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Abstract

A unified fixed point theoretic framework is proposed to investigate the asymptotic behavior
of algorithms for finding solutions to monotone inclusion problems. The basic iterative scheme
under consideration involves nonstationary compositions of perturbed averaged nonexpansive
operators. The analysis covers proximal methods for common zero problems as well as various
splitting methods for finding a zero of the sum of monotone operators.
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1 Introduction

Let H be a real Hilbert space, let A: H — 2" be a maximal monotone operator, and let
J4 = (Id+A)~! denote its resolvent. A basic problem that arises in several branches of applied
mathematics (see for instance [20, 29, 33, 51, 52, 54, 60] and the references therein) is to

Find z € H such that 0 € Ax. (1.1)

In this synthetic formulation, the operator A can often be decomposed as a sum of two or more
maximal monotone operators (4;);cr [2, 26, 33, 38, 43, 48, 53, 55, 56|, which leads to problems of
the form
Find x € H such that 0¢€ ZAix. (1.2)
el



In other applications, the decomposition of A assumes the form of an intersection [11, 18, 31, 32, 50]
and the problem is therefore

Find z € H such that 0¢€ ﬂ Ajx. (1.3)
il

There is a vast literature on the topic of solving the above monotone inclusion problems. In the
present paper, we propose a fixed point setting that unifies and extends a large number of approaches
and convergence results. The operators under consideration will be averaged nonexpansive operators.

Definition 1.1 [4] Let a € ]0,1[. An operator T': domT = H — H is nonexpansive if
(V(z,y) € H?) || Tz — Tyl < ||z —yl| (1.4)

and a-averaged if T = (1 — ) Id4+aR for some nonexpansive operator R: dom R = H — H. The
class of a-averaged operators on H is denoted by A(a). In particular, A(%) is the class of firmly
nonexpansive operators.

Firmly nonexpansive operators have a very natural connection with the basic problem (1.1).
Indeed, an operator T: domT" = H — ‘H is firmly nonexpansive if and only if it is the resolvent
of a maximal monotone operator A: H — 27 i.e., T = J4 (this fact appears implicitly in Minty’s
classical paper [44] and it is stated more explicitly in [15, 26, 43, 45]). On the other hand, it is
an easy matter to see that (1.1) is equivalent to the problem of finding a fixed point of J4. Since
for firmly nonexpansive operators the successive approximation method converges weakly to a fixed
point [14], it can be used to solve (1.1). The weak convergence to a zero of A of the sequence (z,)nen
constructed as

Tpi1 = Tx, where T = Jy, (1.5)

was thus established in [41] in the case when A is the subdifferential of a lower semicontinuous convex
function.

Let us now turn to the sum problem (1.2) in the case of two maximal monotone operators
A B:H— 2" ie.,
Find x € H such that 0 € Ax + Bzx. (1.6)

An elementary form of this problem is to solve the equation u = Az + Bz in RY, where A and B are
positive definite matrices. In the 1950s, several implicit decomposition methods have been proposed
to solve this problem in connection with the numerical solution of partial differential equations
[57, 58] and some of them have served as a basis to develop algorithms for solving the monotone
inclusion (1.6). The Douglas-Rachford algorithm [24] for u = Az + Bz is described by the recursion

yn+% —Yn + Ayn+% + Byn =u (1.7)
Ynt1 = Ypyt = BYyn + Byn1 =0,
the Peaceman-Rachford algorithm [47] by
yn+% —Yn + Ayn+% + By, = u (1.8)
Ynt1 = Ypyt T AYy 1+ Bynr = u,
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and the fractional steps method [36] by

{yn+é Tt Ay = (1.9)

Yn+1 — Yn + Ayn_t,_% + Byn+1 = u.

