Chapter 9

Monotone operator methods for Nash
equilibria in non-potential games

Luis M. Briceno-Arias and Patrick L. Combettes

Abstract We observe that a significant class of Nash equilibrium problems
in non-potential games can be associated with monotone inclusion problems.
We propose splitting techniques to solve such problems and establish their
convergence. Applications to generalized Nash equilibria, zero-sum games,
and cyclic proximation problems are demonstrated.

Key words: monotone operator, Nash equilibrium, potential game, proxi-
mal algorithm, splitting method, zero-sum game.

AMS 2010 Subject Classification: Primary 91A05, 49M27, 47TH05; Sec-
ondary 90C25

9.1 Problem statement

Consider a game with m > 2 players indexed by 7 € {1,...,m}. The strategy
x; of the ith player lies in a real Hilbert space H; and the problem is to find
r1 € Hi,...,Tm € H.m such that
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(Vie{l,...,m})

x; € Argmin f(@1, ..., Ti-1, 2, Tig1, -, Tm)
x€EH;

—|—gi(I1,...,.Ii,l,I,IiJrl,...,Im), (91)

where (g;)1<i<m represents the individual penalty of player ¢ depending on
the strategies of all players and f is a convex penalty which is common to
all players and models the collective discomfort of the group. At this level of
generality, no reliable method exists for solving (9.1) and some hypotheses
are required. In this paper we focus on the following setting.

Problem 9.1.1 Let m > 2 be an integer and let f: Hi & --- & Hyy —
|—00,+00] be a proper lower semicontinuous convex function. For every
ie{l,....m},let g;: H1 ® -+ ® Hy — |]—00, +00] be such that, for every
x1 € Hi,. .o T € Hypp, the function © — g, (21, ..., Ti—1,2, Tig1, ..., Tm) I8
convex and differentiable on H;, and denote by V; g,(x1,...,2Zm) its deriva-
tive at z;. Moreover,

(V(@1,. o tm) EH1 D ® M) (VY15 ym) EHL B+ D Hin)

m
S Vigi@r, o wm) = Vigi (W ym) [ — i) 2 0. (9.2)
i=1
The problem is to find 1 € H1, ..., Tm € H., such that
1 € Argmin f(z,x2,...,Tm) + g1(, T2, ..., T)
x€EH1
(9.3)
Tm € Argmin f(z1,...,Zm-1,2) + g,,(T1,. -+, Tm—1,T).
TEH
In the special case when, for every i € {1,...,m}, g, = g is convex,

Problem 9.1.1 amounts to finding a Nash equilibrium of a potential game,
i.e., a game in which the penalty of every player can be represented by a
common potential f+ g [14]. Hence, Nash equilibria can be found by solving

,, Jhinimize f@1, .. zm) +g(z1, ... 2m). (9.4)
Thus, the problem reduces to the minimization of the sum of two convex
functions on the Hilbert space H1®- - -®H., and various methods are available
to tackle it under suitable assumptions (see for instance [5, Chapter 27]).
On the other hand, in the particular case when f is separable, a review
of methods for solving (9.3) is provided in [8]. In this paper we address the
more challenging non-potential setting, in which the functions (g;)1<i<m need
not be identical nor convex, but they must satisfy (9.2) and f need not be
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separable. Let us note that (9.2) actually implies, for every i € {1,...,m},
the convexity of g, with respect to its ith variable.

Our methodology consists of using monotone operator splitting techniques
for solving an auxiliary monotone inclusion, the solutions of which are Nash
equilibria of Problem 9.1.1. In Section 9.2 we review the notation and back-
ground material needed subsequently. In Section 9.3 we introduce the aux-
iliary monotone inclusion problem and provide conditions ensuring the exis-
tence of solutions to the auxiliary problem. We also propose two methods for
solving Problem 9.1.1 and establish their convergence. Finally, in Section 9.4
the proposed methods are applied to the construction of generalized Nash
equilibria, to zero-sum games, and to cyclic proximation problems.

