1 Tn@n — 24> < +o0.

(iii) (xn)nen converges weakly to a point in C if and only if W(x,)neny C C.

Proof. For C' = (,cy FixT),, this is precisely [3, Theorem 2.9]. However, in view of [3, Proposi-
tion 2.1], the results remain true as stated above. O

The second algorithm, which goes back to [16] (see also [10]), concerns the best approximation
of the point a in (1.2).

Algorithm 2.7

Step 0. Set n =0 and xy = a.
Step 1. Select T}, € ¥.
Step 2. Set 7, = (20 — Tn | Tn — Tnn ), tn = ||T0— 201, vn = |20 —Thrn||?, and p, = pnv, — 2.
Step 3. If p, =0 and 7, < 0, then stop; otherwise set
ThTn, if p, =0 and m, > 0;
Zngr = R 2o+ (1 + 70 /vn)(Tnxy — 20), if pp >0 and mvn > pp; (2.11)

v, .
T + —(mp(w0 — 20) + (T, — 1)), if pp >0 and muvy, < pp.

n

Step 4. Set n =mn + 1 and go to Step 1.

As shown in [3, Proposition 3.4(v)], the above algorithm does generate an infinite sequence
(% )nen for any starting point zg € H provided that (N, Fix T, # O.

Theorem 2.8 Let (x,)nen be an arbitrary orbit of Algorithm 2.7 and let C' be a nonempty closed
convex subset of H such that C' C (), ey FixT;,. Then:



(i) (@n)nen is bounded.
(i) Ypen lZnt1 — zall? < 400 and 3, ey |Tnzn — 20||* < +o00.

(iii) (xn)nen converges strongly to the projection of a onto C if and only if W(xy )nen C C.

Proof. For C' = ),y Fix Ty, this is precisely [3, Theorem 3.5(ii)&(v)&(iv)]. However, an inspection
of the proofs of [3, section 3] shows that the assertions remain true as stated above. O

2.5 Convergence of compositions of averaged operators

Algorithm 2.9 Fix zg € H and, for every n € N, set
Tn+l = Tp + )\n (Tl,n (T2,nxn + 62,71) + €1,n — xn): (212)

where T ,, € A(ou ) and Ta,, € A(ag ), with (g, a24,) € 10, 1[2, (e1,n,€2n) € H?, and \, €]0,1].

In the above iteration, e;, and ey, model errors induced by the inexact evaluation of the
operators 11, and T 5, respectively.

Theorem 2.10 [12, Theorem 6.3] Suppose that the following conditions are satisfied.

(i) G =NyenFix (T1,,T5,) # 9.
(ii) Lm A, > 0, ﬁal,n <1, and ﬁag,n < 1.

(iii) For every subsequence (x, )nen of an orbit (x,)nen generated by Algorithm 2.9, we have

(Vz € G) > |I(Id =Ty ) Tomwn + (Id —To )z < +o0

neN
(Vz € G) > ||(Id ~Top)wn — (Id —Typ)z|* < +oo
neN = z€G. (2.13)
Z”TLnTznf]fn — aanz < +oo
neN
Tk, — &

(iv) Ynen llernll < +oo and 32, [lean] < +o0.

Then every orbit of Algorithm 2.9 converges weakly to a point in G.



2.6 Resolvents of bifunctions

The following notion appears implicitly in [5].
Definition 2.11 The resolvent of a bifunction F': K? — R is the set-valued operator

JF:’H—>2K:xr—>{z€K|(VyGK) F(z,y)+(z—a |y—z) >0} (2.14)

Lemma 2.12 Suppose that F: K? — R satisfies Condition 1.1 and let
Sp={z€eK|(VyeK) F(z,y) >0}. (2.15)
Then:

(i) domJp =H.

(ii) JF is single-valued and firmly nonexpansive.

(iii) FixJp = Sp.

)
)
)
(iv) Sr is closed and conve.

Proof. (i): [5, Corollary 1] asserts that for every x € H there exists a point z € K such that

MyeK) Flzyy)+{z—x |y—2z)>0. (2.16)
(ii): This statement is implicitly given in [5, p. 135], we provide the details for complete-
ness. Fix (z,2') € H? and let 2 € Jpz, 2/ € Jpaz'. Then F(z,2) > (v —z |2 —2)
and F(2/,2) > (2/ —2' |2—2"). Therefore, by Condition 1.1(ii), 0 > F(z,2') + F(2',2) >
((x—2")—(2—=2") |2/ — 2), hence

(z—a' |z—2")> Iz — 2| (2.17)

In particular, for x = 2/, we obtain z = 2/, which implies that Jp is single-valued. In turn, we
derive from (2.17) that Jp is firmly nonexpansive. (iii): Take x € K. Then z € Fix Jp & = = Jpx
& WeK)Fr,y)+(z—z|y—2x)>0& (Vye K) F(z,y) > 0< x € Sp. (iv): Follows from
(iii), (ii), and (2.8) since the fixed point set of a nonexpansive operator is closed and convex [14,
Proposition 1.5.3]. O

Lemma 2.13 Suppose that F': K* — R satisfies Condition 1.1. Let (x,)nen be a sequence in H
and (Yn)nen @ sequence in ]0,4o00[. Define

(VneN) z, =Jy,rx, and up = (Tn — 2n)/n, (2.18)

and suppose that
Zn — x and  up — u. (2.19)

Then x € K and (Vy € K) F(xz,y)+ (u |z —1y) > 0.