After eliminating the intermediate variable y,, , 1 in the Douglas-Rachford algorithm (1.7), we obtain
2

Yni1 = (Id+B) " ((Id+A) "1 (1d =B) + B + u)y, = Jp(Ja(Id =B + u) + B)y,. (1.10)

In [38], it was observed that with the change of variable z,, = (Id 4+ B)y,,, the identities J4 — AJ4 =
2J4 —1d and Jp — BJp = 2Jp — Id make it possible to rewrite (1.10) for u = 0 as

Tyl = (JA(JB — BJp) + BJB)aTn = (JA(QJB —1d) + Id—JB)l’n. (1.11)

It was shown there that, for general maximal monotone operators A and B, the operator J4(2Jp —
Id) 4+ Id —Jp is firmly nonexpansive and the iteration (1.11) converges weakly to some point x such
that Jpx solves (1.6). Let us note that the recursion (1.11) can also be obtained with the same
procedure from the iteration

{yn+§ —Yn + Ayn.;_% + Byn = u (1.12)

Yn+1 — Yn + Ayn+% + Bynt+1 = u,

which was studied in [36, section V-II] for single-valued monotone operators in RY. In the case of
the Peaceman-Rachford algorithm (1.8), proceeding as above, we arrive at the iteration

Zni1 = (Id —A)JA(Id = B)Jpz, = (2J4 — 1d)(2J5 — Id) 2y, (1.13)

which was investigated in [38] for general maximal monotone operators. Let us add that for the
fractional steps method (1.9), this same procedure leads to what is known as the backward-backward
method, namely

Tpt1 = JAJBTy. (1.14)

Another splitting method of interest is the so-called forward-backward algorithm
ZTpy1 = Ja(Id —B)xy, (1.15)

which is also meaningful for the general problem (1.6) as long as B is single-valued. Formally, it
can be obtained by iterating directly the first equation of (1.7), (1.8), or (1.12) with u =0, z,, = yj,
and Tp41 =y, L ie., tnt1 — xn + Azpy1 + Bx, = 0. Here the words “forward” and “backward”
refer respectively to the standard notions of a forward difference (explicit) step and of a backward
difference (implicit) step in numerical analysis.

Just like the above methods, algorithms for solving the common zero problem (1.3) also draw
their inspiration from classical linear numerical analysis. Consider the simple realization of (1.3)
consisting of solving a linear system of m equation in R™. The classical Kaczmarz’ algorithm [28§]



iterates xp4+1 = Py - - - Ppxy,, where P; is the projection operator onto the hyperplane defined by the
ith equation. Replacing P; by more general nonlinear resolvents, we obtain the iteration [18, 25]

Tntl = JA1 e JAm{I:TLa (116)

which converges weakly to a solution to (1.3) under the provision that such a point exists; the same
is true for the iteration [18, 32, 50]

1 m
Tnp1 = 2 J A, T, (1.17)
1=

which is directly inspired by Cimmino’s method [16] for solving systems of linear equations in R™.

Over the years, the algorithms mentioned above have undergone various improvements to gain
more flexibility, improve convergence patterns, or incorporate numerical errors. For instance, the
basic proximal point algorithm (1.5) has now evolved to [21, 26]

Tnt1 = Tn + M(Tnxn + an — ), where T, = J, . (1.18)

Here A, € |0, +o0] is a relaxation parameter, 7, € ]0,+oo[, and a, € H is an error term that models
the inexact computation of J,, az,. In [11, 21], a fixed point theoretic framework was developed to
study the asymptotic behavior of iterations of type (1.18). This framework, however, fails to cover
other algorithms such as the nonstationary version of the forward-backward method (1.15) proposed
in [56] (see also [35] for a perturbed model), namely

TL” = J’Y'ILA’

(1.19)
Ty = Id —v,B.

Tnt1 = T nTonTn, where {

On the other hand, the fixed point analysis of this algorithm proposed in [34, 35] is not applicable
to some algorithms covered in [11, 21]. In order to study and generalize the above algorithms in a
unified framework, we therefore need to introduce a flexible iteration scheme involving a sufficiently
broad class of operators. The analysis presented in this paper will revolve around the following
algorithm.

Algorithm 1.2 Fix g € H and, for every n € N, set

Tptl = Ty + )\n (Tl,n <T2,n( T Tm—l,n(Tm,n‘rn + em,n) + Em—1,n " ) + 62,71) + €in — Il‘n), (120)

m
where (E,n)lgigm S 'Z(I‘A(ai’”) with (aiyn)lgigm € ]O, 1[m’ (eim‘)lgigm € H™, and A\, € ]O, 1}.

