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Abstract

The notion of quasi-Fejér monotonicity has proven to be an efficient tool to simplify and
unify the convergence analysis of various algorithms arising in applied nonlinear analysis. In
this paper, we extend this notion in the context of variable metric algorithms, whereby the
underlying norm is allowed to vary at each iteration. Applications to convex optimization
and inverse problems are demonstrated.
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1 Introduction

Let C be a nonempty closed subset of the Euclidean space RY and let 3 be a point in its
complement. In 1922, Fejér [21] considered the problem of finding a point z € RY such that
(Vz € C) |lz — z|| < ||ly — #||. Based on this work, the term Fejér-monotonicity was coined in [27]
in connection with sequences (z,,)nen in RY that satisfy

(Vze C)(VneN) |zpt1 — 2| < ||lzn — 2] (1.1)
This concept was later broadened to that of quasi-Fejér monotonicity in [20] by relaxing (1.1) to
(Vze OY¥n eN)  |zps1 — 2||? < ||z — 2|2 + €, (1.2)

where (,,)nen is a summable sequence in [0, 4+00[. These notions have proven to be remarkably
useful in simplifying and unifying the convergence analysis of a large collection of algorithms
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arising in hilbertian nonlinear analysis, see for instance [2, 5, 12, 13, 14, 18, 19, 30, 31, 35]
and the references therein. In recent years, there have been attempts to generalize standard
algorithms such as those discussed in the above references by allowing the underlying metric to
vary over the course of the iterations, e.g., [7, 10, 11, 16, 26, 29]. In order to better understand
the convergence properties of such algorithms and lay the ground for further developments, we
extend in the present paper the notion of quasi-Fejér monotonicity to the context of variable
metric iterations in general Hilbert spaces and investigate its properties.

Our notation and preliminary results are presented in Section 2. The notion of variable metric
quasi-Fejér monotonicity is introduced in Section 3, where weak and strong convergence results
are also established. In Section 4, we focus on the special case when, as in (1.2), monotonicity is
with respect to the squared norms. Finally, we illustrate the potential of these tools in the analysis
of variable metric convex feasibility algorithms in Section 5 and in the design of algorithms for
solving inverse problems in Section 6.

2 Notation and technical facts

Throughout, H is a real Hilbert space, (- | -) is its scalar product and || - || the associated norm.
The symbols — and — denote respectively weak and strong convergence, Id denotes the identity
operator, and B(z; p) denotes the closed ball of center z € H and radius p € |0,+o0] ; 8 (H) is
the space of self-adjoint bounded linear operators from H to H. The Loewner partial ordering

on 8 (H) is defined by
(VLl €8 (H))(VLQ €8 (H)) L1 =Ly & (Vm‘ S H) <L11‘ ’ .%'> > <L2.%' ‘ 1‘> (2.1)
Now let a € [0, 400/, set
Pa(H)={LeS8(H)|L > ald}, (2.2)

and fix W € P,(H). We define a semi-scalar product and a semi-norm (a scalar product and a
norm if a > 0) by

(VeeH)(VyeH) (z|y)w=Wzly) and |z|w =Wz |z). (2.3)

Let C be a nonempty subset of H, let a € ]0,+o00[, and let W € Py (H). The interior of C' is
int C', the distance function of C' is d¢, and the convex envelope of C is conv C, with closure
conv C. If C' is closed and convex, the projection operator onto C relative to the metric induced
by W in (2.3) is
PY:H — C: x s argmin ||z — y||w. (2.4)
yeC

We write Pi = Pc. Finally, ¢} (N) denotes the set of summable sequences in [0, +00|.

Lemma 2.1 Let o € ]0,+00[, let p € ]0,+00[, and let A and B be operators in 8 (H) such that
uld = A= B = ald. Then the following hold.

(i) a'ld= Bt A"l = pt1d.

(i) (Vo €H) (A e [ x) > [|AI 7.



(iii) [[A7Y| < a7t

Proof. These facts are known [24, Section VI.2.6]. We provide a simple convex-analytic proof.

(i): It suffices to show that B~! = AL, Set (Vo € H) f(z) = (Az | z)/2 and g(z) = (Bx |
z)/2. The conjugate of f is f*: H — [—00,+00] : u > sup,ey ((x | u) — f(z)) = (A7 u | u)/2
[5, Proposition 17.28]. Likewise, g*: H — [—00, +00] : u +— (B~ 1u | u)/2. Since, f > g, we have
g* > f*, hence the result.

(ii): Since ||A[|Id = A, (i) yields A=! = || Al| 7! Id.

(iii): We have A~ € § (H) and, by (i), (Vz € H) ||z||*/a = (A~'z | 2). Hence, upon taking
the supremum over B(0; 1), we obtain 1/a > ||[A7!||. O

Lemma 2.2 [30, Lemma 2.2.2] Let (a,)nen be a sequence in [0, +oc[, let (nn)nen € €1 (N), and
let (en)nen € 02 (N) be such that (Yn € N) apq1 < (1 +nn)an + &n. Then (an)nen converges.

The following lemma extends the classical property that a uniformly bounded monotone
sequence of operators in 8 (H) converges pointwise [33, Théoreme 104.1].

Lemma 2.3 Let a € ]0,400, let (nn)nen € (L (N), and let (Wy)nen be a sequence in Py (H)
such that p = sup,ey [|[Wa|l < +00. Suppose that one of the following holds.

(i) (VneN) (1+n)W, = Whyr.
(ii)) (Vn e N) (14 np)Wyhi1 = W,.

Then there exists W € Po(H) such that W, — W pointwise.