9.2 Notation and background

Throughout this paper, H, G, and (H;)1<i<m are real Hilbert spaces. For
convenience, their scalar products are all denoted by (- | -) and the associated
norms by || - ||. Let A: H — 2% be a set-valued operator. The domain of A is

domA = {z e H | Az # o}, (9.5)

the set of zeros of A is

zer A={z e |0e Az}, (9.6)

the graph of A is
grad={(z,u) e H xH |ue Az}, (9.7)

the range of A is
ranA={uecH | (FzeH) ue Az}, (9.8)

the inverse of A is the set-valued operator
AT H 2" u s {z e M | ue Axl, (9.9)

and the resolvent of A is
Ja = (Id +4)~". (9.10)

In addition, A is monotone if
(V(z,y) € Hx H)(V(u,v) € Az x Ay) (t—y|lu—v)>0 (9.11)

and it is maximally monotone if, furthermore, every monotone operator
B: H — 2" such that gra A C gra B coincides with A.
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We denote by Ih(H) the class of lower semicontinuous convex func-
tions ¢: H — ]—o00,+00] which are proper in the sense that domy =
{z et | p(x) <+oo} # @. Let ¢ € Iy(H). The proximity operator of
@ is

prox,: H — H: x +— argmin ¢(y) + %HI —yll?, (9.12)
yeEH

and the subdifferential of ¢ is the maximally monotone operator
dp:H—2"xs {ueH | (WeH) (y—a|u)+e(@) <)} (9.13)

We have
Argmin p(z) =zer dp and prox, = Ja,. (9.14)
zEH
Let 8 € ]0,400[. An operator T: H — H is f-cocoercive (or BT is firmly
nonexpansive) if

(Vo e H)(Vy €H) (z—y|Tz—Ty) > B|Tz Tyl (9.15)

which implies that it is monotone and 8~ '-Lipschitzian. Let C' be a nonempty
convex subset of H. The indicator function of C' is

0, if zeC;

9.16
+oo, if z¢C (9.16)

to: H = ]—00,4+00] : x>—>{

and Juc = Ng is the normal cone operator of C, i.e.,

{UGH } (Vy € C) <y—x|u>§0}, ifxeC;
a, otherwise.
(9.17)
If C is closed, for every x € H, there exists a unique point Pox € C such that
|z — Poz|| = infycc ||z —y||; Pox is called the projection of z onto C' and we
have Pc = prox, . In addition, the symbols — and — denote respectively
weak and strong convergence. For a detailed account of the tools described
above, see [5].

NC:H—>2H::E'—>{

9.3 Model, algorithms, and convergence

We investigate an auxiliary monotone inclusion problem the solutions of
which are Nash equilibria of Problem 9.1.1 and propose two splitting methods
to solve it. Both involve the proximity operator prox g, which can be computed
explicitly in several instances [5, 7]. We henceforth denote by # the direct
sum of the Hilbert spaces (H;)1<i<m, i-e., the product space Hi X - -+ X Hy,
equipped with the scalar product
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(10 ((Ii)lgigm; Yi) 1<z<m = Z i | Yi)- (9.18)
i=1
We denote the associated norm by ||| - |||, & generic element of H by & =

(xi)1<i<m, and the identity operator on H by Id.

9.3.1 A monotone inclusion model

With the notation and hypotheses of Problem 9.1.1, let us set
A=0f and B:H—->H:xz— (Vigi(z),...,Vmg,(z)). (9.19)
We consider the inclusion problem
find « € zer (A + B). (9.20)

Since f € I'h(H), A is maximally monotone. On the other hand, it follows
from (9.2) that B is monotone. The following result establishes a connection
between the monotone inclusion problem (9.20) and Problem 9.1.1.

Proposition 9.3.1 Using the notation and hypotheses of Problem 9.1.1, let
A and B be as in (9.19). Then every point in zer (A + B) is a solution to
Problem 9.1.1.