(2

The remainder of the paper is organized as follows. In section 2, we introduce our notation
and provide preliminary results. Section 3 is devoted to the convergence analysis of Algorithm 1.2.
These results, which are of interest in their own right in constructive fixed point theory, are applied in
subsequent sections to study and generalize a number of monotone inclusion algorithms and establish
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their convergence properties. Section 4 focuses on proximal methods for solving the common zero
problem (1.3) when it is feasible. The Douglas-Rachford and Peaceman-Rachford algorithms for the
sum problem (1.6) are investigated in section 5. In section 6, we study the forward-backward method
for (1.6) and apply it in particular to infeasible common zero problems. Further applications are
discussed in section 7.

2 Preliminary results

2.1 Notation

Throughout N is the set of nonnegative integers and H is a real Hilbert space with scalar product
(-] ), norm |||, and distance d. Id denotes the identity operator on H. The expressions x,, — x and
x, — x denote respectively the weak and strong convergence to = of a sequence (x,)nen in H, and
D (xy )nen its set of weak cluster points. The subdifferential of a proper function f: H — |—o00, +00]
is the set-valued operator

Of it H—2" o {ueH|(VyeH) y—=z|u)+ f(z) < fly)} (2.1)

I'o(H) denotes the class of proper, lower semicontinuous convex functions from H to |—oo, +oc]. If
f € To(H), then prox; = Jgs is Moreau’s proximity operator [45]; moreover, the Moreau envelope of
index v € |0, 4o00] of f is the function 7f: z — minyey f(y)—i—%“:r—yHQ. Now let C be a subset of H.
Then d¢ is the distance function to C, int C' its interior, C its closure, and (¢ its indicator function,
which takes the value 0 on C' and 400 on its complement. If C' is nonempty, closed, and convex,
then P is the projector onto C and No = Jio its normal cone operator. Now let A: H — 2H be a
set-valued operator. The sets domA = {x € H | Az # O}, ranA={u e H | (3 € H) u € Az},
and grd = {(z,u) € H? | u € Az} are the domain, the range, and the graph of A, respectively. The
inverse A~! of A is the set-valued operator with graph {(u,z) € H? | u € Az}. The resolvent of A
is J4 = (Id+A)~! and its Yosida approximation of index 7 € ]0, +oo[ is

~d—-Jya

A (yId+A~H~ L (2.2)

¢

It will also be convenient to introduce the “reflection” operator

Ry=2J4—1d. (2.3)

FixT = {x € H | Tz = x} denotes the set of fixed points of an operator T': H — H. Given operators
(Tk)1<k<m from H to H and a strictly positive integer i, we define (the directed composition product)

m e

TTiq---T, fi<m;
HTk = { iLit1 m, 1L 2] (2.4)
k=i

Id, otherwise.



2.2 Averaged nonexpansive operators

In the case of firmly nonexpansive operators, i.e., a = % in Definition 1.1, the following characteri-

zations go back to [59].

Lemma 2.1 Take T: H — H and o € |0,1[. Then the following properties are equivalent.

(i) T € A(a).

l—«o
|

(ii) (V(z,y) € H?) ||Tz —Tyl|* < ||z — yl* - (Id =T)z — (1d =T )yl

«

(i) (V(z,y) € H?) 21— a){z—y | Tz —Ty) > [Tz — Tyl + (1 - 20)||lz — y|>.

Proof. (i) < (ii): Set R = (1 —1/a)Id+T/a and fix (x,y) € H?. Then

1 1 1 1
|Rz— Ry|l? = <1 - ) e - yl2 + L7 - Ty - X (1 - ) |(1d—T)e — (1ld=T)yl%  (2.5)
(03 8] 8] (03

In other words,

11—«

o(llz = ylI* = [|Rz = Ry|]*) = o — y|* — | Tx — Ty|* - 1(1d ~T)a — (1d -T)y|*.  (2.6)

«

Now observe that (i) < R is nonexpansive < the left-hand side of (2.6) is nonnegative < (ii). (ii)
& (iii): Write [|(Id =T)z — (Id =T)y||* = [z — y|* + [| Tz — Ty||> = 2(z —y | Tz — Ty) in (ii). O

As we now show, averaged operators are closed under relaxations, convex combinations, and
compositions.