Proof. (i): Set 7 = [[,en(1 + ), 70 = 1, and, for every n € N\ {0}, 7, = Z;é(l + 7). Then
T — T < 400 [25, Theorem 3.7.3] and

(VneN) pld=W, =ald and 7,41 = 71+ nn). (2.5)
Now define ) )
(VneN)(YmeN) W, =—W, — Whtm.- (2.6)
Tn Tn+m

Then we derive from (2.5) that

n+m—1
1
(VneN)(Vm e N~ {0 (Ve e H) 0= —Wyz|z)— IT O +m) Wz | 2)
Tn Tn+m fem
1
< —(Waz | z) - Whimz | )
Tn n+m
= <Wn,mx | x)
1
< —
< Wz |2)
< (W | z)
< ullal®. (2.7



Therefore
(VneN)(Vm eN) W, € Po(H) and ||Wym| < p. (2.8)

Let us fix z € H. By assumption, (Vn € N) ||xH12,Vn+1 < (1 +ma)|z[l3y, . Hence, by Lemma 2.2,
(1[5 Inen converges. In turn, (7, !||z||3y, Jnen converges, which implies that

1

1
2 W, 2
([, ., = Wame | ) = - ][5, -

n ||xHI2,Vn+m —0 as n,m — +oo. (2.9)
n n-rm

Therefore, using (2.8), Cauchy-Schwarz for the semi-norms (|| - [, ) @n,m)enz, and (2.9), we
obtain

Womzl* = (2 | Wama),
[ 7 e

2|, %21

—0 as n,m — +oo. (2.10)

< |
< |

Thus, we derive from (2.6) that (7, 'W,,x),en is a Cauchy sequence. Hence, it converges strongly,
and so does (W, x)nen. If we call Wz the limit of (W, x),¢cn, the above construction yields the
desired operator W € P, (H).

(ii): Set (vn € N) L, = W, . Tt follows from Lemma 2.1(i)&(iii) that (L,)nen lies in
Pr/u(H), suppen | Lnll < 1/a, and (Yn € N) (1 +n,) Ly, %= Lyt1. Hence, appealing to (i), there
exists L € Py, (H) such that |L|| < 1/a and L, — L pointwise. Now let x € H, and set
W =L1!and (Vn € N) 2, = L,(Wz). Then W € P,(H) and z,, — L(Wz) = x. Moreover,
Waz = Wel| = [Wa(z — zn)|| < pllen — zf| = 0. 0

3 Variable metric quasi-Fejér monotone sequences

Our paper hinges on the following extension of (1.2).

Definition 3.1 Let o € ]0,4o00[, let ¢: [0,4+00] — [0,400], let (Wy)nen be a sequence in
Po(H), let C be a nonempty subset of H, and let (zy,)nen be a sequence in H. Then (zy)nen is:

(i) ¢-quasi-Fejér monotone with respect to the target set C relative to (Wy,)nen if

(3 (M)nen € €L(N)) (V2 € C) (3 (en)nen € £1(N))(Vn € N)
Olznt1 = 2llwiir) < A+ m0)0([l2n — 2llw,,) +en; (3.1)

(ii) stationarily ¢-quasi-Fejér monotone with respect to the target set C' relative to (Wy)nen if

(3 (en)nen € L2(N)) (3 (n)nen € L1L(N))(Vz € C)(Vn € N)
O(||en+1 = 2llwosr) < (L4 m)o(|on — 2llw,,) + en. (3.2)

We start with basic properties.



Proposition 3.2 Let a € ]0,+o0[, let ¢: [0,+00] — [0,+00] be strictly increasing and such
that limy—, 4 o0 () = +00, let (Wy)nen be in Py (H), let C be a nonempty subset of H, and let
(zn)nen be a sequence in H such that (3.1) is satisfied. Then the following hold.

(i) Let z € C. Then (||xn, — 2||w, )nen converges.

(ii) (2n)nen is bounded.

Proof. (i): Set (Vn € N) &, = ||z, — z||w,,. It follows from (3.1) and Lemma 2.2 that (¢(&,))nen
converges, say ¢(&,) — A. In turn, since limy_, o ¢(t) = 400, (§,)nen is bounded and, to show
that it converges, it suffices to show that it cannot have two distinct cluster points. Suppose to
the contrary that we can extract two subsequences (&, Jnen and (&, Jnen such that &, — n and
&, — ¢ >mn, and fix € €]0,(¢ —n)/2[. Then, for n sufficiently large, &, <n+e<(—e<§,
and, since ¢ is strictly increasing, ¢(&x,) < ¢(n+¢) < ¢(¢ —¢) < ¢(§,,). Taking the limit as
n — +oo yields A < ¢p(n+¢) < ¢(¢ — ) < A, which is impossible.

(ii): Let z € C. Since (Wy)nen lies in P (H), we have
(VneN) alz, — zH2 <A{xp — 2 | Wh(zn — 2)) = |20 — ZHIQ/Vn (3.3)
Hence, since (i) asserts that (||z,, — z||w;,, Jnen is bounded, so is (x4, )nen. O

The next result concerns weak convergence. In the case of standard Fejér monotonicity (1.1),
it appears in [9, Lemma 6] and, in the case of quasi-Fejér monotonicity (1.2), it appears in [1,
Proposition 1.3].

Theorem 3.3 Let a € |0,400], let ¢: [0,+00] — [0, +00[ be strictly increasing and such that
limy—, oo @(t) = 400, let (Wy)nen and W be operators in Py (H) such that W,, — W pointwise,
let C' be a nonempty subset of H, and let (xn)nen be a sequence in H such that (3.1) is satisfied.
Then (zy,)nen converges weakly to a point in C' if and only if every weak sequential cluster point

of (xpn)nen 1s in C.

Proof. Necessity is clear. To show sufficiency, suppose that every weak sequential cluster point
of (zp)nen is in C, and let = and y be two such points, say zy, — « and x;, — y. Then it
follows from Proposition 3.2(i) that (||x, — z||w, )Jnen and (||z, — y||lw,, )Jnen converge. Moreover,
||33H12,Vn = Wy | ) = (Wz | z) and, likewise, ||y\|12,vn — (Wy | y). Therefore, since

(VneN)  Wazn |z —y) = 5 (lon = ylliv, = llza — 2l + 2l = Iyl (3.4)

DO =

the sequence ((Wy,xy, | © — y))nen converges, say (W,x, | ¢ —y) — A € R, which implies that
(Tn | Wh(x —y)) = A eR. (3.5)

However, since zy, — z and Wy, (x—y) — W(z—y), it follows from (3.5) and [5, Lemma 2.41(iii)]
that (z | W(z —y)) = A. Likewise, passing to the limit along the subsequence (z;, )nen in (3.5)
yields (y | W(x —y)) = A. Thus,

0= (x| W(z—y) (| W—y)=(x—y|W(z-y)=alz-y|* (3.6)



This shows that = y. Upon invoking Proposition 3.2(ii) and [5, Lemma 2.38|, we conclude that
Ty — x. O

Lemma 2.3 provides instances in which the conditions imposed on (W,,)nen in Theorem 3.3
are satisfied. Next, we present a characterization of strong convergence which can be found in
[12, Theorem 3.11] in the special case of quasi-Fejér monotonicity (1.2).