Proof. It follows from Lemma 2.12(i)&(ii) that the sequence (zy, )nen is well defined and from (2.14)
that it lies in K, which is weakly closed. Therefore x € K. On the other hand, it follows from

Condition 1.1(iii) that F(y,-) is weak lower semicontinuous for every y € K. Therefore, we derive
from Condition 1.1(ii), (2.18), and (2.14) that

(VyG K) F(y,x) §h_mF(y,zn) Sh_m_F(Zmy) gh_<un |zn_y> = <’LL |x—y>, (2'20)

where the last equality follows from (2.19) and the sequential continuity of (- | -) on H5ron8 x F{weak,
Now fix y € K and define, for every ¢ € ]0,1], . = (1 —&)x +ey. Then, for every ¢ € ]0,1], z. € K
by convexity of K and, in turn, Condition 1.1(i), Condition 1.1(iii), and (2.20) yield

0 = F(xe, )

(1 —¢e)F(xe,z) + eF(ze,y)

(1—-¢e)(u |z —2)+eF(x,y)
e(l—e)(u|x—y)+eF(ze,y), (2.21)

<
<

whence F(ze,y) > (1 —¢){u |y —x). In view of Condition 1.1(iv), we conclude that F(z,y) >
lim+F(a:E,y) >(u|y—a). O
e—0

Next, we recall an important technical fact that will be required subsequently.

Lemma 2.14 [5, Lemma 1] Let C7 and Cs be two nonempty convex subsets of H such that Cy is
weakly compact. Let the function ®: Cy x Co — R be concave and upper semicontinuous in the first
argument, and convex in the second argument. Assume furthermore that

(Vy € C3) max ®(u,y) > 0. (2.22)
ueCq
Then
(Elu S C’l)(Vy S 02) <I>(u,y) > 0. (2.23)

We complete this section with concrete examples of resolvents of bifunctions.

Lemma 2.15 Let A: H — 2™ be a mazimal monotone operator, let f € To(H), let C C H be a
nonempty closed convez set, and let p € 10, +o0].

(i) Suppose that K C intdom A and set

(V(z,y) € K?) F(z,y) = max (uly—x). (2.24)

€Ax

Then F satisfies Condition 1.1 and Jp = Ja4 Ny -

(ii) Set
K=M and (V(x,y) € H?) F(z,y)=(Mz |y —=z). (2.25)
Then F satisfies Condition 1.1 and Jp = 1d —I—ﬁ (J(}H-l)A - Id).
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(iii) Set

K=H and (¥(z,y) € H?) F(z,y) = (z— prox, o |y — z) /. (2.26)
Then F' satisfies Condition 1.1 and Jp =1d +ﬁ(prox(u+1)f —1d).
(iv) Set
K=H and (V(z,y)€H>) F(zx,y)=(x—Pox |y —z)/p. (2.27)
Then F satisfies Condition 1.1 and Jp =1d —I—ﬁ(Pc —1d).

(v) Suppose that K C dom f and set

(V(z,y) € K?) F(z,y) = f(y) — f(=). (2.28)

Then F satisfies Condition 1.1 and Jp = proxyy,, .

Proof. (i): By [25, Theorem 2.28], A is locally bounded on int dom A. Therefore, it follows from [1,
Proposition 3.5.6.1] that the sets (Ax).cx are weakly compact and that, for every (z,7) € K2, the
weakly continuous function (- | y — x) achieves its maximum over Az. Hence, F' is well defined. In
addition, F' satisfies Condition 1.1: Indeed, item (i) there is obvious, item (ii) follows at once from
the monotonicity of A, and item (iii) from the fact that F'(x,-) is the supremum of the family of lower
semicontinuous convex functions ((u |+ — ))yeca,. Finally, to establish item (iv) in Condition 1.1,
let us observe that our assumptions imply that A |intdom A 1S a weak-usco operator [25, section 7].
Hence, it follows from [4, Théoreme VI.3.2] that, for every y € K, F(-,y) is upper semicontinuous
and, therefore, that Condition 1.1(iv) holds. Now take z and z in H. Then Lemma 2.12(ii) and
(2.14) yield

