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Abstract

A convex variational formulation is proposed to solve multicomponent signal
processing problems in Hilbert spaces. The cost function consists of a separable
term, in which each component is modeled through its own potential, and of a
coupling term, in which constraints on linear transformations of the components
are penalized with smooth functionals. An algorithm with guaranteed weak con-
vergence to a solution to the problem is provided. Various multicomponent signal
decomposition and recovery applications are discussed.

1 Problem statement

The processing of multicomponent signals has become increasingly important due, on
the one hand, to the development of new imaging modalities and sensing devices,
and, on the other hand, to the introduction of sophisticated mathematical models to
represent complex signals. It is for instance required in applications dealing with the
recovery of multichannel signals [8, 33, 34, 40], which arise in particular in color
imaging and in the multi- and hyperspectral imaging techniques used in astronomy and
in satellite imaging. Another important instance of multicomponent processing is found
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in signal decomposition problems, e.g., [2, 5, 6, 7, 15, 43, 44]. In such problems, the
ideal signal is viewed as a mixture of elementary components that need to be identified
individually.

Mathematically, a multicomponent signal can be viewed as an m-tuple (x;)i1<i<m,
where each component z; lies in a real Hilbert space H;. A generic convex variational
formulation for solving multicomponent signal recovery or decomposition problems is

minimize D(x1,...,Tm), 1.1D)
T1EH1, ., Tm EHm

where ®: H, & - -- ® H,, — |—00, +00] is a convex cost function. At this level of gener-
ality, however, no algorithm exists to solve (1.1) reliably in the sense that it produces
m sequences (Z1in)neN, ---> (Tmn)nen converging (weakly or strongly) to points z,
..., Tm, respectively, such that (z;)1<;<», minimizes ®. Let us recall that, even in the
elementary case when m = 2 and H; = H, = R, the basic Gauss-Seidel alternating
minimization algorithm does not possess this property [28]. In this paper, we consider
the following, more structured version of (1.1).

Problem 1.1 Let m > 2 and p > 1 be integers, let (H;)i<i<m and (Gy)i<k<p be
real Hilbert spaces, and let (1})i1<k<p be in ]0,+oco[. For every i € {1,...,m}, let
fi: Hi — ]—00,4+00| be a proper lower semicontinuous convex function and, for ev-
ery k € {1,...,p}, let pr: Gp — R be convex and differentiable with a Ty—Lipschitz
continuous gradient, and let Li;: H; — G be linear and bounded. It is assumed that
minj<x<p > iy || Lkil|?> > 0. The problem is to

m 4 m
minimize () + Liizs ), (1.2)
T1E€EH1, s Tm EHm ;fz( i) ;¢k<; ki z>

under the assumption that solutions exist.

Let us note that (1.2) is a particular case of (1.1), in which ® is decomposed in two
terms, namely

m D m
@(ml,...,xm) = Zfz(xl) +Z@k(ZLkixi> . (1.3)
=1 k=1 =1

separable term coupling term

Each function f; in the separable term promotes an intrinsic property of the ith com-
ponent x; of the signal. On the other hand, the coupling term models p interactions
between the m components (z;)i1<i<m. An elementary interaction is associated with
a potential ¢, acting on a linear transformation ) ;" , Ly;x; of the components. The
coupling is smooth in the sense that the function ¢y, is differentiable with a Lipschitz
gradient. As will be seen in subsequent sections, Problem 1.1 not only captures ex-
isting formulations for which reliable solution methods are not available, but it also
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allows us to investigate a wide range of new problems. In addition, it can be solved
reliably by the following proximal algorithm recently developed in [4] (the definition
of the proximity operator prox,, of a convex function f;: H; — |00, +0oc] is given in
Section 2.2).

Algorithm 1.1 Set

B = 1 (1.4)

m )
p max 7, 3 || Lgi?
=1

1<k<p

and fix € in 0, min{1, B}, (An)nen in [6,1], (v)nen in [g,281 — €], and (zi0)1<i<m in
Hi X+ X Hy,. Foreveryi e {1,...,m} set, for every n € N,

p m
Y (o] CREM ) SZARYG o Tty R
k=1

j=1
(1.5)
where (@i n)nen and (b; ,)nen are sequences in ‘H; such that
D lainll < 400 and Y binll < +o0. (1.6)
neN neN
Algorithm 1.1 generates m sequences (1, )neNs, ---, (Tmn)nen in parallel. It also

tolerates errors a; ,, and b; ,, in the implementation of the proximity operator and of the
gradients, respectively. Its convergence to a solution to Problem 1.1 is guaranteed by
the following theorem. Let us stress that, although some algorithms are available for
specific instances of Problem 1.1 with m = 2 (see [1], [3], [10], and [23, Section 4.4]),
no method with such convergence properties seems to be available in the literature in
the general setting we consider here.

Theorem 1.1 [4, Theorem 4.3] Let (z1,n)neN, - - -5 (Tm,n)nen be sequences generated by
Algorithm 1.1. Then, for every i € {1,...,m}, (xin)nen converges weakly to a point
x; € H;, and (x;)1<i<m 1S a solution to Problem 1.1.

The paper is organized as follows. In Section 2, we introduce our notation and recall
some important definitions and properties from convex analysis, and discuss proximity
operators. In Section 3, we study the particular case when the coupling functions are
Moreau envelopes and address specific cases. Section 4 is devoted to problems in which
the coupling functions are quadratic. In Section 5, the focus is placed on coupling terms
involving linear combinations of the components. Finally, Section 6 is devoted to an
application to multiframe signal representation.