Proof. Suppose that zer (A + B) # & and let (z1,...,2m) € H. Then [5,
Proposition 16.6] asserts that

A(zy,...,2m) C 8(f(~,332, . ,:cm))(xl) X eee X 8(]"(:171, e D1, ))(xm)

(9.21
Hence, since domg,(-,2z2,...,2m) = Hi, ..., domg,, (Z1,...,Tm-1,") =
H.n, we derive from (9.19), (9.14), and [5, Corollary 16.38(iii)] that

)

(1,...,%m) € zer(A + B)
< —B(z1,...,Zm) € A(Z1,...,Tm)

~Vigi (21, xm) € O(F(, 22, ..., 2m)) (21)

Vi G (21, - 2m) € O(f (21, ., Tm-1,")) (¥m)
< (21,...,%m) solves Problem 9.1.1, (9.22)

which yields the result.

Proposition 9.3.1 asserts that we can solve Problem 9.1.1 by solving (9.20),
provided that the latter has solutions. The following result provides instances
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in which this property is satisfied. First, we need the following definitions (see
[5, Chapters 21-24]).

Let A: H — 2" be monotone. Then A is 3* monotone if dom A x ran A C
dom F'4, where

Fa:HxH—]—00,+0]: (z,u) = (x|u)y— inf (r—y|u-—0v).

(y,v)€gra A
(9.23)
On the other hand, A is uniformly monotone if there exists an increasing
function ¢: [0, +00[ — [0, +00] vanishing only at 0 such that

(V(z,y) € HxH)(V(u,v) € Azx Ay) (z—y|u—v)>o(|lz—yl). (9.24)

A function ¢ € I'H(H) is uniformly convex if there exists an increasing func-
tion ¢: [0, +oo[ — [0, +00] vanishing only at 0 such that

(V(z,y) € dom ¢ x dom ¢)(Va € 0, 1])
plax + (1 —a)y) + (1 = a)é(z —yl)) < ap(z) + (1 —a)e(y). (9.25)

The function ¢ in (9.24) and (9.25) is called the modulus of uniform mono-
tonicity and of uniform convexity, respectively, and it is said to be superco-

ercive if limy_, 4 o0 ¢(t)/t = +00

Proposition 9.3.2 With the notation and hypotheses of Problem 9.1.1, let
B be as in (9.19). Suppose that B is mazimally monotone and that one of
the following holds.

() 1) g - 4oc inf |95 (@) + Ba | = +oc.
(ii) Of + B is uniformly monotone with a supercoercive modulus.
(iii) (dom 0f)Ndom B is bounded.
(iv) f =1c, where C is a nonempty closed convexr bounded subset of H.
(v) f is uniformly convex with a supercoercive modulus.

(vi) B is 3* monotone, and Of or B is surjective.

(vii) B is uniformly monotone with a supercoercive modulus.
(viii) B is linear and bounded, there exists 5 € 0,400 such that B is

B—cocoercive, and Of or B is surjective.

Then zer (Of + B) # @. In addition, if (ii), (v), or (vii) holds, zer (Of + B)
18 a singleton.

Proof. First note that, for every (z;)i<i<m € H, dom Vi g;(-,x2,...,Zm) =
Hi,..., dom Vi g, (21, .., Tm—1,-) = Hm. Hence, it follows from (9.19)
that dom B = ‘H and, therefore, from [5, Corollary 24.4(i)] that 0f + B is
maximally monotone. In addition, it follows from [5, Example 24.9] that Jf
is 3" monotone.

(i): This follows from [5, Corollary 21.20].

(ii): This follows from [5, Corollary 23.37(i)].
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(iii): Since dom(df + B) = (dom 0 f) Ndom B, the result follows from [5,
Proposition 23.36(iii)].

(iv)=(ii): f =1c € I[H(H) and dom df = C is bounded.

(v)=(ii): Tt follows from (9.19) and [5, Example 22.3(iii)] that 0f is uni-
formly monotone. Hence, 9 f + B is uniformly monotone.

(vi): This follows from [5, Corollary 24.22(ii)].

(vii)=-(ii): Clear.

(viii)=-(vi): This follows from [5, Proposition 24.12].

Finally, the uniqueness of a zero of df + B in cases (ii), (v), and (vii)
follows from the strict monotonicity of 0f + B.

9.3.2 Forward-backward-forward algorithm

Our first method for solving Problem 9.1.1 is derived from an algorithm
proposed in [6], which itself is a variant of a method proposed in [16].