z=Jpx ze€ K and (VyeK) mzzx(y—z|u+z—x>20
ucAz

ze€ K and (JueAz)(VyeK) (y—z|u+z—x)>0 (2.29)
(Gue Az) —z—u € Ngz

r€z+ Az+ Nz

z=Id+A+ Ng) 'z

& z=JarngT, (2.30)

toe et ¢

where we have used Lemma 2.14 (with C1 = Az, Cy = K, and ®(u,y) = (y — 2z |u+ 2z — x)) to get
(2.29). (ii): *A is a single-valued maximal monotone operator with domain H [1, Theorem 3.5.9].
Using this operator in (2.24) yields (2.25), and it follows from (i) that Jp = J( s which proves
the assertion via Lemma 2.1. (iii): Set A = 9f in (ii) and use (2.1) and (2.6). (iv): Set f = ¢
in (iii). (v): It is easily verified that F satisfies Condition 1.1. Now take x and z in H. Then it
follows from (2.14), (2.28), and (2.5) that

z=Jpr & z€K and (VyeK) (y—z|x—2z)+ f(z) < f(y)
& (WeM) (y—zlz—2)+ f(2) +x(z) < fy) + ek (y)
& xz—2z€0(f+k)(2)
& Z=Dproxsy,, T. (2.31)



O

Remark 2.16 In all of the above examples, the function F'(-,y) is actually upper semicontinuous
for every y € K.

3 Block-iterative algorithms

The main objective of this section is to apply Theorem 2.6 and Theorem 2.8 with a suitable choice
of the sequence (T},)nen to solve (1.1) and (1.2). It is recalled that (F;);cs is a countable (finite
or countably infinite) family of bifunctions from K? to R which all satisfy Condition 1.1. We shall
use the following construction, in which the operator L is defined by (2.9).

Procedure 3.1 Fix 6 € ]0,1[. At every iteration n € N, xz,, is available and 7, is constructed
according to the following steps.

® O #1I, Cl, I, finite.
@ (Viel,) vin € ]0,+00].

® (Viel,) wi, € [0,1], Zz’eln win =1, and

(E|j cl ) HJ'Yj,nijn - xNH = I}éf}x HJ'Yi,nFixn - an
n
! Win > 0.

® (Vo € H) M\p(w) € [6, L(z, (JyinF)ierss (wiv")iEIﬁL)]’ where I} = {i € I, | w, > 0}.

® Th:H—H:z—x+ () (Zieli Wiy, BT — x)
Condition 3.2

(i) The set S in (1.2) is nonempty.
(ii) (Th)nen is constructed as in Procedure 3.1.
(iii) There exist strictly positive integers (M;);c; such that

n+M;—1
(V(in) eIxN)yie |J I (3.1)
k=n
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(iv) For every i € I and every strictly increasing sequence (pp)nen in N such that i € (),,cy Ip,.,
inf,en Yipn > 0.

Theorem 3.3 Suppose that Condition 3.2 is satisfied. Then:

(i) Ewvery orbit of Algorithm 2.5 converges weakly to a solution to (1.1).

(ii) Ewvery orbit of Algorithm 2.7 converges strongly to the unique solution to (1.2).

Proof. We are going to show that the two assertions follow from Theorem 2.6 and Theorem 2.8
with C' = S. We first observe that Lemma 2.12(iv) guarantees that the sets (S;);c; in (1.2) are
closed and convex. Accordingly, it follows from Condition 3.2(i) that S is nonempty, closed, and
convex. Problem (1.2) therefore possesses a unique solution. Moreover, for all n € N, the weights
(Win)ier+ are real numbers in ]0, 1] such that }_;/+ w;» = 1. On the other hand, it follows from
Lemma 2.12(i)&(ii) and (2.8) that

(YneN)(Viel,) Jy, . €T (3.2)

Therefore, Lemma 2.4(iii) yields
(VneN) T, e T. (3.3)

Furthermore, we derive from (1.2), Lemma 2.12(iii), and Lemma 2.4(ii) that

(VneN) §=(\Sc () FixJy,r =FixT,. (3.4)

iel eIt

Therefore S C ﬂneN FixT,,. Now let i be an index in I, let (z,)nen be a sequence generated by
either algorithm, and let = € (2, )nen, say zx, — «. Then, in view of Theorem 2.6(iii) and
Theorem 2.8(iii), it is enough to show that z € §;, i.e.,

re€K and (Yye K) Fi(z,y)>0. (3.5)

Theorem 2.6(ii) and Theorem 2.8(ii) assert that Y., .y [|znt1 — zn|* < 400 and 3,y | Tnzy —
Tp||? < +o0o. Now fix z € S and set 8 = sup,,cy ||[#n — 2||. Then 8 < 400 by Theorem 2.6(i) and
Theorem 2.8(i). On the other hand, we derive from (3.2), (3.4), and Definition 2.3(i) that