2 Notation and background

Throughout the paper, H and (H;)1<i<m are real Hilbert spaces. Their scalar products
are denoted by (- | -) and the associated norms by ||-||. Moreover, Id denotes the identity
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operator and B(z;p) the closed ball of center = € H and radius p € |0, +oco[. In this
section, we recall some useful definitions and facts from convex analysis [31, 36, 46]
and provide background and new results on proximity operators.

2.1 Convex analysis

We denote by I'g(H) the class of lower semicontinuous convex functions ¢: H —
]—00, +00] which are proper in the sense that domy = {z € H | ¢(z) < +o0} # @.

Let ¢ € I'g(H). The set of minimizers of ¢ is denoted by Argmin ¢ and, if ¢ has a
unique minimizer, this minimizer is denoted by argmin,;, ¢(z). The conjugate of ¢ is
the function ¢* € I'y(H) defined by

0"t H — |—o00,+00] : u— sup (x| u) — p(z) (2.1
zeH

and the subdifferential of o is the set-valued operator
Dp: H — 2%z {u eEH|(VyeH) (y—z|u)+ o) < go(y)}. (2.2)
The Fenchel-Moreau theorem states that

™ = . (2.3)

In addition,

p(x) + ¢ (u) = (x| w)

p(x) +¢*(u) = (x| u) & u € dp(x). 24

(Vx € H)(Vu € H) {

The next lemma follows directly from [17, Corollary 3.5].

Lemma 2.1 Let g: H — [0, +oo[ be a continuous convex function and let ¢ € I'g(R).
Suppose that ¢ is increasing on [0, +oc[ and that there exists a point z € H such that
g(z) € intdom ¢. Then, for every z € H,

(o g)(zx) = U v dg(x). (2.5)

vEdH(g())N[0,+00]

Now, let C be a nonempty closed convex subset of H. The indicator function of C'

ot x 0, %f zed; (2.6)
+oo, if x ¢ C,

is

the normal cone operator of C' is

{ueH|(VyeC) (y—=|u) <0}, ifzeC;

i 2.7)
a, otherwise,

chabcix’—){



the support function of C'is

oc =ty H — |—00, 00 :un—>sug<x|u>, (2.8)
Te

and the distance from z € H to C is d¢(z) = infyec||z — y||. For every x € H, there
exists a unique point Pcx € C such that d¢(x) = ||v—Pox||; Pox is called the projection
of z onto C' and it is characterized by

(VpeH) p=Pex <& x—p€ Nep. (2.9)
We have .
x — Pox .
-8 f reH\C;
(Vz e M) ddo(z) = { do(z) } it zer) (2.10)
Ncxz N B(0;1), if zeC.

Lemma 2.2 Let C' be a nonempty convex closed subset of H, let ¢: R — |—o00,+oc] be
increasing on [0, +oo[ and even, and set ¢ = ¢ o dc. Then * = o + ¢* o - |

Proof. Set, for every n € [0,+oo[, D, = {z € H | ||z|| = n}. For every = € H, since
inf,cc ||z — y|| = ||z — Pox|| and since ¢ is increasing on [0, +o00[, we have

(V2 € C) inf ¢(|lz —yl|) < ¢(||lz — Pez|) = ¢(inf | — yll) < o(lz —z), (2.11)
yeC yeC

which implies that inf,cco(||lz — y||) = é(infyecllz — y||). Hence, since H =
Uneo,400f Pn and since ¢ is even, we have

(V€M) " (w) = sup (x| u) — o(inf = ~ )

= su — inf —
me%@flﬂ) yeccﬁ(ch yll)

= sup sup (z | u) — &(||lz — yl|)
yeC zeH

— sup {y | u) +sup (= | u) — &(])2])
yeC zE€EH

=sup(y |u)+ sup sup (z|u)—¢(n)
yeC n€[0,+o0[ 2z€Dy,

=sup(y|u)+ sup nlull - ¢(n)
yel N€[0,4o00[

= sup (y | u) +supn|jul| — ¢(n)
yeC neR

= oc(u) + ¢ ([[ul), (2.12)

which completes the proof. [



Lemma 2.3 Let ¢ € I'y(R) be such that 0 € intdom ¢, let £ € |0, +o0[ Ndom d¢, and let
v € 0¢(&). Then
max d¢(0) < v. (2.13)

Proof. Since 0 € intdom ¢, 0¢(0) is a nonempty compact set [36, p. 215 and Theo-
rem 23.4]. Moreover, (2.2) yields

(€= 0)u+¢(0) <
<

e 000 {(0 — v +6(9)

¢(€)
(2.14)
¢

Adding these inequalities results in

(V€ 09(0))  p& < v, (2.15)
from which we deduce (2.13). 0

2.2 Proximity operators

For a detailed account of the theory of proximity operators, see [31, 23] and the classi-
cal paper [35].

Let ¢ € I'y(H) and let v € ]0, +oo[. The Moreau envelope of index v of ¢ is the
continuous convex function

1
Toi H = R w e inf go(y)+ﬂux—y!\2. (2.16)

For every z € H, the infimum in (2.16) is achieved at a unique point denoted by
prox,, z, which is characterized by the inclusion

(fpeH) p=prox,r < z—p€9p(p). (2.17)
The proximity operator of ¢ is defined as
prox,: H — H: x +— argmin, ., ¢(y) + %HCE —yl*. (2.18)
The Moreau envelope "y satisfies
Yo < ¢ and Argmin " = Argmin . (2.19)

Moreover, it is Fréchet differentiable and

1
V% = —(Id —prox,,) = prox,.,,(-/v) is 1/y-Lipschitz continuous. (2.20)
v

w* /v

Lemma 2.4 [19, Proposition 11] Let G be a real Hilbert space, let 1) € T'y(G), let L: H —
G be linear and bounded, and set ¢ = 1 o L. Suppose that L o L* = k1d, for some
k € ]0,+00|. Then ¢ € T'o(H) and

1 *
prox,, = Id +;L o (proxw —1Id)o L. (2.21)
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If C is a nonempty closed and convex subset C' of H, we have
prox., = Pe. (2.22)

Closed-form expressions for the proximity operators of various functions can be found
in [16, 19, 20, 21, 23, 35]. We now derive new examples, some of which will be used
in Section 3.3.