Theorem 9.3.3 In Problem 9.1.1, suppose that there exist (z1,...,2m) € H
such that

—(Vigi(z1,-- s 2m)s s VG (21, 2m)) € 0 (21, .. 2m)  (9.26)

and x € )0, 4o00[ such that
V@1, xm) € H)(V(y1s-- - Ym) € H)

S AIVigi@r, - wm) = Vg, ym)IIP < XD s —will®. (9.27)
=1

=1

Let € €10,1/(x + 1)[ and let (yn)nen be a sequence in [, (1 —¢€)/x]. More-
over, for everyi € {1,...,m}, let x; o € H;, and let (a; n)nen, (bin)nen, and
(¢in)nen be absolutely summable sequences in H;. Now consider the following
routine.

Fori=1,....m

Lyi,n =Tin — 'Yn(vz gi(xl,nv s 7$m,n) + ai,n)

(Vn c N) (pl,na cee 7pm,n) = PFOX%f(yl,m oo uym,n) + (bl,na ceey bm,n)
Fori=1,....m

Qin = Pin — "Yn(vz gi(pl,nv cee 7pm,n> + Ci,n)
| L Zin+1 = Tin = Yin + Qin-

(9.28)

Then there exists a solution (T1,...,Ty) to Problem 9.1.1 such that, for every

ie{l,....m}, z;pn — T and pip — T;.
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Proof. Let A and B be defined as (9.19). Then (9.26) yields zer (A+ B) # &,
and for every v € ]0, +oo[ (9.14) yields J, 4 = prox, ¢. In addition, we deduce
from (9.2) and (9.27) that B is monotone and x—Lipschitzian. Now set

Tn = (xl,na ) :Em,n)

(VTL c N) Yn = (yl,nu B 7ym,n) (929)
pn = (pl,n; .. ap’m,n)
q'n, = (Ch,n; MR ] Qm,n)

and

a, = (al,nu ceey am,n)

(VneN) by = (bin,...,bmn) (9.30)
cn=(C1ny - sCmon)

Then (9.28) is equivalent to

Yn = Tn — Yn(Bxy + an)

pn = J’YnAyn + bn
31

Tpt1 = Tn — Y, +q,.

Thus, the result follows from [6, Theorem 2.5(ii)] and Proposition 9.3.1.

Note that two (forward) gradient steps involving the individual penalties
(g;)1<i<m and one (backward) proximal step involving the common penalty
f are required at each iteration of (9.28).

9.3.3 Forward-backward algorithm

Our second method for solving Problem 9.1.1 is somewhat simpler than (9.28)
but requires stronger hypotheses on (g;)1<i<m. This method is an application
of the forward-backward splitting algorithm (see [3, 9] and the references
therein for background).

Theorem 9.3.4 In Problem 9.1.1, suppose that there exist (z1,...,2m) € H
such that

—(Vigi(z1,-- s 2m)s s Vi G (21, 2m)) € 0 (21,0 2m)  (9.32)

and x € ]0,4o00[ such that
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V(- wm) € H)(V(y1, - ym) € H)

Z V g; Il,---,zm)_vigi(yl,---,ym) | xl_yl>

i=1
1 )
;Z IVigi(x1,. ., 2m) — Vig;(y1, -, ym)||*- (9.33)

Lete €]0,2/(x + 1) and let (v )nen be a sequence in [e, (2—e)/x]. Moreover,
for every i € {1,...,m}, let x;0 € Hi, and let (ain)nen and (bin)nen be
absolutely summable sequences in H;. Now consider the following routine.

Fori=1,...,m
(Vn e N) | L¥in = Zin = 1(Vi gi(@1n; - Tmn) + in)
(T1nt1s- s Tmont1) = proxwlf(yl,n, cesYmom) F 010y oy bmon)-
(9.34)
Then there exists a solution (T1,...,Ty) to Problem 9.1.1 such that, for every
ie{l,...om}, zin — T and Vi g, (10, - s Tmn) = Vig;(T1, .. Tm).