(Yn e N)(Vj € In) || Jy, . FjTn — z,||? < (z— ‘ Sy Fy T — T ) - (3.6)

11



Thus, it follows from Procedure 3.1®), (3.6), the Cauchy-Schwarz inequality, and Procedure 3.1@&®
that

2
(Vn € N) 51]%::—?{ | Ty By T — $n||2 < Z Wjn HJﬁﬁynijn — an
" jEln
< <Z — In Z Wj,nJyjynijn - xn>
NS
< B Z Wj,nJ'yj,nijn — Tn
JELT
B (x
< __l%§_22 j{: “UﬂzJiﬁanxn — In
JELL
Therefore, since T, x,, — x, — 0, we obtain
max ||y, 7, Tn — Tnl| — 0. (3.8)

Jj€ln

After passing to a subsequence of (zg, Jnen if necessary, we assume that, for every n € N, k1 >
kn + M;. Then Condition 3.2(iii) asserts that there exists a sequence (py,)nen in N such that

(VneN) k, <pp <kp+M—1<kyy1 <ppy1 and i€1I,,. (3.9)

However, zp, — xj, — 0 since > [|Zn41 — 25]|* < 400 and

k7L+Mi_2
(VneN) flop, —zr, < D Mo — @l S VMi—1 > [z — @l (3.10)
I=Fon 1>k

Hence, z,, — z. On the other hand, we derive from (3.8) and (3.9) that
Zp, — Tp, — 0, where (VneN) z, =J,, Frzp,. (3.11)

In turn, we obtain
Zp, — T. (3.12)

n

Now set, for every n € N, u,, = (2p, — 2p,,)/Vipn- Then (3.11) and Condition 3.2(iv) imply that
tp,, — 0. (3.13)
Altogether, it follows from (3.12), (3.13), and Lemma 2.13 that (3.5) is satisfied. O

Remark 3.4
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e By considering the special cases described in Lemma 2.15, one can recover from Theorem 3.3
various convergence results for block-iterative methods involving resolvents of maximal mono-
tone operators, proximity operators, or projection operators (see [3] and [11] and the refer-
ences therein). For instance, suppose that I = {1,...,m} and that (S;);c; is a family of
closed convex sets in H with associated projection operators (P;);cr. Now fix € € ]0, 1], define
i: N— I:n+— (nmodulom) + 1, and set

K=%H and (Vi € )(¥(z,y) € H?) Fi(z,y) = (x — Pz |y —z) /(1 —¢). (3.14)

Then it follows from Lemma 2.15(iv) that, for every ¢ € I, F; satisfies Condition 1.1 and
Jr, =1d+(P; —1d)/(2 — ). Now set

(YneN) N\, =1, I, = {i(n)}, and v(),, = 1. (3.15)

Then Theorem 3.3(i) states that, if S = (,.;S; # O, the sequence produced by the cyclic
projections method
xg € H and (Vn S N) Tptl = Pl(n)a;n (316)

converges weakly to a point in S. This classical result is due to Bregman [6, Theorem 1].

o It follows from the analysis of [11] that the conclusion of Theorem 3.3(i) remains true if
certain errors are present in evaluation of the resolvents in Procedure 3.1.

In the case when the family (F;);c; consists of a single bifunction F', Problem (1.1) reduces to
find x € K such that (Yy € K) F(z,y) > 0. (3.17)

Moreover, we have L = 1 and, for A\, = 1/(2 — ) in Procedure 3.1, the iteration described by
Algorithm 2.5 assumes the form

zo € K and (VneN) x4 = Jy,pr,, where v, € ]0,400[. (3.18)

Theorem 3.3(i) states that every sequence (x;,)nen S0 constructed converges weakly to a solution
to (3.17) provided that inf,cn 7, > 0 (see also [13, 20, 22, 23] for related results). This statement
can be refined as follows.

Theorem 3.5 Suppose that F: K2 — R satisfies Condition 1.1 and that the set S of solutions to
(3.17) is nonempty. Let (z,)nen be an arbitrary sequence generated by (3.18), where Y., .72 =
+oo. Then (zp)nen converges weakly to a point in S.