Proposition 2.1 Let C be a nonempty closed convex subset of H, let ¢ € T'y(R) be even,
and set ¢ = ¢ o dc. Then ¢ € I'o(H). Moreover, prox, = Pc if ¢ = 1oy + 7 for some
n € R and, otherwise, for every = € H,

prox. dc(z)

rox 4 — dc(z)
PIOX, T =1 Pea, if ¢ Cand do(z) < maxdep(0);

T, if zeC.

(Pozx — ), if do(r) > maxde(0);
(2.23)

Proof. If ¢ = 1{0y + n for some n € R, then ¢ = 1o + 7, which implies that ¢ € T'o(H)
and that prox, = Pc. Now assume that ¢ # to) +n with n € R. Since ¢ is even,
convex, and proper, we have 0 € intdom ¢ and it follows that

(Vz € C) de(z) =0 € intdom ¢. (2.24)

Thus, @ # C' C dom ¢, which shows that ¢ is proper. Next, since d¢ is continuous and
¢ is lower semicontinuous, ¢ is lower semicontinuous. Moreover, since ¢ is convex and
even, it is increasing on [0, +oo[ and, by convexity of d-, we deduce that ¢ is convex.
Altogether ¢ € T'y(H).

Now, let z € H and set p = prox,, z. We derive from (2.17) that

x—p€(pode)(p). (2.25)
Therefore, in view of (2.24), taking g = d¢ in Lemma 2.1 yields
r—pe U v dde(p). (2.26)

v€d¢(dc (p))N[0,+o0]
We examine two alternatives.

(a) p € C: In this case, do(p) = 0 and, from (2.10), ddc(p) = Nep N B(0; 1). Hence,
(2.26) asserts that there exists v € 9¢(0) N [0, +-o00[ such that

x —p € Nepn B(0;v). (2.27)
Using (2.9), we first deduce that
p = Pox. (2.28)
In addition,

do(x) = |l — Peal| = |l — p|| < v < maxdg(0). (2.29)
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(b) p ¢ C: In this case, dc(p) > 0 and (2.10) yields ddc(p) = {(p — Pcp)/dc(p)}-
Hence, (2.26) implies that there exists v € d¢(dc(p)) N [0, +oo[ such that

_ p—Fep
rT—p=v o) (2.30)
which can be written equivalently as
v+ dc(p)
z— Pop =", Pap). (2.31)
P= o) (p p)

Since (2.9) asserts that p — Pop € No(Pep), (2.31) yields © — Pop € No(Pep)
and, therefore,

Pox = Pop. (2.32)
Consequently, (2.31) is equivalent to
v+ dc(p)
r— Pox = —=(p— Pop). (2.33)
C o) (p — Pop)
In turn, upon applying the norm, we obtain
do(x) = v+ do(p). (2.34)
Since v € 0¢(dc(p)), we deduce from (2.34) that
do(z) —dc(p) € 9¢(dc(p)), (2.35)
which yields de(p) = prox, do(z) by (2.17). Thus, it follows from (2.34) and
(2.20) that
v = ProX,.(dc(z)). (2.36)
On the other hand, it follows from (2.33) and (2.34) that
p— Pep z — Pox z — Pox
= = . (2.37)
de(p)  v+delp)  de()
Hence, using (2.36) and (2.37), we deduce from (2.30) that
prox . (dc(z))
=g+ —% " " " (Prx —x). (2.38)
p (@) (Pc )
In view of (2.28) and (2.38), it remains to show that
peC & do(x) <maxdp(0). (2.39)

To this end, we first observe that (2.29) yields p € C = d¢(z) < maxd¢(0). For the
reverse implication, suppose that do(z) < max d¢(0) and that p ¢ C. Then, we deduce
from Lemma 2.3 and (2.34) that

max d¢(0) + dc(p) < v+ do(p) = do(z) < maxde(0), (2.40)

which implies that do(p) = 0 and therefore that p € C' = C, which contradicts our
assumption. [



Proposition 2.2 Let C be a nonempty closed convex subset of 'H, let ¢ € I'o(R) be even

and nonconstant, and set ¢ = oc + ¢ o|| - ||. Then ¢ € T'o(H) and, for every x € H,
rox, dc(x
qug(c;()(:z — Pox), if do(z) > max Argmin ¢;
c\T
PIOXe =19 2 — Poa, if v ¢ Cand do(z) < maxArgmin ¢; (241)
0, if xedC.