Proposition 3.4 Let a € ]0,4o00], let x € [1,400[, and let ¢: [0,+o00[ — [0,400] be an in-
creasing upper semicontinuous function vanishing only at 0 and such that

(V(&1, &) € [0, +ool?)  ol& + &) < x(o(&r) + 9(&2)). (3.7)

Let (Wp)nen be a sequence in Po(H) such that p = sup,,cy [|Wh| < 400, let C' be a nonempty
closed subset of H, and let (xy,)nen be a sequence in H such that (3.2) is satisfied. Then (xy)nen
converges strongly to a point in C if and only if lim dc(x,) = 0.

Proof. Necessity is clear. For sufficiency, suppose that lim do(z,) = 0 and set (Vn € N) §, =
inf.ec ||xn—2||w,. Forevery n € N, let (2, )ren be a sequence in C such that ||z, —zp k||w,, — &n-
Then, since ¢ is increasing, (3.2) yields

(Vn e N)(Vk €N)  ¢(&nt1) < Ol[zns1 = znpllwnn) < L+ na)o(l[2n = znkllw,) +n. (38)

Hence, it follows from the upper semicontinuity of ¢ that

(Y €N) 6(Ent1) < (L4 1) T 6(kon = zallws,) +n

S (L +m)9(&n) + en- (3.9)
Therefore, by Lemma 2.2,
(¢(§n))neN converges. (3.10)
Moreover, since
(Vn e N)(Ym e N)(Vz € H) allzn — 2| < ||on — 2|fy,, < pllzn — 2|, (3.11)
we have
(Vn eN) Vade(z,) < & < udo(x,). (3.12)

Consequently, since limdc(z,) = 0, we derive from (3.12) that lim&, = 0. Let us extract
a subsequence (&, )nen such that &, — 0. Since ¢ is upper semicontinuous, we have 0 <
lim ¢(&x,) < lim¢(&x,) < ¢(0) = 0. In view of (3.10), we therefore obtain ¢(£,) — 0 and, in
turn, &, — 0. Hence, we deduce from (3.12) that

dc(zn) — 0. (3.13)

Next, let NV be the smallest integer such that N > |/u, and set p = XN+ Zi\;_ll PN > 1
p=1if N =1. Moreover, let x € C and let m and n be strictly positive integers. Using (3.11),
the monotonicity of ¢, and (3.7), we obtain

$(lzn = zllw,,) < ¢(Vallzn —zll) < ¢(Nlan — 2])) < po(llzn — ). (3.14)



Now set 7 = [[en(1 +n%). Then 7 < 400 [25, Theorem 3.7.3] and we derive from (3.7), (3.2),
and (3.14) that

“o(lentm = W + 20 = 2lw,.n)

<X
< (b(”xn—i—m - m”Wm+n) + ¢(Hxn - m”Wm+n)
n+m—1

X71¢(‘|xn+m - anWn-km)

<r(00len—alw) + X &) + (o ~ el
k=n
<p(1+7)(|lzn —2ll) + 7> e (3.15)
k>n

Therefore, upon taking the infimum over z € C, we obtain by upper semicontinuity of ¢

¢(“xn+m - anan) < xp(l+ T)¢(d0($n)) + XTZEk- (3.16)

k>n

Hence, appealing to (3.13) and the summability of (ex)ken, we deduce from (3.16) that, as
n = +00, ¢(|Tntm — Tnlw,.,.) — 0 and, hence, al|znim — zn|? < ||Tntm — x”H%’VHm — 0.
Thus, (2,,)nen is a Cauchy sequence in ‘H and there exists T € H such that z,, — T. By continuity
of dc and (3.13), we obtain d¢(T) = 0 and, since C' is closed, T € C. O

4 The quadratic case

In this section, we focus on the important case when ¢ = | - |? in Definition 3.1. Our first result
states that variable metric quasi-Fejér monotonicity “spreads” to the convex hull of the target
set.

Proposition 4.1 Let a € ]0,+00[, let (nn)nen be a sequence in X (N), and let (Wy,)nen be a
sequence in Po(H) such that

p=sup||Wy| < +oo and (YneN) (14 n,)W, = Wpi1. (4.1)
neN

Let C be a nonempty subset of H and let (zy)nen be a sequence in H such that
(3 (n)nen € LL(N)) (V2 € C) (3 (en)nen € L4 (N))(Vn € N)
lTns1 — 2H12/Vn+1 < (T +m) ||z — zHI2/Vn +en. (4.2)

Then the following hold.

(i) (Tn)nen is | - |*-quasi-Fejér monotone with respect to conv C relative to (Wy,)nen.

(ii) For everyy € conv C, (||xn, — yllw, )nen converges.

Proof. Let us fix z € conv C. There exist finite sets {z;};c;r C C and {\;}ier C]0,1] such that

Z Ai=1 and z= Z AiZi. (4.3)

el i€l



For every i € I, it follows from (4.2) that there exists a sequence (;,)nen € 1 (N) such that

(VneN)  |lznsr — zilliy, ., <O +m0)llzn — zillfy, + in- (4.4)
Now set 1
Q= 5 ZZ)\Z)\]”ZZ - Z]H%/Vn
(Vn € N) iel jel (4.5)
en = (L4 n)an — apy1 +max{ein, ..., Emn}-

Then (max{e1n,...,emmn})nen € €L (N) and, by (4.1), (Vn € N) (1 4+ n,)ay, > ap+1. Hence,
Lemma 2.2 asserts that (ay,)nen converges, which implies that (g,)nen € 4 (N).