Proof. Let n € N. Tt follows from (3.18) and (2.14) that

(3.19)

0< 'VnF(ZEn+17 $n+2) + <xn+1 — In | Tp+2 — $n+1>
0 <Y1 F(Tnyo, Tny1) + (Tng2 — Togtl | Tng1 — Tog2)
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Now set z, = Jy, pay and u, = (T, — 2n)/7n. Then (3.19) yields

<un+l ‘ Tn+1l — xn+2> < F(xn+27 xn—i—l)
and it therefore follows from Condition 1.1(ii) that
(Un = Unt1 | g2 — Tng1) < F(Tpt1, Tng2) + F(@ni2, Tpp1) < 0. (3.21)

Consequently, we have (up4+1 — up, | uny1) < 0 and, by Cauchy-Schwarz, ||[up+1| < [|un||. Therefore
(llun|)nen converges. (3.22)

Let us now apply Theorem 2.6 with (T, )nen = (J4, F)nen. We first obtain from Theorem 2.6(ii) that
S onen Yollunll? = 3 e 120 — 2n||* < +o0. Since Y2, g va = +00, it follows that lim [|u,[| = 0 and,
consequently, (3.22) yields u,, — 0. Now suppose that x5, — x. Then, in view of Theorem 2.6(iii),
it remains to show that x € S. As seen above,

ug,, — 0. (3.23)
On the other hand, since z, — x,, — 0, we have

2k, — . (3.24)
Combining (3.23), (3.24), and Lemma 2.13, we conclude that x solves (3.17). O

Remark 3.6 Consider the setting of Lemma 2.15(i) with K = H. Then, for every n € N, J, r =
(Id +7,,A)~* reduces to the usual resolvent of 4,4 and Theorem 3.5 therefore corresponds to [7,
Proposition 8] (see also [8, Theorem 2.6(a)]).

4 A regularization method

In this section, we suppose that the family (F;);c; consists of a single bifunction F. Then the
problem (1.2) of finding the best approximation to the point a becomes

project aonto S = {z € K | (Vy € K) F(z,y) >0}. (4.1)
We now describe an alternative to Theorem 3.3(ii) to solve this problem.

Algorithm 4.1

Step 0. Set n =0 and zy = a.

Step 1. Let oy, €]0,1[, v, € ]0,+00], and e,, € H.
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Step 2. Set zp41 = ana+ (1 — an)(J%Fxn +en).

Step 3. Set n =n + 1 and go to Step 1.

We shall study this iterative scheme in the context described below.

Condition 4.2

(i) The set S in (4.1) is nonempty.
(ii) ap = 0and ) oy = +00.
(i) 5 — +00.

(iv) 2 pen llenll < 4oo.

Theorem 4.3 Suppose that F: K? — R satisfies Condition 1.1 and that Condition 4.2 is satisfied.
Then every orbit of Algorithm 4.1 converges strongly to the unique solution to (4.1).

Proof. In view of Lemma 2.12(iv) and Condition 4.2(i), Problem (4.1) does possess a unique
solution. Now let (z,,)nen be an orbit of Algorithm 4.1 and set

(VneN) z, =J,, rz, and u, = (Tn — 2n)/n- (4.2)

It follows from Lemma 2.12(i)—(iii), and (2.8) that

(Vo € S)(Vn €N) |20 — 2| = Iy, ran — Sy, pz| < llzn — . (4.3)
Therefore
(Vz € S)(Vn €N) |zps1 — 2 < anlla— 2] + (1 = an) (20 — ]| + [leal])
< aplla— 2|+ (1 = an)llzn — 2l + en]- (4.4)
Since xg = a, we obtain by induction
(Vo € S)(Vn €N) [lzps1 — 2| < lla— x|+ [lex]. (4.5)
k=0

Hence, it follows from Condition 4.2(iv) that (zy)nen is bounded and, in turn, from (4.3) that
(zn)nen is bounded. Consequently, (z, — z,)nen is bounded and we derive from (4.2) and Condi-
tion 4.2(iii) that

u, — 0. (4.6)

Now let (zk, )nen be a subsequence of (z,)nen such that

{(a — Psa | z1,, — Psa) — lim (a — Psa | z, — Psa), (4.7)
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and such that (2, )nen converges weakly to some point z € H. Then it follows from (4.6) and
Lemma 2.13 that z € S. We therefore deduce from Lemma 2.12(iv) and the standard characteri-
zation of projections onto convex sets that

(a — Psa | z, — Psa) — (a — Psa | z — Psa) < 0. (4.8)
Therefore, (4.7) and Condition 4.2(iv) imply that
lim (a — Psa | z, + e, — Psa) <0. (4.9)
Next, we observe that

(Vn €N) ||zns1 — Psall?

lan(a — Psa) + (1 — an)(2n + €n — Psa) 12
= &?|la — Psall* + (1 — a,)?||zn + e, — Psal?
+2a,(1 — ay) (a — Psa | z, + e, — Psa)
2
aplla = Psall* + (1 — ag) (|20 — Psal| + leal])
+2a,(1 — ay) (a — Psa | z, + e, — Psa) . (4.10)