Lemma 2.2 Let (T;)1<i<m be a finite family of operators from H to H, let (w;)1<i<m be real numbers
in |0, 1] adding up to 1, and let (a;)1<i<m be real numbers in |0, 1[ such that, for everyi € {1,...,m},
T; € A(w). Then:

(i) Vie{l,...,m})(VA€]0,1/a;]) Id+NT; —1d) € A(Aa;).

(i) Y wiT; € A(a), with o = maxi<i<m 0.

(iii) Ty -+ T € A(a), with

(iv) If N2 FixT; # O, then (“ FixT; = Fix T} - - - Tp,, = Fix ) ;") wi'T;.



Proof. (i): Fixi € {1,...,m} and A € ]0,1/a;[. Then, T; = (1 — o;) Id +a; R; for some nonexpansive
operator R;: H — H. Hence Id +A\(T; —1d) = (1—Aa;) Id+Aa; R; € A(Aey;). (ii): Set T = > wiT;
and fix (z,y) € H?. Since o = max;<;<m, a;, Lemma 2.1(ii) yields

. 1— o
(Vie{1,...,m}) ||Tiw - Tiy|* + (Id=T)x — (1d =T)y* < = — yl* (2.8)
Hence, by convexity of || - [|?,
T2 —Ty|2 + ——=||(1d ~T)a — (14 ~T)y|
m 2 m
= Tix — ZwiTiy (Id =T;)z — Zwi(ld -T)y
< szHTﬂﬂ— z@/H2+Z S |14 ~T5)z — (1 Ty

IN

IISE —yl* (2.9)

(ili): Set T =Ty T, (Vi € {1,...,m}) k; = /(1 — o;), and kK = maxj<i<m ;. In addition, fix
(z,y) € H?. Then we derive from the convexity of || - |2 and Lemma 2.1(ii) that
(10 ~T)z ~ (1 -T)ylP/m = |~ y) ~ Tz~ Ty) + (T — Toy)
— (To-1Tmx — Trn—1Tmy) + (To—1Tmx — Trn—1Tny) —
— Ty Tz =Ty Ty) + (T Tonz — Ty - - - Ty
—(Ty - Tz =Ty - Ty ||?/m
= =T,z — (1d—T)y
+ (Id—Tp—1)Tmzr — (Id =TTy + - - -
+ (Id =TTy - Trpz — (Id =T1) Ty - - - Truyl|*/m

< (Id =Tz — (1d =T)y|?

+ |(Id =T 1) T — (Id =T ) ) Ty ||> + - - -

+ |(Id =TTy - - - Trpz — (Id =T1) T - - - Ty ||
< Km(llz = yl* = | Tnax — Tnyl?)

+ Fm— 1(HTm:r — Tyl = 1 To—1Tmz — Tn1Tyl?) +

+ k(| T2 Tnz — T -- Tyl = Ty - Top — Ty -+ my||2)
< (Hx—yl\g— T2 — Ty|?). (2.10)

Consequently, Lemma 2.1 asserts that 7' € A(a), with o = m/(m + 1/k). This is precisely the
expression provided in (2.7). (iv): Fixi € {1,...,m}, x € H\FixT;, and y € FixT;. Then it follows
from Lemma 2.1(ii) that | T;x — y|| < ||z — y||, i.e., T} is attracting in the sense of [9, Definition 2.1].
The two identities therefore follow from [9, Proposition 2.10(i)] and [9, Proposition 2.12(i)]. O

Lemma 2.3 Suppose that B: H — H and (3 € 0,+o0| satisfy BB € A(3), and let v € ]0,28].
Then, Id —yB € A(%)



Proof. Since BB € A(%), there exists a nonexpansive operator R: H — H such that B =
(Id+R)/(26). In turn,

Id B = (1 - Jﬁ) Id +%(—R) €A (2’@ . (2.11)

2.3 Monotone operators

A set-valued operator A: H — 27 is monotone if
(V(x,u) € gr A)(V(y,v) €grA) (x—y|u—v)>0, (2.12)

and maximal monotone if, furthermore, gr A is not properly contained in the graph of any monotone
operator B: H — 2™,

Lemma 2.4 [15, 44] Let T: H — H. Then T € A(%) if and only if T = Ja for some mazimal
monotone operator A: H — oM.