Proof. Set 1) = ¢* o d¢. Since ¢ is an even function in I'o(R), ¢* is likewise. Hence, it
follows from Proposition 2.1 that ¢ € I'y(H). Using the facts that 9¢*(0) = Argmin ¢,
that ¢ is not of the form ¢(p, +7 with € R, and that, by (2.3), ¢** = ¢, we also derive
from Proposition 2.1 that, for every x € H,

rox, do(z
x + pdd)(:c(;()(PCx —z), if do(z) > maxArgmin ¢;
c
PTOXy T'=19 Poa, if ¢ Cand do(x) < maxArgmin ¢;
x, if xeC.
(2.42)
On the other hand, Lemma 2.2 yields v* = oc+¢** o||- || = oc+¢o||- || = ¢. Hence, it

follows from (2.20) (with v = 1) that Prox, = prox,. = Id — prox,. In view of (2.42),
we thus obtain (2.41). O

Proposition 2.3 Let C be a nonempty closed convex subset of a real Hilbert space G and
let z € G. Let ¢ € T'o(R) be even and not of the form ¢ = 15y +n with n € R, let
L: H — G be a bounded linear operator such that L o L* = r1d for some k € ]0, +0o0],
and set
p: H —|—00,400] : & — ¢(de(Lx — 2)). (2.43)
Then ¢ € T'y(H) and, for every x € H,
ProX, 4)- do(Lz — 2)
kdo(Lx — 2)
if do(Lz —z) > kmaxdo(0);

L*(Po(Lxz — 2) + z — L),

= 1
PIoX, & x4+ —L*(Po(Lx — 2) + z — Lx),
K

if Lt —z¢ C and do(Lx — z) < kmax d¢(0);

x, if Lt —z€eC.
(2.44)

Proof. Set g = ¢ odc. It follows from Proposition 2.1 that g € I'g(G) and that, for every
yegy,

ProX(,.4)- dc(y) .
b T (Poy —y), if do(y) > s maxde(0);
prox,,y =14 Y o) ey y) c(y) ¢(0)

Py, if do(y) < kmaxdg(0).

(2.45)



We also observe that, since ¢ = go (L - —z) and L is linear and continuous, ¢ € I'g(H).
Now take = € H and set p = prox,,z. Using (2.17), the identity L o L* = x1d, and
elementary subdifferential calculus, we obtain
p=prox,r < x—p € dp(p)= L"0g9(Lp — z2)
& (z—r L) — (p—KTIL*2) € L*Og(L(p — k'L*2))
& (z—r L)~ (p—r'L*2) € d(go L)(p—r 'L*z2)
(z — K 1L*2). (2.46)

& p—r L'z =prox,,

Hence, by Lemma 2.4,
_ . —1lr=x —1 7= —17r= —1 7= —1 7=
p=k L'z4+(x—r L'2)+k L(prOXHQ(L(.T*E L*z)) — L(x — k™ 'L*z))
=+ r~'L*(prox,,(Lz — 2) + z — Lx). (2.47)

Upon combining (2.47) and (2.45) we obtain (2.44). 0

3 Coupling with Moreau envelopes

In this section we interpret Problem 1.1 as a relaxation of a problem with a non-smooth
coupling term.

3.1 Problem formulation

As seen in (2.20), the Moreau envelope of index p; € |0, +o00[ of a function g € T'o(G) is
a convex function which is 1/p,—Lipschitz differentiable everywhere. We can therefore
set

(Vk € {1’ s 7p}> Pk = pkgk (3.1

in Problem 1.1 to obtain the following formulation.
Problem 3.1 Let (H;)i<i<m and (Gj)1<k<p be real Hilbert spaces, and let (py)i1<k<p be

in |0, +oc[. Foreveryi € {1,...,m}and k € {1,...,p}, let fi € T'o(H,), let gx € T'0(Gk),
and let Ly;: H; — Gy, be linear and bounded. It is assumed that

m
. Lyil|* > 0. 3.2
lgl,ggp;H kil > 3.2)
The problem is to
m p m
minimize (2 Pk j 33
x16H17'--7$m6Hm ZZ; fl(xl) + kz:l gk<zz; k1w1>) ( )

under the assumption that solutions exist.
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The functions (“*g;)1<k<, are approximations to the functions (g;)i<k<, in the
sense of (2.19). Thus, (3.3) can be regarded as a relaxation of the problem

m P m
minimize Z fi (xl) + Z gk ( Z Lkﬂf‘i) . (3.4)
=1 k=1 =1

T1E€EH1L, .., TmEHm

Since this problem involves not necessarily smooth coupling functions (g )1<x<p, it will
in general be harder to solve than (3.3) and, in some cases, it may not possess any
solution while (3.3) does (see [18] for an illustration of the latter situation).

In view of (3.1) and (2.20), the specialization of Algorithm 1.1 to Problem 3.1
assumes the following form.

Algorithm 3.1 Set
. Pk

= — m < - a5
p 1<k<py i (| Lkal[?

and fix ¢ in |0, min{1, 51}, (An)nen in [, 1], (Yn)nen in [g,201 — €|, and (x;0)1<i<m in
Hi X -+ X Hy,. Foreveryi € {1,...,m} set, for every n € N,

p m
, [ Prox —1Id Z

Tint+1l = Tin + )‘”<proxvnfi <x’" *n (ZLH< o > ( ijxjm)
Jj=1

1 Pk

+ bz,n)) +a;n — xi,n) , (3.6)

where (a;n)nen and (b; n)nen are sequences in ‘H; such that

B (3.5)

D llainl < +00 and > |binl| < +oo. (3.7)

neN neN

We obtain the weak convergence of this algorithm as a direct application of Theo-
rem 1.1.

Corollary 3.1 Let (1 5)neN, ---» (Tmn)nen be sequences generated by Algorithm 3.1.
Then, for every i € {1,...,m}, (xin)nen converges weakly to a point z; € H;, and
(xi)1<i<m is a solution to Problem 3.1.