IN

Now let us fix € € ]0,400[. We infer from Condition 4.2(ii)&(iv) and (4.9) the existence of an
index ¢ € N such that, for every n > ¢,

anlla — Psal* < e, Z llex]| <e, and (a— Psa |z,+ e, — Psa) <e. (4.11)
k>q

Thus, it follows from (4.10), (4.11), and (4.3) that, for every n > q,

1 — PSa”2 < Boge+(1- an)(”zn - PSCLHZ + BHen”)
< Boane + (1 — ap)|lxn — Psall® + Bllenll, (4.12)

where 3 = sup,cy (Jlen| + 2[|zn — Psal]) < +oo. Hence, we obtain by induction that, for every
nzq

n

|#nt1 — Psal* < 3<1 ~-TIa- Oék))€

k=q
+ (10— aw)liwq = Psal®+ 8 llexll (4.13)
k=q k=q

However, it follows from Condition 4.2(ii) that szq(l — ag) — 0 [19, Theorem 3.7.7]. Therefore,
(4.13), Condition 4.2(iv), and (4.11) yield

lim ||z, — Psal|> <3+ 8 _ [lexl| < e(3+ B), (4.14)
k>q

and hence we conclude that |z,, — Psal* — 0. O
Remark 4.4 Consider the setting of Lemma 2.15(i) with K = H. Then, for every n € N, J, r =
(Id +v,A)~! and Theorem 4.3 therefore corresponds to [18, Theorem 1].
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5 Splitting

In this section, we return to the single equilibrium problem (3.17) in instances when the bifunction
F can be broken up into the sum of two terms, say

F: (z,y) — Fo(z,y) + (Bx |y —z), where Fy: K* R and B: H — H. (5.1)
In this scenario, (3.17) becomes

find x € K such that (Vy € K) Fo(z,y)+ (Bx |y—x) >0 (5.2)

Our objective is to devise a splitting algorithm in which the bifunction Fj and the operator B are
employed in separate steps at each iteration. It is assumed throughout this section that

Fy: K? — R satisfies Condition 1.1 (5.3)

and that
BB is firmly nonexpansive on dom B = H, for some € |0, +o0]. (5.4)

Moreover, we denote by G the set of solutions to (5.2), i.e.,
G={zeK|(VyeK) Fy(z,y) + (Bz |y — z) > 0}. (5.5)

Remark 5.1 The bifunction F' defined in (5.1) satisfies Condition 1.1. Indeed, by (5.4), B is
continuous and monotone on H, hence maximal monotone [1, Proposition 3.5.7]. Thus, it follows
from Lemma 2.15(i) that the bifunction (z,y) — (Bz |y — x) satisfies Condition 1.1. In view of
(5.3), so does the sum F in (5.1).

Proposition 5.2 Let v € 10,28 and set Sp,p = {v € K | Bt =0 and (Vy € K) Fy(z,y) > 0}.
Then:

(i) G =FixJyp, (Id—B).
(ii) Jym, (Id—yB) is nonezpansive.

(i) G is closed and convex.

(iv) Suppose that Sg, p # ©. Then G = Sk, B.

Proof. Note that, by (5.3) and Lemma 2.12(i), dom Jyr, = H. (i): Let € H. Then, in view of
(2.14) and Lemma 2.12(ii),

re€G@ & ze€K and (Vye K) Fy(z,y)+(Bx |[y—x) >0
& zeK and (Vy € K) vFo(z,y) + (x — (x —yBx) |ly—x) >0
& z=Jyp (z —vBx). (5.6)
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(ii): It follows from (5.4) and (2.8) that 3B € A(3) and hence from [12, Lemma 2.3] that Id —vB €
A(%) On the other hand, (5.3), Lemma 2.12(ii) and (2.8) yield J,p, € A(3). Hence J,p, and
Id —yB are nonexpansive and so is their composition. (iii): The assertion follows from (ii), (i),
and [14, Proposition 1.5.3]. Alternatively, this claim follows from Remark 5.1 and Lemma 2.12(iv).
(iv): Set Ty = Jyp, and Tp = Id —yB. Then, on the one hand, (i) yields Fix717> = G and, on
the other hand, Lemma 2.12(iii) yields Fix T3 N Fix Ty = Sk, . Now, as seen above, the operators
Ty, and Ty are averaged. Therefore it follows from [8, Lemma 2.1] that FixT) N FixTy, # O =
Fix Ty N FixTy = Fix 11T, which completes the proof. O

We now describe a splitting algorithm and analyze its convergence.

Algorithm 5.3

Step 0. Fix xg € H and set n = 0.

Step 1. Take A\, €10,1], v, € 10,28], a,, € H, and b,, € H.

Step 2. Set x,11 =Ty + An <J~/nFo (:En — Yn(Bx, + bn)) + a, — xn>

Step 3. Set n =n + 1 and go to Step 1.

Theorem 5.4 Suppose that the following conditions are satisfied:

(i) G#£0O.
(i) im A, >0 and 0 < lim~, <lim-~, < 28.

(i) > pen llanll < 400 and 32, oy [[bn || < +oo.
Then every orbit of Algorithm 5.3 converges weakly to a point in G.