Lemma 2.5 Let A: H — 2" be a mazimal monotone operator and let v € ]0,+oc[. Then

(i) v(4) € A(3).
(ii) The set
Fix J,4 = A~1(0) = (74)7'(0) (2.13)
s closed and conver.

(i) gr A is sequentially weakly-strongly closed in H x H.
(iv) (V2 € A7YH0) (Vo € H) ||Jaz —z||? < (2 — x| Jax — z).

Proof. (i): It follows from Lemma 2.4 that J,4 € A(3). However, in view of Lemma 2.1(ii),
Jya € A(3) & v('A) =1d —Jya € A(3). (ii): [3, Proposition 3.5.6.1]. (iii): [3, Proposition 3.5.6.2].
(iv): Fix z € A71(0), x € H, and set T = J4. Then (2.13) yields z = Tz. Hence, we deduce from
Lemma 2.4 and Lemma 2.1(iii) that ||T2 — z||*> < (Te — 2z | x — 2). Hence, (Tx —z | Tx —x) <0
and, in turn, ||Tz —z|? < {(z —2 | Tz — ). O

Our analysis will also exploit the following properties, which involve the reflection operators of
(2.3).

Lemma 2.6 Let A, B: H — 2™ be two mazimal monotone operators, let v € 10, +00[, and set
T =R aR.p. Then



(i) T is nonexpansive.
(i) 3(T +1d) = Jya(2Jy5 —1d) — Jyp + 1d.
(iii) (A+ B)~1(0) = J,5(FixT).

Proof. (i): Lemma 2.4 asserts that J,4 and J,p belong to A(%) Therefore, R,4 and R,p are
nonexpansive and it follows that R,4R,p is nonexpansive as the composition of two nonexpansive
operators. (ii): T +1d = 2J,4(2Jyp —1d) — (2Jy5 — Id) + Id = 2(Jy4(2Jy5 — Id) — Jyp +1d). (iii):
For every y € H

0€cAy+By & (BzxeH) y—xzeyAy and x —y € yBy
& (GzeH) 2y —a:E(Id—i—'yA)y and y = J,px
& (JrxeH) y=Jya(Rypx) and y = J,px
& (GzreH) 3:—2y—RWB:U:RA,A(R73x) and y = J,px
& (Jz e FixT) y= Jypx
& ye Jyp(FixT). (2.14)

2.4 Quasi-Fejér sequences

The subsequent convergence analyses will be greatly simplified by the following facts.

Lemma 2.7 [49, Lemma 2.2.2] Let (a)nen be a sequence in [0, +o00[, let (Bp)nen be a summable
sequence in [0,4o00[, and let (en)nen be a summable sequence in [0, 4+o00[ such that (Yn € N) apq1 <
(14 Bp)an +en. Then (an)nen converges.

Lemma 2.8 Let C be a nonempty closed subset of H and let (xy)nen be a sequence in H which is
quasi-Fejér monotone with respect to C, i.e., there exists a summable sequence (€,)nen in [0, +00[
such that

(Vz e C)(Vn €N) ||zpt1 — 2| < ||lzn — || + &n. (2.15)

The sequence (Tp)nen s bounded.

)

(ii) The sequence (xy)nen converges weakly to a point in C if and only if W(xy)nen C C.
) The sequence (xy)nen converges strongly to a point in C if and only if lim dc(z,) = 0.
)

(iv) Ifint C # O, then the sequence (xy)nen converges strongly to a point in H.

Proof. (i): Lemma 2.7. (ii): [21, Proposition 3.2(i) & Theorem 3.8]. (iii): [21, Theorem 3.11(iv)].
(iv): [21, Proposition 3.10]. O



3 Convergence of Algorithm 1.2

Theorem 3.1 Let (z,,)nen be an arbitrary orbit of Algorithm 1.2. Suppose that

G

and

= [\ FixTin- - Tonn # O

neN

Vie{l,...,m}) > Anlleinl < +oo.