Remark 3.1 In the particular case of m = 1 variable, Problem 3.1 reduces to [23,
Problem 4.1], which was itself shown in [23, Section 4] to cover several signal decom-
position and recovery problems.
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3.2 Relaxation of problems with hard coupling

As a first application of the results of Section 3.1, we consider problems in which hard
constraints on p linear mixtures of the signals are available. More precisely, the con-
straints are of the form

(Vke{l,....,p}) > Ly € Dy, (3.8)
i=1
where each Dy, is a nonempty closed convex subset of Gy and, for everyi € {1,...,m},

Ly; is a bounded linear operator from H; to Gi. In our setting, this leads to the hard-

coupled problem

minimize g fi(wi), (3.9)
11€H17~~~,mm€Hm i—1
Yoty Ligwi €Dy, 300 Lpgai €Dy ¥

which amounts to setting

(Vke{l,...,p}) gr=1tD, (3.10)

in (3.4). Let us note that, due to inaccuracies in the definition of the sets (Dy)i1<k<p
[18, 291, (3.9) may be infeasible in the sense that ﬂizl D, = @. On the other hand,
the approximate problem (3.3), which becomes

m P m
o 1,
minimize E 1 fi(zi) + ,} 1 %dl)k < E 1 Lk,-xz), (3.11)
1= = 1=

T1EH1 o, Tm EHm

will admit solutions under mild assumptions [23, Proposition 3.1(i)]. Moreover, using
(2.22), the iteration (3.6) in Algorithm 3.1 reduces to (we set a;, = 0, b; , = 0, and
An = 1 for simplicity)

P m
Pp, —1d
Tintl = prox%fi (.’Ei’n + Yn E LZ%( Dy, > < E ijx‘%n)) . (312)
=1

—1 Pk

As an illustration of the construction of the sets (Dj)i<i<p, let us consider the
problem of finding m sources (z;)1<i<m from the noisy observation of p mixtures

(Vk€{1,....p}) 2= Lpwi+wp, (3.13)

=1

where wy, € Gj represents the noise corrupting the kth measurement. As discussed in
[22, 39], a wide range of probabilistic a priori information on the kth noise process can
be translated into constraints of the form z, — >~ Ly;x; € Ej, where Ej, is a closed
convex subset of G,. This corresponds to (3.8), where Dy, = z;, — E). For instance,
if a statistical bound 7y, is available on the energy of the kth noise process, we obtain

Dy, = B(zk; /1K)
12



3.3 Relaxation of problems with hard constraints and hard coupling

We place ourselves in the same setting as in Section 3.2 and make the additional as-
sumption that hard constraints are available for each signal, namely

(Vi S {1, R ,m}) x; € Cy, (3.14)

where each C; is a nonempty closed convex subset of ;. In this context, (3.9) coincides
with the feasibility problem

m m
Find 21 € C1,...,&m € Cp, suchthat Y Lya; € Dy,..., Y Lypix; € Dy (3.15)
=1 =1

Let us relax the p constraints ) ;" Ly;x; € Dy as in (3.11) and the m constraints in
(3.14) by penalizing the distances to the sets via functions

(Vie{l,....,m}) fi=diode,, (3.16)

where (¢;)1<i<m are nonzero even functions in I'o(R) \ {¢01} such that ¢;(0) = 0.
Thus, (3.11) becomes

m p m
1
i=1 k=1 =1

T1E€EH1L, .., TmEHm

which is our relaxation of (3.15). Corollary 3.1 asserts that this problem can be solved
via Algorithm 3.1 where, by virtue of Proposition 2.1, (3.6) reduces to (we set a;,, = 0,
bin =0, and A, = 1 for simplicity)

a Pp, —1d [ &
* Dy —
Yin = Tin + ’YnZLki (kpk) (Z ij”rj’”)
j=1

k=1

¢

Prox., sy« dc; (Yin)
Yin + (Zl(i zym) o (PcyYin — Yim),
P if dc, (yin) > m max d¢;(0);
i,n+1l —
Pe,yin, if yin ¢ Ciand dc,(yin) < vn max9dg;(0);
Yin, if Yin € C;.

(3.18)

4 Quadratic coupling

In this section, we study Problem 1.1 when the coupling functions (y)1<k<, are of the
form

1
(Vk € {]-a s 7p}) Pk = §||Z/€ - '||2a where 2k € G- 4.1)

13



4.1 Problem formulation

We first restate Problem 1.1 under assumption (4.1).
Problem 4.1 Let (H;)i<i<m and (Gr)i<k<p be real Hilbert spaces. For every i €

{1,...,m}, let f; € To(H;) and, forevery k € {1,...,p}, let zx € G, and let Ly;: H; — G
be linear and bounded. It is assumed that minj <<, > i, || Lki||*> > 0. The problem is to

m
LD SIS S of FE 70 T
under the assumption that solutions exist.
Here is a variant of Algorithm 1.1 for solving Problem 4.1.
Algorithm 4.1 Set
1
Po=—F—m (4.3)
> D Iwl?

k=1 1

1
and fix € in |0, min{1, B2}, (An)nen in [€,1] (Yn)nen in [€,202 — €], and (zi0)1<i<m In
Hi X -+ X Hy,. Foreveryi e {1,...,m} set, for every n € N,

P m

k=1 j=1
4.4
where (a;n)nen and (b; n)nen are sequences in ‘H; such that

D lainll < 400 and Y binll < +o0. (4.5)

neN neN

Remark 4.1 The Lipschitz constant of each Vi, is 7, = 1. Hence, the bound f; of
(1.4) is p1 = 1/(pmaxi<p<p > iy || Liil|?). If we used this bound in (4.3), we could
derive at once the convergence of Algorithm 4.1 from Theorem 1.1. However, we use
the bound (3, of (4.3), which is better than the general bound /; since

m —1 p m -1
o= (omm, L) g(%@%?) G (48

Theorem 4.1 Let (z1)neN, ---5> (Tmn)nen be sequences generated by Algorithm 4.1.
Then, for every i € {1,...,m}, (xin)nen converges weakly to a point x; € H;, and
(xi)1<i<m s a solution to Problem 4.1.