Proof. 1f we define A and B as in (9.19), (9.32) is equivalent to zer (A+ B) #
@, and it follows from (9.33) that B is x~!'—cocoercive. Moreover, (9.34) can
be recast as

Yp = Tn — Tn(Bxn + ap)
(Vn € N) L,erl — T, AY, + bn. (9.35)

The result hence follows from Proposition 9.3.1 and [3, Theorem 2.8(i)&(ii)].

As illustrated in the following example, Theorem 9.3.4 imposes more re-
strictions on (g;)1<i<m. However, unlike the forward-backward-forward algo-
rithm used in Section 9.3.2, it employs only one forward step at each iteration.
In addition, this method allows for larger gradient steps since the sequence
(Yn)nen lies in ]0,2/x[, as opposed to ]0,1/x|[ in Theorem 9.3.3.

Example 9.3.5 In Problem 9.1.1, set m = 2, let L: H1; — H2 be linear and
bounded, and set

{91: (@1, 22) = (Lay | z2) (9.36)

gs: (x1,29) — —(Lay | x2).

It is readily checked that all the assumptions of Problem 9.1.1 are satisfied,
as well as (9.27) with x = || L||. However, (9.33) does not hold since

(V(z1,22) € H1 @ H2)(V(y1,y2) € H1 @ H2)
(Vigy(w1,22) = Vigy(y1,92) | 21 — 1)
+ (Vagy(w1,22) = Vagy(y1,2) | w2 —y2) = 0. (9.37)
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9.4 Applications

The previous results can be used to solve a wide variety of instances of Prob-
lem 9.1.1. We discuss several examples.

9.4.1 Saddle functions and zero-sum games

We consider an instance of Problem 9.1.1 with m = 2 players whose individual
penalties g; and g, are saddle functions.

Example 9.4.1 Let x €]0,4o00[,let f € IH(H1DHz), and let L: HiEHo —
R be a differentiable function with a xy—Lipschitzian gradient such that, for
every x1 € Hi, L(x1,-) is concave and, for every zo € Ha, L(-, z2) is convex.
The problem is to find x; € H; and x5 € Ho such that

x1 € Argmin f(x,x2) + L(z,22)

TEH

! 9.38

x9 € Argmin f(x1,2) — L(21,2). (9.38)
TxEH2

Proposition 9.4.2 In Example 9.4.1, suppose that there exists (z1,22) €
Hi @ Ha such that

(—Vl 5(2’1722),V2 L:(Zl,Zg)) S 6f(2’1722). (939)

Let £ €10,1/(x + 1)[ and let (yn)nen be a sequence in [e, (1 —¢€)/x]. More-
over, let (z1,0,%2,0) € H1 @ Ha, let (a1,n)nen, (b1n)nen, and (€1,n)neN
be absolutely summable sequences in Hi, and let (a2n)nen, (b2.n)nen, and
(c2.n)nen be absolutely summable sequences in Hz. Now consider the follow-
g routine.

Yi,n = Tin — ’Yn(vl E(.’L’Ln, 552,71) + al,n)

Y2,n = T2n + ’Yn(v2 E(.’L’Ln, 552,71) + a?,n)

(p17n7p2,n) - PYOX»ynf(yl,n, y2,n) + (bl,n; b2,n)

(VTL € N) QI,n = pl,n - ’Yn(vl L"(pl,napZn) + Cl,n) (940)
q42,n = P2,n + ’Yn(VZ L"(pl,napZn) + C2,n)
Tint+l = Tin — Yin + q1n

| Z2,n+1 = T2,n — Y2,n T @2,n-

Then there exists a solution (T1,T1) to Example 9.4.1 such that 1., — T1,
Pin — T1, T2.n — T2, and p2, — Ta.

Proof. Example 9.4.1 corresponds to the particular instance of Problem 9.1.1
in which m = 2, g, = £, and g, = —L. Indeed, it follows from [15, Theo-
rem 1] that the operator
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(Il,IQ) — (V1 L(Il,IQ),—VQ K,(.Il,.fg)) (941)

is monotone in H; & Hs and hence (9.2) holds. In addition, (9.39) implies
(9.26) and, since VL is xy—Lipschitzian, (9.27) holds. Altogether, since (9.28)
reduces to (9.40), the result follows from Theorem 9.3.3.