Proof. Let (z,,)nen be an arbitrary orbit of Algorithm 5.3. Set
(VneN) Th, =Jy,,r and Ty, =Id—y,B. (5.7)

Then the update rule at Step 2 of Algorithm 5.3 assumes the form given in (2.12) and, moreover,
it follows from (5.3), Lemma 2.12(i)&(ii) and (2.8) that (T, )nen lies in A(3). Likewise, it follows
from (5.4) and (2.8) that 8B € A(%) and hence from [12, Lemma 2.3] that (Vn € N) Ty, € A(35)-
Thus, Algorithm 5.3 is a special case of Algorithm 2.9 with aq, = 1/2, asn = 1,/(28), €1,n = an,
and ez, = —7ynb,. We shall show that all the conditions of Theorem 2.10 are satisfied. First,
Proposition 5.2(i) yields

G = () Fix (T1,nTon)- (5.8)

neN
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Hence, item (i) in Theorem 2.10 is implied by (i) above. Moreover, items (ii) and (iv) in Theo-
rem 2.10 are implied by (ii) and (iii) above. Let us now verify item (iii) in Theorem 2.10. To this
end, let us fix a suborbit (z, )nen of Algorithm 5.3, z € G, and set

Tp — Zn

(VneN) z, =Jy, p(zn — WmBzy) and u, = - — Bx,,. (5.9)
In view of (5.7) and (ii), (2.13) holds if
u, — —Bx
Ben = By Zeq. (5.10)

Zn — Xp — 0
T — Z

n

Since B is continuous and monotone on #, it is maximal monotone [1, Proposition 3.5.7]. Therefore
gr B is sequentially weakly-strongly closed in #? [1, Proposition 3.5.6.2], and the conditions z, —
z and Bz, — Bx imply Bz = Bz. Consequently, the condition z,, — x, — 0 yields

2k, — z and ug, — —Bz. (5.11)
It therefore follows from (5.9) and Lemma 2.13 that
ze K and (Mye K) Fy(z,y)+(Bz |y—=z) >0, (5.12)
i.e., z € G. Therefore, the conclusion follows from Theorem 2.10. O

Remark 5.5 We point out some connections between Theorem 5.4 and existing results.

e In the special case when v, =, A, = 1, a, = 0, and b, = 0, Theorem 5.4 follows from [23,
Theorem 1].

e As in Lemma 2.15(i), let A: H — 2" be a maximal monotone operator such that K C
intdom A and set Fy: K2 — R: (z,y) — maxyeaz (u |y — ). Then

x € Hsolves (5.2) & zeKand (Vye K) max(u+ Bz |y—x) >0

u€Ax

< rze€Kand (Jue Az)(Vy e K) (u+ Bz |y—x) >0 (5.13)
< (Jue Ar) —u— Bz € Ngo
< 0€ Ar+ Bx + Ngu, (5.14)

where we have used Lemma 2.14 to get (5.13). Thus, (5.2) coincides with the problem of
finding a zero of A+ B 4+ Nk. In particular, if K = H, then J,, p, = J,,4 by Lemma 2.15(i)
and therefore Algorithm 5.3 produces the forward-backward iteration

Tpal = Tn + My <J%A(xn — Yn(Bxy, + bn)) +a, — a;n), (5.15)

for finding a zero of A + B. In this context, for A\, = 1, a, = 0, and b, = 0, Theorem 5.4
corresponds to [26, Proposition 1(c)].
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We now turn to the problem of finding the best approximation to a point a € H from G.

Theorem 5.6 Let e € ]0,1] and v € ]0,28], and let (x,)nen be an arbitrary orbit of Algorithm 2.7
generated with

(Vn € N) T, =Id+X, (Jyr (Id—yB) —1d), where e <\, <1/2. (5.16)

Then:

(i) If G # D, (zn)nen converges strongly to Pga.
(ii) If G =0, ||lzpll = +o0.

Proof. In view of Proposition 5.2(i)&(ii), the assertions follow from [3, Corollary 6.6(ii)]. O

6 Inconsistent problems

We now consider problems (1.1) and (1.2) with finitely many sets, say I = {0,...,m}. In this
section we aim at solving these problems when the assumption S # @ is relaxed. We shall use the
following notion, which was introduced in [23].

Definition 6.1 The Yosida approximation of index p € ]0,+o00| of a bifunction F: K?> — R is
the set-valued operator PF: H? — 2%: (v,y) — (x — Jpx |y —2) /p.