Then:

neN

(i) The sequence (zy)nen 1S quasi-Fejér monotone with respect to G.

1 — .
(ii) (Vr € G) max An Yin
1<i<m o'
neN

(iii) Z)\n(l - >\n)

neN

m
H Tk,nl‘n — Tn
k=1

m m
(1d=Tin) [] Tenzn —Ad=Ton) [ Temz
k=i+1 k=i+1

< +00.

Proof. Let n € N and fix z € G. Then we can rewrite (1.20) as

where

Zn = Tp + )\n(yn - xn)
Yn = Tl,n T Tm,nxn

en = A <T1,n <T2,n( T Tm—l,n(Tmm,xn + em,n) + em—1,n " ) + 62,n> +e1n— Tl,n e

Tp4+1 = Zn + en,

Since z € FixTh - - - Ty, and the operators (7} ,)1<i<m are nonexpansive, we have

|Znt1 — x| < |lzo — 2| + |len]|

IA N

(1= An)(@n — ) + An(yn — 2)|| + llenl]
(I =2A)llzn =zl + Ml Tin - Tnn®n — Tin -+ T + |lenl|

[n — 2] + llenll.

10
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< +00.

(3.3)

(3.6)



It also follows from the nonexpansivity of the operators (7} ,)1<i<m that

leall/An < H617nH+

Tl,n <T2,n( ce Tmfl,n(Tm,nl‘n + em,n) +eém—1n--- ) + eQ,n) - Tl,n tee Tm,nl‘n

< lewnll +
T2,n <T3,n( ce Tmfl,n(Tm,nSUn + em,n) +em—1n-"- ) + 63,n> +ea2n — TQ,n ce Tm,nxn
< lewnll + llezmll +
‘ TS,n <T4,n( cee Tm—l,n(Tm,nSUn + em,n) + em—1n-"- ) + 64,n> +es3n — T3,n ce Tm,nxn
m
< > leinll. (3.7)
i=1

Accordingly, we deduce from (3.2) that
D llenll < +oo (3.8)
neN

and, thereby, that (i) holds.
We now turn to (ii) and (iii). We first observe that (i) and Lemma 2.8(i) imply that

¢ =sup ||z, — x| < 4o0. (3.9)
neN

On the other hand, it follows from (3.5) and (3.4) that

Iz = z[” + 2l — ]| + llenl) llenll

(1= Xn)(@n = 2) + Ay — 2)[1* + vleal

(1= )z — 2| + Aallyn — |

—An(1 = An)lyn — an2 + vl (3.10)

lzns1 —2|® <
<

where v = 2¢ + sup,,ey ||en|| < +00. Next, we derive from Lemma 2.1 that

(Vi e {1,...,m})(¥(u,v) € H?)

1— Q5 n

ITinu = Tipv|* < Jlu—vl* — 1(1d ~Tip)u — (1d =Tin)o). (3.11)

“\n

11



Repeated applications of (3.11) yield

m m 2
lyn = 21> = ||T] Tenwn — [ Tina
k=1 k=1
m m 2
< H Tk,nxn - H Tk,nl‘
k=2 k=2
1 m m 2
- (1d=T10) [[ Thnwn — (1d=T10) [ [ Thnz
Ln k=2 k=2
m m 2
< H Tk,nxn - H Tk,nw
k=3 k=3
1 o m m 2
- Q2
— T” (1d =To) [ [ Temzn — 1d=To0) [ T
2n k=3 k=3
— &1
- Tm (Id _Tl,n) H Tkyna:n - (Id _Tl,n) H Tkyna:
Ln k=2 k=2

2
. (3.12)

m

1_
G [ LR L

; \n
=1 ’

Combining (3.10) and (3.12), we obtain

m m
(1d=Tin) [[ Tenzn—Ad=Ton) [] Thme
k=i+1 k=i+1

2
m
(Id—T;,») H Tintn — (1d=T,0) [ Thnz
k=i+1 k=i+1
—An(1 - n)llyn—an2+vllenll- (3.13)

”xn—l—l_xHQ < Hxn—chz

,n

Consequently, for every N € N,

N m 2

1 _ m
D Ay —— | (1d-T;y) H Tintn — (1d=Tp) [ Tenz
n=0  i=1 L k=i+1 k=i+1
N
+ Z (L= Aa)llyn = zall? < llzo — @[> = llexsr =@l + ) leall- (3.14)
n=0
In view of (3.8), taking the limit as N — o0 yields
— Qugn T . 7
neN ’ k=i+1 k=i+1
and
2
Z)\n(l —Ip|| < +oo. (3.16)
neN

12



We have thus proven (ii) and (iii). O
If we combine Theorem 3.1 and Lemma 2.8(ii), we obtain our main convergence result.