Next, we examine an application of Proposition 9.4.2 to 2-player finite
ZEero-sum games.

Example 9.4.3 We consider a 2-player finite zero-sum game (for comple-

ments and background on finite games, see [17]). Let Sy be the finite set of
pure strategies of player 1, with cardinality N7, and let

Ny
Y g = 1} (9.42)
j=1

be his set of mixed strategies (S2, No, and Cy are defined likewise). Moreover,
let L be an N7 x N3 real cost matrix such that

Cy = {(6j)1§j§N1 e [o,1™

(321 € C1)(F2a € Cy) —Lzg € Noy2z1 and LTz € Ne,zo. (9.43)
The problem is to

21 € Argmin z ' Lo

find 21 € RM and o € RY?  such that z€C T
xg € Argmax x4 Lz.
x€Cs

(9.44)
Since the penalty function of player 1 is (z1,22) + x{ Lzs and the penalty
function of player 2 is (x1, z2) — —x] Lz, (9.44) is a zero-sum game. It corre-
sponds to the particular instance of Example 9.4.1 in which H#; = RN, Hy =
RN f: (21,22) = 1oy (71) + 1oy (22), and L@ (v1,72) — o Lze. Indeed,
since C7 and Cy are nonempty closed convex sets, f € I'o(H1 ® Ha). More-
over, 1 — L(x1,z2) and x5 — —L(x1,x2) are convex, and VL: (x1,z2) —
(Lwa, LT 21) is linear and bounded, with ||VL|| = ||L||. In addition, for ev-
ery v € ]0,+00], prox,; = (Pc,, Pc,) [5, Proposition 23.30]. Hence, (9.40)
reduces to (we set the error terms to zero for simplicity)

Yin = Tin — 'YnL-IQ,n
Ya,n = T2.n + 'YnLTILn
Pin = PClyl,n
P2,n = PngQ,n
(vn < N) di,n = Pln — WanZn (945)
q2,n = P2,;n + 'YnLTpl,n
Tln+l = Tin — Yin T q1n
| Z2,n4+1 = T2,n — Y2,n T q2,n,
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where (vn)nen is a sequence in [g,(1 —¢)/||L||] for some arbitrary e €
10, 1/(|L|| + 1)[. Since Of: (x1,22) — Neyx1 X Neoyza, (9.43) yields (9.39).
Altogether, Proposition 9.4.2 asserts that the sequence (1, T2n)nen gen-
erated by (9.45) converges to (ZT1,T2) € RM x RN2 such that (Z1,72) is a
solution to (9.44).

9.4.2 Generalized Nash equilibria

We consider the particular case of Problem 9.1.1 in which f is the indicator
function of a closed convex subset of H =H1 & -+ D Hpm.-

Example 9.4.4 Let C C H be a nonempty closed convex set and, for every
ie{l,...,m}, let g;: H — ]—00,+0c0] be a function which is differentiable
with respect to its ith variable. Suppose that

(V(@1,. .., 2m) € H)(V(y1, .- ym) € H)

m

i=1

and set

(V(z1,.--,xm) EH)
Ql('IQv"'aIm) = {IGHI ‘ (IaIQa"'aIm)GC}

: (9.47)
Q. (z1,...,xm_1) = {z € Hn ‘ (z1,...,Zm-1,2) € C}.
The problem is to find 1 € H1,..., Tm € Hy, such that
1 € Argmin gy (z,2z2,...,%Tm)
2€Q (z2,..., Tom)
(9.48)

Tm € Argmin g (T1, .. Tm—1, ).
z€Q,, (z1,..., Tom—1)

The solutions to Example 9.4.4 are called generalized Nash equilibria [11],
social equilibria [10], or equilibria of abstract economies [1], and their ex-
istence has been studied in [1, 10]. We deduce from Proposition 9.3.1 that
we can find a solution to Example 9.4.4 by solving a variational inequality
in H, provided the latter has solutions. This observation is also made in
[11], which investigates a Euclidean setting in which additional smoothness
properties are imposed on (g;)i<i<m. An alternative approach for solving
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Example 9.4.4 in Euclidean spaces is also proposed in [13] with stronger
differentiability properties on (g;)1<i<m and a monotonicity assumption of
the form (9.46). However, the convergence of the method is not guaranteed.
Below we derive from Section 9.3.2 a weakly convergent method for solving
Example 9.4.4.