(i): Using (4.3), [5, Lemma 2.13(ii)], and (4.4), we obtain

(Vn eN) a1 — 2l,,, = D Ailleats — 2illiy,,, — ann

el
< (1 + nn) Z )\szn - ZZHIQ/Vn — Qpt1 + max{gl,na S 7€m,n}
iel
= (1+n,)||zn — ZHIQ/Vn + (L4 np)on — apg1 +max{€1pn, ..., Emn}
= (14 m0)llzn — 2y, + en- (4.6)

(ii): It follows from [5, Lemma 2.13(ii)] that
(€ N) fon — 2, = 3 Millew — 2l — an. (7)
el

However, (am)nen converges and, for every ¢ € I, Proposition 3.2(i) asserts that (||, — 2;i||w,, Jnen
converges. Hence, (||z,, — z|lw,, )nen converges. Now let y € conv C. Then there exists a sequence
(yk)ken in conv C such that y; — y. It follows from (i) and Proposition 3.2(i) that, for every
k€N, (||xn — ykllw, )nen converges. Moreover, we have

(VkeN)(VneN)  — ullyr — vl < —llyx — yllw,

< lzn = yllw, — 20 — yrllw,
<y — yllw,
< Villye =yl (4.8)

Consequently,

(VEeN) — ullyr —yll <lim ||z, — yllw, —lim ||z, — yelw,

<
< lim ||z — yllw, — lim ||z, — yillw,
<

Villys =yl (4.9)
Taking the limit as k — +oo yields limy,— 40 ||Zn — yllw,, = Hmg— 100 limy—s o0 ||2n — yi|lw,- O

Standard Fejér monotone sequences may fail to converge weakly and, even when they converge
weakly, strong convergence may fail [12, 23]. However, if the target set C' is closed and convex in
(1.1), the projected sequence (Poxy)nen converges strongly; see [2, Theorem 2.16(iv)] and [32,
Remark 1]. This property, which remains true in the quasi-Fejérian case [12, Proposition 3.6(iv)],
is extended below.



Proposition 4.2 Let o € |0, +00[, let (n)nen be a sequence in ¢1(N), let (Wp)nen be a uni-
formly bounded sequence in Pn(H), let C be a nonempty closed convex subset of H, and let
(n)nen be a sequence in H such that

(3 (en)nen € L (N)) (3 (Mn)nen € LL(N))(Vz € C)(Vn € N)
it — 2l < (141020 — 2l +2ne (4.10)
Then (PgV”xn)neN converges strongly.

Proof. Set (Vn € N) z, = Pg/"xn. For every (m,n) € N2, since z, € C and 2,4, = Pg/'”’mxmrm,
the well-known convex projection theorem [5, Theorem 3.14] yields

<Zn — Zn4+m ‘ Tn+m — Zn+m>Wn+m < 07 (411)
which implies that
<Zn — Tn+m ’ Tn+4+m — Zn+m>Wn+m - <Zn — Zn4+m ’ Tp4+m — Zn+m>Wn+m - Hxn-l—m - zn+m|’%/[/n+m
< —[|#ntm — Zn+m|’%/vn+m- (4.12)
Therefore, for every (m,n) € N2,
[ Zn+m||%/vn+m = ||zn — $n+mH12/Vn+m +2(zn — Tntm | Tngm — Zn+m>Wn+m

+ | Znm — ZnerHIQ/Vner

< lzn — $n+mH12/Vn+m — | Zngm — Zn+m||%/vn+m- (4.13)

Now fix z € C, and set p = sup,cy [|Wx| and p = sup,ey ||zn — z||%,[,n Then p < 400 and,
in view of Proposition 3.2(i), p < +oo. It follows from (4.10) that, for every n € N and every

m € N~ {0}, since Pg/" is nonexpansive with respect to || - ||w,, [5, Proposition 4.8], we have
n+m—1
[Zntm — Zn”%/VHm <l — Zn”%/[/n + Z (Ukak - ZnHI%Vk + Ek)
k=n
n+m—1

<an = zallfy, + D0 (2 (lan = =1, + 120 — 213 + )
k=n

n+m—1
H n n
o= zallbe, + Do (2 (o + LUPE 00— PE 21, ) +2)
k=n

n+m—1 [
<llow =zl + 22 (2me(p+ Ellwn — 21, ) +ex)
k=n

n+m—1 1
<llan =zl + 2. (2om(1+5) +2i). (4.14)
k=n
Combining (4.13) and (4.14), we obtain that for every n € N and every m € N\ {0},

| zngm — Zn||2 < |2ngm — ZnHI2/Vn+m

< llzn = 2alliy, = I2nsm = znemlliv, . + 2 (2om(1+5) +e).  (415)

k>n



On the other hand, (4.10) yields

|Zn+1 — ZnHIQ/VnH
(L+n2) |20 — 20ll3y, + ens (4.16)

(Vn €N)  |#nt1 — znsalliy,,, <
<

which, by Lemma 2.2, implies that (||z,, — z,||w, Jnen converges. Consequently, since (n)ken
and (gj)ken are in €4 (N), we derive from (4.15) that (z,)nen is a Cauchy sequence and hence
that it converges strongly. [

In the case of classical Fejér monotone sequences, it has been known since [31] that strong
convergence is achieved when the interior of the target set is nonempty (see also [12, Proposi-
tion 3.10] for the case of quasi-Fejér monotonicity). The following result extends this fact in the
context of variable metric quasi-Fejér sequences.

Proposition 4.3 Let a € 10,400, let (Un)nen € (L (N), and let (Wy)nen be a sequence in
Po(H) such that

p=sup||Wy|| <4+oc and (VneN) (1+uvy)Wyy1 =W, (4.17)
neN

Furthermore, let C' be a subset of H such that int C' # @, let z € C and p € ]0,+00[ be such that
B(z;p) C C, and let (zp)nen be a sequence in H such that

(3 enhnert € (W) (3 ()nen € £4(N)) (V2 € B(z: p))(¥n € N)
|Znt1 — m”%/[/nﬂ < (14 n)lJen — xHI%Vn +é&n. (4.18)

Then (xn)nen converges strongly.