14



Proof. We set H = H1®- - -®Hn, i.e., H is the real Hilbert space obtained by endowing
Hi X -+ x Hy, with the scalar product ((- | -)): (x,y) — >~ (z; | yi), with associated
norm ||| - [||: & — /> i~ ||xi]|?, where & = (z;)1<i<m denotes a generic element in H.

We also introduce
m
Zk — Z ijacj

j=1
and, for every i € {1,...,m}, we let B; be the gradient of g with respect to the ith
variable. Thus, Vg = (B;)1<i<m, Where

P m
Bi:’H—>Hi:mr—>ZLZi<Zijxj—zk>. (4.8)

k=1 j=1

12 2
g:’H—>R:azl—>§Z

k=1

4.7)

Now take x and y in ‘H. Since, in view of (4.1), (4.4) is a special case of (1.5),
proceeding as in the proof of [4, Theorem 4.3], to reach the announced conclusion it
is enough to show that

Z (Bi(x) — Bi(y) | @i —yi) > B2 Z | Bi() — Bi(y)H2 (4.9)

i=1 =1

or, equivalently, that ((Vg(z) — Vg(y) | £ —y)) > (||Vg(z) — Vg(y)|||*. Since g is
convex, it follows from the Baillon-Haddad theorem [9, Corollary 10] that this inequal-
ity is equivalent to |||Vg(x) — Vg(y)||| < |||z — yl||/ B2, i.e., to

Z | Bi(= @)|° < Iz —yll*/63. (4.10)

For every i € {1,...,m}, (4.8) and the Cauchy-Schwarz inequality imply that
m p
Z Ly Lij(zj — yj5)
=1 k=1
m p 2
< (z Il 12l - 351

2
|Bi(z) — Bi(y)|* =

j=1 k=1
p
(Z 1l 3 12 e — yju)
k=1 j=1
P P m 2
< (2 uw) 3 (Z 1Ll s — yju)
k=1 k=1 N j=1
p p m m
< (Z ||le‘||2) 3 (Z ||iju2> (Z lo; —yjn?)
k=1 k=1 j=1 j=1
P
_ (ZIILmHQ)HIfC—y\||2/62~ @11)

B
Il

1

15



Hence,
m p
3| Bite) - Bi(w)|| < (ZZ ||L1u‘||2)\||$ —yll2/ = lllz — wll[P/53,  (4.12)
i=1 =1 k=1

which yields (4.10). O

4.2 Split feasibility problems

Suppose that m = p+ 1. For every k € {1,...,p}, set zx = 0, G = Hy+1, and, for every

i€{2,...,m},
-Id, ifi=k+1;
Ly = e (4.13)
0, otherwise.
Then (4.2) becomes
m 1 m—1
e . 2
, minimize, - ;fi(»%’) +5 ; | Lkiwy — @i || (4.14)
1= =

Setting errors to zero and \,, = 1 for simplicity, the updating rule (4.4) in Algorithm 4.1
reduces to

m—1
*
T1n41 = PrOX, <$1,n — Tn E Liy (Linzyn — $k+1,n)>7
k=1

Tin41 = PIoX, ((1 — Vn)Tin + ’YnLifl,lxl,n>a for 2<i<m.

(4.15)

In particular, if each f; in (4.14) is the indicator function of a nonempty closed
convex set C; C H;, we obtain

VTP B
minimize Z | Liiz1 — zpa || (4.16)
k=1

xleclw-wxmecm

which can be regarded as a relaxation of the split feasibility problem
find z; € C; suchthat Ljiz; € Cy, Loyz1 €Cs, ..., Lm_171131 eC,. 417

For m = 2, this type of problem was introduced in [13] and further studied in [11, 14,
23].

In [42] a problem similar to (4.14) is investigated in the case when m = 2, in which
the linear operator depends on the partial derivatives of one component.

5 Strong coupling

An important instance of Problem 4.1 occurs when the linear mixtures describing the
interactions between the components in (4.2) reduce to linear combinations. Such a
coupling is referred to as strong.

16



5.1 Problem formulation

Problem 5.1 For every i € {1,...,m}, let f; € I'o(H) and, for every k € {1,...,p}, let
&ri € Rand let z, € H. It is assumed that miny<j<p, > iry [€ki| > 0. The problem is to

m 2
2= Eriti
i=1

) (5.1

m p
o 1
minimize E filmi) + = E
T1EH,...,e;mE€H 4 1 2 —1
1= =

under the assumption that solutions exist.

To solve this problem, we propose the following variant of Algorithm 4.1, which
features a better bound than (4.3).

Algorithm 5.1 Set = = [¢;] € RP*™, A = =T = = [§;;], and

(5.2)

where Amax is the largest eigenvalue of A. Fix ¢ in |0, min{1, 53}, (An)nen in [g,1],
(Yn)nen In [€,205 —¢], and (x;0)1<i<m in H™. For every i € {1,...,m} set, for every
n €N,

P m
Tint1 = Tijn + An (PI‘OX%J@ (ﬂfi,n + Y ki <Zk -3 fkjwj,n>> +ain — ﬂfi,n> , (5.3)
k=1 =1

where (a; n)nen is a sequence in H such that ) |la; .| < +oc.