Proposition 9.4.5 In Example 9.4.4, suppose that there exist (z1,...,2m) €
H such that

- (Vlgl(zl,...,zm),...,Vmgm(zl,...,zm)) € Ne(z1,.--,2m)  (9.49)

and x €10, 400[ such that
V(x1y. -y xm) € H)V(WY1,- -, ym) € H)

Z ||Vigi($17 BRI 7:Em) - vlgz(yla R ym)||2 < X2 Z ||:EZ - yi||2' (950)
=1 =1

Let £ €10,1/(x + 1)[ and let (yn)nen be a sequence in [e, (1 —¢€)/x]. More-
over, for everyi € {1,...,m}, let x; o € H;, and let (a; n)nen, (bin)nen, and
(Cin)nen be absolutely summable sequences in H;. Now consider the following
routine.

Forv=1,...,m
Lyi,n = Tin — '-Yn(vz gi(xl,n; e ;Im,n) + ai,n)
(VTL c N) (pl,n.; e ;pm,n) - PC’(yl,fu s 7ym,n) + (bl,n; ceey bm,n)
Fori=1,...,m
{Qi,n = Pin — /Yn(vl gi(pl,nu e 7pm,n) + Ci,n)
Tin+1l = Tin — Yin T Qin-
(9.51)

Then there exists a solution (T1,...,Tm) to Example 9.4.4 such that, for
everyi € {1,...,m}, zip — Ty and p;pn — T.

Proof. Example 9.4.4 corresponds to the particular instance of Problem 9.1.1
in which f = .c. Since Pc = proxy, the result follows from Theorem 9.3.3.

9.4.3 Cyclic proximation problem

We consider the following problem in H = H1 ® - ® Hpn.

Example 9.4.6 Let G be a real Hilbert space, let f € IH(H), and, for every
ie{l,...,m}, let L;: H; — G be a bounded linear operator. The problem
is to find 21 € H1,...,Tm € Hpm, such that
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1
x1 € Argmin f(z,x2,...,2,) + =|| L1z — Loz ||?
x€EH1 2

1
xe € Argmin f(x1,2,...,2m) + §||L2x — Laas||?

a€H, (9.52)
. 1 2
ImeArgmln f($1,...,Im,1,fE)+_HmeE—Ll.IlH .
Ieﬂwn 2
For every i € {1,...,m}, the individual penalty function of player ¢ models

his desire to keep some linear transformation L; of his strategy close to some
linear transformation of that of the next player ¢ + 1. In the particular case
when f: (2;)i<i<m — >oroq fi(#;), a similar formulation is studied in [2,
Section 3.1], where an algorithm is proposed for solving (9.52). However,
each step of the algorithm involves the proximity operator of a sum of convex
functions, which is extremely difficult to implement numerically. The method
described below circumvents this difficulty.

Proposition 9.4.7 In Ezample 9.4.6, suppose that there exists (z1,...,2m)€E
H such that

(LI (LQZQ — lel), . ,Lrn(lel — Lmzm)) S 8]"(21, ey Zm). (953)

Set x = 2maxi<i<m ||Li||?, let € € ]0,2/(x +1)[, and let (yn)nen be a se-
quence in [g,(2 — €)/x]. For every i € {1,...,m}, let x;0 € H;, and let
(@im)nen and (bin)nen be absolutely summable sequences in H;. Now set
Lpyy1 = Ly, for every n € N, set Tpq1,n = 1,0, and consider the following
routine.

Fori=1,...,m
(Vn € N) | Yin = Tin — Tn (L;'k(LiCCi,n — Lip1i%iyan) + ai,n)

(T1n415- - Tmnt1) = ProXy, ¢ (Y1 Ymon) + (B1n, - bmon)-

(9.54)

Then there exists a solution (Ty, ..., Tm) to Example 9.4.6 such that, for every
1€ {1, R m}, Tin — Tj and Lr (Ll(whn - fi) - Li—i—l(xi-i-l,n _fi—i-l)) — 0.