Proof. We derive from (4.17) and Proposition 3.2(ii) that

(= sup sup|z, —z|f, < 2,u<sup lzn — 2>+ sup [z — z|]2> < 4o00. (4.19)
z€B(z;p) neN neN z€B(z;p)

It follows from (4.18) and (4.19) that
(Vn e N)(Vx € B(z;p))  |znt1 — xH%,VnH < wn — 2|}y, + & where &, = (n, +ep. (4.20)

Now set
(VneN) v, =Wyi1(zpi1 —2) = Wy(z, — 2), (4.21)

and define a sequence (2, )nen in B(z; p) by

0, if v, =0;
vneN) z,=z—pu,, where u,= 4.22
( ) o plin " {vn/anH, i v, # 0. (4.22)
Then
[@n+1 — ZnHI%VnH = l|lznt1 — ZHI%VnJrl + 20(Wht1(Tnt1 — 2) | un)
(Vn € N) + Pllunllly, (4.23)
|2n — Zn”%/[/n = |lzn — ZHI%Vn + 20(Wi (2 — 2) | un) + pQHUnHIz/Vn
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On the other hand, (4.20) yields (Vn € N) ||zp41 — zn||%,[,n+1 < lzn — zallfy, + &n Therefore, it
follows from (4.23), (4.21), and (4.17) that

(Y eN) N1 = 2lly, ., < e =zl = 20lvall + 0° (lunlly, = lualliy, ) + &

<|
< llem — 21, — 20llon] + PP + . (1.24)
Since (p*uvy, + &n)nen € €4 (N), this implies that

D lwngr —wal =D llvall < 400, where (¥n€N) w, = Wy (z, — 2). (4.25)
neN neN

Hence, (wp)nen is a Cauchy sequence in H and, therefore, there exists w € H such that w,, — w.
On the other hand, we deduce from (4.17) and Lemma 2.3(ii) that there exists W € P, (#) such
that W,, — W. Now set z = z + W~ lw. Then, since (W, )nen lies in Py (H), it follows from
Cauchy-Schwarz that

allzn = all < [Waan = Wzl = [lwn = WaW ™ ol < flwn — w]| + [lw — W W™ w]| — 0, (4.26)

which concludes the proof. O

5 Application to convex feasibility

We illustrate our results through an application to the convex feasibility problem, i.e., the generic
problem of finding a common point of a family of closed convex sets. As in [4], given a € ]0, 4+00]
and W € P, (H), we say that an operator T: H — H with fixed point set Fix T" belongs to T(W)
if

(Ve € H)(Vy € FixT) (y—Tx |z — Tx)w <0. (5.1)

If T € T(W), then [12, Proposition 2.3(ii)] yields

(Vo € H)(Vy € FixT)(YA € [0,2])  ||(Id+X(T —1d))z — y||%
< e =yl = A2 = N Tz —2|fy. (5.2)

The usefulness of the class (W) stems from the fact that it contains many of the operators com-
monly encountered in nonlinear analysis: firmly nonexpansive operators (in particular resolvents
of maximally monotone operators and proximity operators of proper lower semicontinuous convex
functions), subgradient projection operators, projection operators, averaged quasi-nonexpansive
operators, and several combinations thereof [4, 6, 12].

Theorem 5.1 Let o € ]0,+o0[, let (C;)ier be a finite or countably infinite family of closed
convex subsets of H such that C = (;,c;Ci # @, let (an)nen be a sequence in H such that
> nen lan|l < 400, let (nn)nen be a sequence in €% (N), and let (Wy,)nen be a sequence in Po(H)
such that
p=sup||[Wy| < +oo and (YneN) (14 n,)W, = Wpi1. (5.3)
neN
Let i: N — I be such that

(VjeH(AM; e NN {0})(Vn e N) je {i(n),...,i(n+M; —1)}. (5.4)
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For every i € I, let (T} 5 )nen be a sequence of operators such that
(VneN) T;,eT(W,) and FixT;,=C;.
Fiz e €]0,1] and xo € H, let (A\y)nen be a sequence in [e,2 — €|, and set

(YneN) xpi1=xn+ Ay (Ti(n)mxn + an — n).

(5.5)

(5.6)

Suppose that, for every strictly increasing sequence (pn)nen in N, every x € H, and every j € I,

Tp — T

n

T pnTp, — Tp, — 0 = xelj.

(V’I’L € N) ] = i(pn)

Then the following hold for some @ € C.

(i) x, = T.

(5.7)

(ii) Suppose that int C # @ and that there exists (Vn)nen € CL(N) such that (vn € N) (1 +

VU )Wii1 = Wy. Then x, — T.

(iii) Suppose that lim dc(x,) = 0. Then x, — T.

(iv) Suppose that there exists an index j € I of demicompact reqularity: for every strictly

increasing sequence (pp)nen in N,

sup,,en [[2p, || < +o0

ijpnxpn
(VTL € N) Jj= i(pn)

Then x,, — T.

Proof. Fix z € C and set

(VneN) y,=x,+ A\, (Ti(n),nmn — mn)

=

—xp, =0 = (@p,)nen has a strong sequential cluster point.

(5.8)

(5.9)

Appealing to (5.2) and the fact that, by virtue of (5.4), z € N;c; Ci = N,en FixTign),n, We

obtain,

(VneN)  lyn — 2l < lon — 2[5, — A2 = A) 1Ty m@n — znlliy,
< |xn

= 2y, = 1Ty n2n — 2nlli, -
Moreover, it follows from (5.3) that
(vn€N) lyn = 2l < A +90)llyn — 2l
Thus,
(L + ma)llzn = 213, — €1+ n) Ty nzn — Talliy,

(1 + m)llzn = 2liv, = €I in),n2n = 2alliy,

(L +m0) |20 — 2l

(vneN) yn — 2li,,,

NN N
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Using (5.6), (5.9), and (5.13), we get

(v eN) lznt1 = 2llwas < llyn = 2wy + Anllanlw, o
S V1t mlzn = 2llw, + Vidalan||
< (L4 m)llen = zllw, + 2vullanl, (5.14)
which shows that
(zn)nen satisfies (3.2) — and hence (3.1) — with ¢ = | - |. (5.15)

It follows from (5.15) and Proposition 3.2(i) that (||z,, — z||w;, Jnen converges, say
|20 — 2llw,, = § €R. (5.16)
We therefore derive from (5.14) that ||y, — z||w,,, — & and then from (5.12) that

ae? | Tinynn = 2all* < € Tignyntn = 2all, < (1+ma)llzn = 21, = lyn = 2[,,, — 0. (5.17)