Remark 5.1 Using standard matrix norm inequalities, we obtain

V4 m
<> > Il <pmax Z\Sm , (5.4)

k=1 1i=1
which yields
1

> P2 = > p = (5.5)

1
)\max p m 2
S |l p max Z\sz

k=1 i=1

B3 =

In other words, in the problem under consideration, the bound of (5.2) is better than
that of (4.3), which is itself better than that of (1.4).

Theorem 5.1 Let (z1)neN, ---» (Tmn)nen be sequences generated by Algorithm 5.1.

Then, for every i € {1,...,m}, (x;n)nen converges weakly to a point z; € H, and
(xi)1<i<m s a solution to Problem 5.1.
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Proof. Define 'H as in the proof of Theorem 4.1 (with H; = H), set

12 m 2
g:’H—>R:wb—>§Z zk—kaia:i , (5.6)
k=1 =1
and introduce the bounded linear operator
P m
B:H—->H: z— (Zngigijj> . (5.7)
k=1 j=1 1<i<m

As in the proof of Theorem 4.1, it is sufficient to prove that Vg is 3; '~Lipschitz contin-
uous.

Since A is a real m x m symmetric matrix, there exists an orthogonal matrix I =
[mi;] € R™*™ such that A = ITAII", where A is the diagonal matrix the diagonal entries
of which are the eigenvalues (\;)i<i< of A. Now set D: H — H: @ — (A\z;)

1<i<m
andU: H — H: x— (371, m;z5), ;,,- Then U is unitary and
I1BII* = [lUDU||I? = |[ID|II> = sup > Nllzill* = Aax- (5.8)
HEIES! i=1
Hence, for every « and y in H, we have
1IVg(z) — Vgl = [||Bz — Byll|> < Aulllz — yllI%, (5.9)
which implies that Vg is 3; '~Lipschitz continuous and completes the proof. [
5.2 Signal decomposition
Suppose that an ideal signal Z € H can be decomposed as
T=)» 7;, where (Vie{l,....m}) T eM. (5.10)
i=1

A common problem is to recover the components (7;)i<;<,, from some measurement
z of T and some prior information. Assuming that the prior information on each com-
ponent 7; is promoted by a potential f; € I'g(H) and using a least-squares data fitting
term leads to the variational problem

(5.11)

Instances of this problem have been considered in [5, 7, 23, 41, 42] for m = 2, in
[6, 27] for m = 3, and in [15] for m = 4.

18



We observe that (5.11) is a special case of (5.1), where p = 1, z; = z, and, for every
i€ {l,...,m}, &; = 1. Thus, = = [1 --- 1] € R™™ and 3 = 1/m in Algorithm 5.1.
Moreover, the updating rule (5.3) now assumes the form

m
Tintl = Tin + An(Pl‘OX%fi (l“i,n + Yn <Z - Z ﬂb’gn)) +a;n — ﬂfzn) (5.12)

=1

The weak convergence of the m sequences so generated to a solution to (5.11) is guar-
anteed by Theorem 5.1. For m = 2, an alternative weakly convergent method is pro-
posed in [23, Section 4.4], which subsumes that of [5] (see also the alternative method
of [3]). However, for m > 2, no weakly convergent algorithm seems to be available in
the literature. Thus, in [15], a model of the form (5.11) with m = 4 component is in-
vestigated but no convergence proof is furnished for the proposed cyclic minimization
algorithm; in [6], a model with m = 3 components is investigated in H = R" and a
coordinate descent algorithm with modest convergence properties is utilized.

For the sake of illustration, consider the case when m = 3. Then (5.2) yields
( = 1/3. Taking for simplicity ~,, = 1/2, A, = 1, and, for every i € {1,2,3}, a;,, = 0,
(5.12) leads to the simple parallel scheme

T1 1 = PrOXy, o ((2 4+ 210 — T2 — T30)/2)
T2n+1 = ProXy, ((z — T1p + Top — wg’n)/Q) (5.13)

T3ntl = prOst/Q ((z —ZTip — T2n + 1'3’71)/2).

On the other hand, if m = 2, (5.11) becomes

- 1 )
—|lz—x1 — . 5.14
minimize fi(z1) + fa(w2) + 52 — 21 — 2o (5.14)
This problem is studied in [23], where an alternating algorithm is proposed which
converges weakly to a solution to (5.14). In particular, if we take f; to be the indicator
function of a nonempty closed convex set C; C H and f, = o¢, to be the support
function of a nonempty closed convex set Co C H, (5.14) becomes

xl;nelglln;l;é% oc,(T2) + %HZ —x1 — 29> (5.15)
This problem is studied in [5].

The role of each potential f; in (5.11) is to promote certain known properties of the
component 7;. For instance, if some properties of the coefficients ((Z; | e;x))ren of the
decomposition of 7; in an orthonormal basis (e;;)reny of H are available, we can take
(see [16, 20, 25] for specific choices of the potentials (¢;x)ken)

fi: H— ]—o00,+00] : 2 — Zfﬁzk((az, | eik)), (5.16)
keN
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where, for every k € N, ¢ € T'o(R) satisfies ¢ > ¢i(0) = 0. If we adopt this model
for each component in (5.11), we obtain

m

22

=1

(5.17)

minimize g E qbzk x; | ezk
T1€EH,...,.e;m €H

=1 keN

In addition, we derive from (5.16) and [23, Example 2.19] that (5.12) reduces to (we
set A\, = 1 and qa;,, = 0 for simplicity)

m
Tin+l = ZPI‘OX%@k <<xz,n | eik> +'7n< < | ezk Z Tjin | €ik >> €ik- (5.18)

keN Jj=1

5.3 Signal synthesis

Let p = m(m — 1)/2 be the cardinality of the set K = {(i,j) € {1,...,m}? | j > i}. For
every k = (ki, k2) € K set z; = 0 and

1, if i=k;
fki = —1, lf 7= kig; (519)
0, otherwise.