Proof. Note that Example 9.4.6 corresponds to the particular instance of
Problem 9.1.1 in which, for every i € {1,...,m}, g;: (®i)1<i<m = || Liz; —
Liy17i41]|%/2, where we set x,,11 = x1. Indeed, since
Vl gl(fbl, . ,.Im) = LT(Ll.TEl — LQ.IQ)
(V(z1,.. ., xm) €H) (9.55)
Vi G (@15« oy ) = L (Lin@, — L11),
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the operator (z;)1<i<m — (Vig;(T1,...,%m))1<i<m is linear and bounded.
Thus, for every (z1,...,%,) € H,

m
> (Vigile

i=1

) m) |xl>

(Li(Lizi — Liy1zig1) | z4)

p'qsf

1

.
Il

(Lizi — Liv1xip1 | Lixy)

,P“ﬁs

i=1
=Y il = > (Livawira | Liws)
=1 =1
1 m
=3 D I Eawil* + Z I Litazis]? Z< ir1Ti1 | Lizi)
=1 =1
=> Sl Liwi = Livazip |
i=1
= |L ||2 ”L || ”L Ti — Li+1xi+1”2
i=1
>x Z 1L} (Lizs = Lisazig)|?
1=1
:Xﬁlz||Vz'9i($1,---,33m)||2, (9.56)

and hence (9.33) and (9.2) hold. In addition, (9.53) yields (9.32). Altogether,
since (9.34) reduces to (9.54), the result follows from Theorem 9.3.4.

We present below an application of Proposition 9.4.7 to cyclic proximation
problems and, in particular, to cyclic projection problems.

Example 9.4.8 We apply Example 9.4.6 to cyclic evaluations of proximity
operators. For every i € {1,...,m}, let H; = H, let f; € [H(H), let L; =1d,
and set f: (2;)1<i<m — Y oreq fi(2;). In view of (9.12), Example 9.4.6 reduces
to finding ;1 € H, ..., x,, € H such that

xr1 = pl“OXf1 X9
o = pl“OXf2 I3

(9.57)

T, = ProXy .
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It is assumed that (9.57) has at least one solution. Since proxs: (z;)1<i<m —
(proxy, z;)1<i<m [5, Proposition 23.30], (9.54) becomes (we set errors to zero
for simplicity)

Fori=1,...,m

9.58
| Zim1 = prox, , (1 =) Tim + YnTitin), (9.58)

(Vn € N) {

where (2;0)1<i<m € H™ and (Y5 )nen is a sequence in [e,1 — ¢] for some
arbitrary € € ]0,1/2[. Proposition 9.4.7 asserts that the sequences (21,5 )nen,

.y (Tm.n)nen generated by (9.58) converge weakly to points Ty € H, ...,
T, € H, respectively, such that (Z1,...,T,,) is a solution to (9.57).

In the particular case when for every i € {1,...,m}, f; = ¢, a solution
of (9.57) represents a cycle of points in C1, ..., Cp,. It can be interpreted as a
Nash equilibrium of the game in which, for every i € {1,...,m}, the strategies
of player i, belong to C; and its penalty function is (;)1<i<m > ||Ti—2it1]|?,
that is, player ¢ wants to have strategies as close as possible to the strategies
of player ¢ + 1. Such schemes go back at least to [12]. It has recently been
proved [4] that, in this case, if m > 2, the cycles are not minimizers of any
potential, from which we infer that this problem cannot be reduced to a
potential game. Note that (9.58) becomes

Fori=1,...,m
Vn e N o 9.59
( ) { \_:I;i,n-i-l = Pci ((1 - ’Yn)xi,n + ’Ynxi-i-l,n)a ( )
and the sequences (1 n)neNs - - -5 (Tm.n)nen thus generated converge weakly
to points T1 € H,..., Ty, € H, respectively, such that (Ty1,...,T,) is a cy-

cle. The existence of cycles has been proved in [12] when one of the sets
C4,...,Cy, is bounded. Thus, (9.59) is an alternative parallel algorithm to
the method of successive projections [12].
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