(i): It follows from (5.6) and (5.17) that

|Znt1 — 20l = AnHTi(n),nxn +an — an
< 2(ITny nen — ol + llanl])
< 2(|1 T3y ntn — Tnllw, [V + llan )
— 0. (5.18)

Now, fix j € I and let x be a weak sequential cluster point of (z,)nen. According to (5.4), there
exist strictly increasing sequences (kp)nen and (pn)nen in N such that xp, — z and

kn <pp <kn+M;—1<kp1 < ,
(vn c N) ‘n ‘ Pn n + J n+1 Pn+1 (519)
J = l(pn)-
Therefore, we deduce from (5.18) that
kn+M;—2
g, =zl < D oy — @
I=kn
< . — _
< (M 1)kn<l<r£3fMjf2 [zi41 — @]
— 0, (5.20)

which implies that x,, — . We also derive from (5.17) and (5.19) that T}, xp, — 2p, =
Tipn)pnTpn — Tp, — 0. Altogether, it follows from (5.7) that x € C;. Since j was arbitrarily
chosen in I, we obtain = € C and, in view of Lemma 2.3(i) and Theorem 3.3, we conclude that

T, — T.

(ii): Suppose that z € int C' and fix p € |0, 4o00[ such that B(z;p) C C. Set 1 = sup,ey M,
(= SUPzeB(z;p) SUPneN Hxn - .%'HWn, and

(Vn €N) en =4(CV il +n)anll + pllan|?). (5.21)
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Then n < 400 and, as in (4.19), ¢ < +o0o. Therefore (g,)nen € ¢ (N). Furthermore, we derive
from (5.6), (5.9), and (5.13) that, for every x € B(z;p) and every n € N,

lym = 21, , + 2Xnllyn = 2llw,s lanlwi, + Nallanliy,

(14 m0) 2 — 2l + 4R+ 7w — lw, llan] + 4plas |
1+ n0) 2 — 2y, +2n- (5.22)

[E .

INCINN

Altogether, the assertion follows from (i) and Proposition 4.3.
(iii): This follows from (5.15), Proposition 3.4, and (i).

(iv): Let j € I be an index of demicompact regularity and let (p,)nen be a strictly increasing
sequence such that (Vn € N) j = i(p,). Then (z,,)nen is bounded, while (5.17) asserts that
TjpnTp, — Tp, — 0. In turn, (5.8) and (i) imply that x,, = T € C. Therefore lim dc(z,) <
|lzp, —Z|| — 0 and (iii) yields the result. O

Condition (5.4) first appeared in [9, Definition 5]. Property (5.7) was introduced in [2, Def-
inition 3.7] and property (5.8) in [12, Definition 6.5]. Examples of sequences of operators that
satisfy (5.7) can be found in [2, 6, 12]. Here is a simple application of Theorem 5.1 to a variable
metric periodic projection method.

Corollary 5.2 Let a € 10,400, let m be a strictly positive integer, let I = {1,...,m}, let
(Ci)ier be family of closed convex subsets of H such that C' = (\;c; C; # D, let (an)nen be a
sequence in H such that Y-, oy |lan|| < +00, let (nn)nen be a sequence in €1 (N), and let (Wy)nen
be a sequence in Po(H) such that sup,ey ||[Wa|l < 400 and (Vn € N) (1 +n,)W,, = Wyi1. Fiz
€ €0,1] and zp € H, let (An)nen be a sequence in [g,2 — €], and set

(VneN) zpp1 =2+ Ny (PW” Ty + ap — xn), (5.23)

Cl+rem(n,m)

where rem(-,m) is the remainder function of the division by m. Then the following hold for some
T e C.

(i) z, —~ T.

(ii) Suppose that int C # @ and that there exists (Vn)nen € (4 (N) such that (Vn € N) (1 +
U )Whi1 = Wy, Then x, — T.

iii) Suppose that there exists j € I such that C; is boundedly compact, i.e., its intersection with
J
every closed ball of H is compact. Then x, — T.

Proof. The function i: N — I': n — 14rem(n,m) satisfies (5.4) with (Vj € I) M; = m. Now, set
(Vi € I)(Vn € N) T;,, = PZ™. Then (Vi € I)(vn € N) T;,, € T(W,) and FixT;,, = C;. Hence,
(5.23) is a special case of (5.6).

(i)-(ii): Fix j € I and let (zp, )nen be a weakly convergent subsequence of (zy,)nen, say p, —
x, such that T}, x,, — xp, — 0 and (Vn € N) j =1i(p,). Then C; > Pg{”"xpn =T}p,Tp, =
and, since Cj; is weakly closed [5, Theorem 3.32], we have x € C;. This shows that (5.7) holds.
Altogether, the claims follow from Theorem 5.1(i)—(ii).
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(iii): Let (pn)nen be a strictly increasing sequence in N such that ngp” Tpn = Tpp = L ppTp, —

Zp, — 0 and (Vn € N) j =i(p,). Then
W n
||Pijpn = Zp, || < Hchp Tp, — Tp, || = 0. (5.24)

On the other hand, since (), Jnen is bounded and Pg; is nonexpansive, (Pc;Zp, Jnen is a bounded
sequence in the boundedly compact set C;. Hence, (Pg;Zp, )nen admits a strong sequential cluster
point and so does (7, )nen since Pc,xp, — xp, — 0. Thus, j € I is an index of demicompact
regularity and the claim therefore follows from Theorem 5.1(iv). O

Remark 5.3 In the special case when, for every n € N, W,, = Id and 7, = 0, Corollary 5.2(i)
was established in [8] (with (Vn € N) A\, = 1), and Corollary 5.2(ii) in [22].

Next is an application of Corollary 5.2 to the problem of solving linear inequalities. In
Euclidean spaces, the use of periodic projection methods to solve this problem goes back to

[27].