With this scenario, Problem 5.1 features pairwise quadratic couplings, which yields

m m m
. 1
minimize El filwi) + 5 N 1 (5.20)
1=

T1E€EH, ..., Tm € - =
! m =1 j=1+1

For instance, when m = 2 and f; and f; are the indicator functions of nonempty closed
convex sets C and C» in H, we obtain the classical problem
minimize ||z; — x2H2, (5.21)
x1€CT,x0€C
which has been studied in [29, 45]. Another instance of (5.20) with m = 2, is that

obtained by taking fo: x — ||y — Lz||?/2, where L is a bounded linear operator from H
to a real Hilbert space G and y € G. In this case (5.20) becomes

1 1
mlnlmlze — — L 2 - _ 2' 5.99
1 €EH,z20€H f1($1) QHy $2|| + 2||$1 $2” ( )

This formulation arises in the image restoration problems of [44, 32] for specific choices
of fi in finite dimensional spaces.

Since the matrix A = Z'Z = mId —1- 1" has largest eigenvalue Apay = m, we
have (33 = 1/m in Algorithm 5.1. In addition, (5.3) becomes

m
Tin+1 = Tin + )\n < Prox%fi ((1 - m’Yn)a:i,n + T Z xj,n) + A n — xi,n) . (523)
j=1
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In particular, upon setting v, = 1/m, A\, = 1, and «a;,, = 0, we obtain the parallel

method .
1
T1,n+1 = PrOXyg /m, <m Z xj,n)»
j=1

(5.24)

1
Tm,n+1 = PrOX¢ /m <m Z xj»n) .
=1

6 Application to multiframe signal representation

This section is devoted to an application to multiframe signal processing in a real
Hilbert space G. Recall that a sequence (ej)ren in G is a frame if there exist constants
w and v in |0, +o00[ such that [24, 30, 38]

vyeq) ulyl? <3|l en)|* < vyl (6.1)
keN

The associated frame operator is the injective bounded linear operator
F:G— (N): y— ((y\ ek))keN’ (6.2)

and its adjoint is the surjective bounded linear operator

F*: KQ(N) - g: (nk)kEN = anek. (63)
keN

Frames extend the notion of orthonormal bases and they have been used in a number
of variational signal processing problems due to their ability to efficiently capture a
wide range signal features, e.g., [16, 12, 26]. We consider a variational formulation
which exploits information on the frame representation of each signal component. In
the case of m = 1 component, a similar setting is considered in [16].

Problem 6.1 Set H = ¢*(R) and let p € T'y(G) be a T-Lipschitz differentiable function,
for some 7 € ]0,+oo[. For every i € {1,...,m}, let (ejx)ren be a frame of G with
associated frame operator F; and, for every k € N, let ¢;; € I'o(R) be such that ¢;;, >
¢:i1(0) = 0. The problem is to

minimize Z Z Gir(mir) + ¢ < Z Z ﬁik%k) , (6.4)

(1) keNE€M,-... (mi ) ken€H 57 120 =1 heN

under the assumption that solutions exist.
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Algorithm 6.1 Set H = (*(R) and

1

e 6.5
B4 S (6.5)
where, for every i € {1,...,m}, v; € ]|0,400[ is the upper frame constant of (e;i)reN
(see (6.1)). Fix € in |0, min{1, B4}, (An)nen in [e,1], (Yn)nen in [€,204 — €], and let
(Mk,0)keNs ---» (Mmk,0)ken be sequences in H. For every i € {1,...,m} set, for every

n €N,
(Vk € N) Nikyt1 = Nikyn T An <P1’0X«m¢ik <77ik,n —Tn <<VSO<Z Z njk,nejk> €ik>

j=1 keN

+ ﬁzk,n)) + Qikn — nik,n> ) (66)

where (k) (kn)en2 And (Bikn) (k,n)en2 are real sequences such that

Z Z | ik |* < +oo and Z Z |Bikn|? < 4o00. 6.7)

neN |\ keN neN |\l keN

Remark 6.1 In some cases, it may be possible to obtain a sharper bound than (6.5);
see [16, Remark 5.3].

Corollary 6.1 Let ((nlkvn)kEN)neN’ e, ((nmkm)kGN)neN be sequences generated by Al-
gorithm 6.1. Then, for every i € {1,...,m} and k € N, (9;5)nen converges to a point
ik € R, and ((nik)ken), <,,, is a solution to Problem 6.1.

Proof. Problem 6.1 is a particular case of Problem 1.1 in which p = 1, ¢; = ¢, and for
every ¢ € {1a . 'am}s Hi=H= EQ(R)’ Jit H— ]_OO? +OO] : (nk)kEN = ZkeN ¢zk(nk);
and L;; = F7. In addition, we derive from (6.5), (1.4), and (6.1) that 8, < (.
Finally, using [23, Example 2.19], we deduce that Algorithm 6.1 is a particular case of
Algorithm 1.1. The result therefore follows from Theorem 1.1.

We conclude with a specific instance of Problem 6.1.

Example 6.1 Let K be a real Hilbert space, let z € K, and let L: G — K be linear
and bounded. Set ¢ = ||z — L - ||?/2 and, for every i € {1,...,m} and k € N, set
¢i = wik| - [P, where p; € [1,2] and w;;, € ]0,+o00[. Then (6.4) becomes

z—L (iZﬁik%)

i=1 keN

2

m
o pi . L
minimize Z Z wik|mik” + 5
(k) ken €, (Mmi)ken€H S 120 2

(6.8)

This problem is studied in [37].
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