In the present context, (1.1) becomes
find x € K such that (Vi € {0,...,m})(Vy € K) Fi(z,y) > 0. (6.1)

We recall that its set of solutions is denoted by S, while each F; satisfies Condition 1.1. Now, let
us fix (p;i)i<i<m in |0, +o0o[. When (6.1) has no solution, it can be approximated by the problem

find x € K such that (Vy € K) Fy(z,y) + Z PiF(z,y) > 0, (6.2)
i=1

in which the bifunctions (F})i<i<m have been replaced by their Yosida approximations, which are
single-valued operators by Lemma 2.12(ii). This approximation is justified by item (iii) below. We
henceforth denote by G the set of solutions to (6.2).
Proposition 6.2 Let vy € [0,2/(3X1", p;')[. Then:

=14

(i) G =Fix Jyp (Id+~v X7 (Jpm, — 1)/ pi).
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(ii) G is closed and conves.

(iii) Suppose that S # @. Then G = S.

Proof. Problem (6.2) is a special case of Problem (5.2)—(5.4) with
~1d—J, R, 1

B=S"2""2 d = 6.3

ZZ:; Pi 22'21 1/pi 6.3)

Indeed, set (Vi € {1,...,m}) w; = B/pi. Then > " w; = 1. Moreover, it follows from
Lemma 2.12(ii) and (2.8) that the operators (Id —J,,F;)i<i<m are firmly nonexpansive. There-
fore, their convex combination B = Y " w;(Id —J,,F,) is also firmly nonexpansive. Hence (5.3)
and (5.4) hold and we can apply Proposition 5.2(i)&(iii) to obtain at once (i) and (ii). To show
(iii), we first observe that Lemma 2.12(iii) asserts that

S=S8rnN mFiXJ ., where Sp = {z € K| (Vy € K) Fy(z,y) > 0}. (6.4)
i=1

Now suppose that S # @. Then (), FixJ, 5, # O and it therefore follows from (2.8) and
Lemma 2.4(ii) with A = 1 that Fix> ", wiJy,r, = ()ie, FixJ,, 5. Consequently, it results from
(6.3) that

(Ve €M) Br=0 & zeFix) wiyp = |FixJ,nm, (6.5)
i=1 i=1
and we deduce from (6.4) that S coincides with the set Sp, p introduced in Proposition 5.2. Hence
Sry,B # © and Proposition 5.2(iv) yields G = Sp, p = S. O

Specializing Algorithm 5.3 and Theorem 5.4 to (6.3), we obtain the following result.

Algorithm 6.3

Step 0. Fix xg € H and set n = 0.

Step 1. Take A, €]0,1], v, € ]0,2/(2221 pi_l)[, an € H, and (b;n)1<i<m € H™.
Step 2. Set x,11 =Ty + An <J~/nFo (:En + v > (Jp By + bim — :En)/,ol) + ay, — :En>

Step 3. Set n =n + 1 and go to Step 1.

Corollary 6.4 Suppose that the following conditions are satisfied.

(i) G#0.

(ii) im A, >0 and 0 < lim~, < m'yn < 2/(221 pz’_l)'
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(i) >, ey llan]l < +00 and maxi<i<m D, en |[binll < +o0.
Then every orbit of Algorithm 6.3 converges weakly to a point in G.

Likewise, a direct reformulation of Theorem 5.6 for the scenario (6.3) yields a sequence that
converges strongly to the best approximation to a point a € H from the solutions to (6.2).

Remark 6.5 Let (S;)i1<i<m be a family of closed convex sets in H with associated projection
operators (P;)i<i<m, and let (p;)1<i<m be numbers in [1, +oo[ such that > ", 1/p; = 1. Now set

K=H,Fy=0, and (Vi€ {1,...,m})(V(z,y) € H?) Fi(z,y) = (d% (y) —d%,(2))/2.  (6.6)

Then (6.1) corresponds to the basic convex feasibility problem of finding a point in S = ()%, S;
and the bifunctions (F;)1<i<m, satisfy Condition 1.1 by Lemma 2.15(v). Now let (Vi € {1,...,m})
fi= pid%i/Q = l/p%gi. Then it follows from Lemma 2.15(v) and Lemma 2.2 that

(Vi€ {l,...,m}) Jpr = prox;, :1d+p"i (P, ~ 1d). (6.7)

Thus, we deduce from Proposition 6.2(i) that the set of solutions to (6.2) is G = Fix Y ;" J,, £,/ pi-
Now set (Vi € {1,...,m}) w; = 1/(p; +1). Then z € G & Y " wi(r — Pz) = 0 &
vy, wid%i(x) = 0. Hence, G = Argmin) ", wid?gi. On the other hand, Corollary 6.4
with A\, = 1, a, = 0, and b;,, = 0 asserts that, if G # O and if (y,)nen € ]0,2[N satisfies
0 < lim~, < lim~y, < 2, every sequence (2, )n,en generated by the iteration

xo€H and (VneN) z,01 =25+ Y sz(PziEn — ) (6.8)
i=1

converges weakly to a point in G. This framework was considered in [9] to deal with inconsistent
signal feasibility problems.
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