Example 5.4 Let a € ]0,+00[, let m be a strictly positive integer, let I = {1,...,m}, let (n;)icr
be real numbers, and suppose that (u;);er are nonzero vectors in ‘H such that

C={zeH|Viel) (z|w) <n}+#2. (5.25)

Let (n,)nen be a sequence in ¢} (N), and let (W,)nen be a sequence in P (H) such that
Sup,en [|Whl| < 400 and (Vn € N) (1 + n,)W,, = Wyiq. Fix e € ]0,1] and zg € H, let
(An)nen be a sequence in [e,2 — €], and set

i(n) =1+ rem(n,m)
if (zn | win)) < M)

Yn = Tn
(Vn € N) if (2 | i) > M) (5.26)
Yn = Tp + i) — (0 | Uign)) W, s

<u1(n) | ngul(n)>
Tpt1 = Tp + )\n(yn - xn)

Then there exists © € C' such that x, — T.

Proof. Set (Vi € I) C; = {x € H | (x | w;) <m}. Then it follows from [5, Example 28.16(iii)]
that (5.26) can be rewritten as

WnGN)xmdzxn+M4Pml n_x@. (5.27)

Cl+rem(n,m)l‘
The claim is therefore a consequence of Corollary 5.2(i). O

We now turn our attention to the problem of finding a zero of a maximally monotone operator
A:H — 2% (see [5] for background) via a variable metric proximal point algorithm. Let o €
10, +ool, let v € ]0,+oo], let W € Po(H), and let A: H — 2 be maximally monotone with
graph gra A. It follows from [3, Corollary 3.14(ii)] (applied with f: x — (Wz | z)/2) that

J,%: H—H:x— (W+~yA) (W) (5.28)
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is well-defined, and that
JNETW) and FixJ ={z€H|0€ Az} (5.29)
We write Jﬁ‘ = Jya.

Corollary 5.5 Let o € |0,+00], let A: H — 2" be a mazimally monotone operator such that
C={zeH|0€Az} # &, let (an)nen be a sequence in H such that Y,y llan| < +oo,
let (nn)nen be a sequence in (1(N), and let (Wy)nen be a sequence in Po(H) such that p =
SUpen [|[Whll < +00 and (Vn € N) (14 0,)Wy, = Wyy1. Fize € ]0,1] and z9 € H, let (Ap)nen
be a sequence in [g,2 — €], let (Yn)nen be a sequence in [e,+00[, and set

(VneN) zpi1=x,+ A\, (JXZ&U” + a, — xn) (5.30)

Then the following hold for some® € C.

(i) z, —~ T.

(ii) Suppose that int C # @ and that there exists (Vn)nen € € (N) such that (Vn € N) (1 +
VU )Wii1 = Wy. Then x, — T.

(iii) Suppose that A is pointwise uniformly monotone on C, i.e., for every x € C there exists
an increasing function ¢: [0, +oo[ — [0, +00] vanishing only at 0 such that

(Vu € Az)(¥(y,v) € gra d) (z—y [u—2) > (]2 — yl). (531)
Then x,, — T.
Proof. In view of (5.29), (5.30) is a special case of (5.6) with / = {1} and (Yn € N) T} ,, = JIZ’A.

Hence, using Theorem 5.1(i)—(ii), to show (i)—(ii), it suffices to prove that (5.7) holds. To this
end, let (z,,)neny be a weakly convergent subsequence of (xy)nen, say xp, — z, such that

JXZ"’A Zp, — Tp, — 0. To show that 0 € Az, let us set

1
(VneN) y, = JKZ xz, and v, = —Wy(x, — yn). (5.32)

n

Then (5.28) yields (Vn € N) v, € Ay,. On the other hand, since y,,, — xp, — 0, we have

W (Zp, = Yl

Pn

7
[vp,, || = < Zl2p = Ypall = 0. (5.33)

Thus, y,, — x and Ay,, > v,, — 0. Since gra A is sequentially closed in HWeak w Fstrong (5
Proposition 20.33(ii)], we conclude that 0 € Ax. Let us now show (iii). We have 0 € AZ and
(Vn € N) v, € Ayp,. Hence, it follows from (5.31) that there exists an increasing function
¢: [0, 400[ — [0, +00] vanishing only at 0 such that

(VneN) (yp, =T | vp,) = ¢(|yp, —Z)- (5.34)

Since vy, — 0, we get ¢(||yp, —Z||) = 0 and, in turn, ||y, —Z|| — 0. It follows that ||z, —Z|| — 0
and hence that lim do(zy,) = 0. In view of Theorem 5.1(iii), we conclude that z,, — Z. O
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Remark 5.6 Corollary 5.5(i) reduces to the classical result of [34, Theorem 1] when (Vn € N)
W, =1d, n, =0, and A, = 1. In this context, Corollary 5.5(ii) appears in [28, Section 6]. In a
finite-dimensional setting, an alternative variable metric proximal point algorithm is proposed in
[29], which also uses the above conditions on (W,,),en but alternative error terms and relaxation
parameters.

6 Application to inverse problems

In this section, we consider an application to a structured variational inverse problem. Hence-
forth, I'o(#) denotes the class of proper lower semicontinuous convex functions from H to
|—00, +o0].

Problem 6.1 Let f € T'o(H) and let I be a nonempty finite index set. For every i € I, let
(Gi, || - ||i) be a real Hilbert space, let L;: H — G; be a nonzero bounded linear operator, let
r; € G;, and let p; € ]0,400[. The problem is to

L 1 2
minimize flz)+ 3 ZEZI,uZHLZx — 7|5 (6.1)

This formulation covers many inverse problems (see [17, Section 5] and the references therein)
and it can be interpreted as follows: an ideal object € H is to be recovered from noisy linear
measurements r; = L;Z +w; € G;, where w; represents noise (i € I), and the function f penalizes
the violation of prior information on Z. Thus, (6.1) attempts to strike a balance between the
observation model, represented by the data fitting term z +— (1/2) 3", ., willLiz — r4]|?, and a
priori knowledge, represented by f. To solve this problem within our framework, we require the
following facts.

Let a € ]0,+o0], let W € P, (H), and let ¢ € T'y(H). The proximity operator of ¢ relative to
the metric induced by W is

1
proxg/: H—->H:x— argmin(gp(y) + EHm - yH%V> (6.2)
yeEH

Now, let ¢ be the subdifferential of ¢ [5, Chapter 16]. Then, in connection with (5.28), d¢ is
maximally monotone and we have [16, Section 3.3]

(Vv € 10, +0o0]) proxm = J’%@ = (W 4+~9p) "L o W. (6.3)

: d _
We write proxy, = prox,,,.

Lemma 6.2 Let A: H — 2" be mazimally monotone, let U be a nonzero operator in Po(H), let
v €10,1/||UJ|[, let u e H, set W =1d —~U, and set B= A+ U + {u}. Then

(Vz e H) J%x = Jya(Wz — yu). (6.4)
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Proof. Since U € Py(H), U is maximally monotone [5, Example 20.29]. In turn, it follows from [5,
Corollary 24.4(i)] that B is maximally monotone. Moreover, W € P, (H), where o =1 — ~v||U]|.
Now, let = and p be in H. Then it follows from (5.28) that

=JW BT WreWp+yBpes Wr—yuep+yAp e p= JVA(WJU —'yu), (6.5)
which completes the proof. O

Proposition 6.3 Let ¢ € |0,1/(1 4+ > ,c; wil Lill*) [, let (an)nen be a sequence in H such that
> nen llanll < 400, let (nn)nen be a sequence in €. (N), and let (v,)nen be a sequence in R such

that 1
(VneN) e<y, < c and (1 +m0) Y — Ynt+1 < (6.6)

> llLil? ZMHL I

el el

Furthermore, let C' be the set of solutions to Problem 6.1, let xy € H, let (A\y)nen be a sequence
in [e,2 — €], and set

(VneN) z,p1=x,+ )\n<prox%f (mn + n Z wiLy (’I“Z‘ - szn)> +a, — xn> (6.7)
el

Then the following hold for some ® € C.

(i) Suppose that
. 1 2
lim  f(x)+ 3 E wil| Lix — 4|5 = +o0. (6.8)

llz||—-+o0 Py
Then x,, — T.

(ii) Suppose that there exists j € I such that L; is bounded below, say,
(38 €10, +c)(Vz € H) | Ljz|; = Bl=|. (6.9)

Then C = {Z} and z, — =.
Proof. Set U =3, puiLi L and w = — ", ; i Lir;. Then

U< will Ll (6.10)

el

and the assumptions imply that 0 # U € Po(H) and that (Vn € N) e <, < (1 —¢)/||U]||. Now
set
1
g: H— ]—oo,+oo]:xr—>f(x)—|—§<Ux|x>+(x|u> (6.11)

and
(YneN) W, =1d—~,U. (6.12)

Then (6.1) is equivalent to minimizing ¢g. Furthermore, it follows from (6.6) that (W),)nen lies
in P.(H) and that sup, ey [|Wr|| < 2 — e. In addition, we have

(VR €N) 0 = ((1+70)9m — Y1) (U]l (6.13)
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Indeed if, for some n € N, (141,)vn < Ynt1 then g, = 0 = (14 90) 70 — Yn+1)||U||; otherwise we

deduce from (6.6) and (6.10) that n, > ((140n)¥n —n+1) Sier pall Lill* = (L400)m =m0 U]
Thus, since U € Po(H), we have ||U]| = supjy<1(Uz | z) and therefore

(6.13) = (VneN)(VzeH) nullzl* > (1 +m)m = Ynt1) Uz | 2)
= (neN)(VzeH) 1+m)lzl? —wm{Uz|2) > 2]® - 1 (Uz | z)
= (VneN) (1+n,)Wy = Whi. (6.14)

Now set A = 90f and B = A+U+{u}. Then we derive from [5, Corollary 16.38(iii)] that B = 0g.
Hence, using (6.3), (6.12), and Lemma 6.2, (6.7) can be rewritten as

(VneN) zp41=2,+ )\n(prox%f (mn — YUz + u)) +a, — xn)
=z, + A\ (J%A (ann - fynu) + ap — xn>
=Z,+ A\ (J“/ S xn) (6.15)
On the other hand, it follows from Fermat’s rule [5, Theorem 16.2] that
{zeH|0€ Bz} = Argming = C. (6.16)

(i): Since f € To(H) and U € Py(H), it follows from [5, Proposition 11.14(i)] that Problem 6.1
admits at least one solution. Altogether, the result follows from Corollary 5.5(i).

(ii): It follows from (6.9) that L7L; € Pg2(H). Therefore, U € P, g2(H) and, since f € T'o(H),
we derive from (6.11) that g € T'g(#H) is strongly convex. Hence, [5, Corollary 11.16] asserts that
(6.1) possesses a unique solution, while [5, Example 22.3(iv)] asserts that B is strongly — hence
uniformly — monotone. Altogether, the claim follows from Corollary 5.5(iii). O

Remark 6.4 In Problem 6.1 suppose that I = {1}, uy = 1, Ly = L, and r; = r, and that
Hmy, 400 f (@) + || Lz — 7|7 /2 = +00. Then (6.7) reduces to the proximal Landweber method

(VneN) zp41=2,+ )\n(prox%f (g;n + Y L*(r — an)) +a, — xn>, (6.17)

and we derive from Proposition 6.3(i) that (z,)neny converges weakly to a minimizer of x —

F(@)+ (1L — vl /2 i

e <1 < (1—2)/IL?

(V’I’L € N) (1 + 77n)7n Tn+1 + 77n/”LH2 (6'18)
e< A\ <2—=.

This result complements [17, Theorem 5.5(i)], which establishes weak convergence under alter-
native conditions on the parameters (7, )nen and (A\,)nen, namely

@-e)/ILI? 6,19

€< T S
(Vn € N)
e< A\ <1

In particular, suppose that H is separable, let (er)ren be an orthonormal basis of H, and set
frax—= D pen k(x| ex)), where (Vk € N) To(R) 3 ¢, > ¢(0) = 0. Moreover, for every n € N,
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let (ank)ken be a sequence in ¢*(N) and suppose that >, oy /2 gen [Onk]> < +00. Now set
(Vn € N) ap = > 1oy @nkek- Then, arguing as in [17, Section 5.4], (6.17) becomes

(VneN) zpp1=x,+ N\ < Z (an,k + prox,, », (Tn + v L*(r — Lay,) | ek>)ek — xn>, (6.20)
keN

and we obtain convergence under the new condition (6.18) (see also [15] for potential signal and
image processing applications of this result).
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