Theorem 3.2 Suppose that the following conditions are satisfied.

(1) G=NpenFixT1 - T # 9.

(ii) For every subsequence (T, )nen of an orbit (x,)nen generated by Algorithm 1.2, we have
2

( 1 _ in m m
(Vre @) max Y A 1d~Tin) [[ Tinwn — (d~Tin) [ Tine

1<i<m Qin 4 .
neN ' k=i+1 k=i+1

< +00

2

m
> A=) ([T] Temtn — 2n|| < +o0
neN k=1
Tk, — Y

= yeG. (3.17)

(iii) (Vi e {1,...,m}) >, cnAnlleinl < +oo.
Then every orbit of Algorithm 1.2 converges weakly to a point in G.

Proof. For every n € N, Ty, ---T;;, , is nonexpansive as a composition of nonexpansive operators
and Fix T, - - T}y is therefore closed. In turn, G is closed and the claim therefore follows from

Theorem 3.1 and Lemma 2.8(ii). O

Likewise, we derive from Theorem 3.1 and Lemma 2.8(iii)—(iv) the following strong convergence

statements.

Theorem 3.3 Suppose that the following conditions are satisfied.

(i) G =yen Fix Ty Tn # O.

(ii) For every orbit (zn)nen generated by Algorithm 1.2, we have
2

1_ .
i < +00

m m
(Vx € G) 122}; An ain» (Id—T;,) H T nxn — (I1d =T; ) H T nx
’ k=i+1 k=i+1

neN
D> Al =)

neN

m 2
H ThnTn — Tn|| < +00
k=1

= limdg(z,) =0. (3.18)
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(iii) (Vi e {l,...,m}) >, cnAnlleinl < +oo.

Then every orbit of Algorithm 1.2 converges strongly to a point in G. This is true in particular if
int G # @ and condition (ii) in Theorem 3.2 holds.

Remark 3.4 A special case of interest is when
limA, >0 and (Vie{l,...,m}) lima;, <1. (3.19)

First of all, in this setting, (ii) in Theorem 3.1 yields

2

(Vx € G) max < 400. (3.20)

(Id _Ti,n) H Tk,nxn_(Id _,—Ti,n) H Tk,nx
k=i+1 k=i+1

neN

Now, fix z € G. Then, recalling that G = (,,cy Fix 4L, Tk» and invoking the convexity of || - ||2,
we obtain, for every n € N,

1 Tenwn — 2| = (Id -11 Tk,n> Ty — (Id -1] Tk,n> T
k=1 k=1 k=1
m m m m 2
= Z(Id _E,n) H Tk,nxn - Z(Id _E,n) H Tk,nx
i=1 k=i+1 i=1 k=i+1
m m m 2
< m) _[W-Tn) [] Temzn— Ad=Tin) [] Thne (3.21)
i=1 k=i+1 k=i+1
It therefore follows from (3.20) that (iii) in Theorem 3.1 can be replaced by
m 2
Z H TinTn — Tn|| < +o00. (3.22)
neN ||k=1

In turn, (3.17) and (3.18) can be modified accordingly.

4 Common zero problem

We consider the common zero problem (1.3), where (A;);er is a countable family of maximal mono-

tone operators. Its set of solutions is S = (¢, A7H0).

For clarity, we first restate Algorithm 1.2 and Theorem 3.2 in the case when m = 1.
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Algorithm 4.1 Fix g € H and, for every n € N, set

Tn1 = Tn + A (Thpn + €10 — Tn), (4.1)
where 11, € A(o ) with a1, €10,1], €1, € H, and X, € ]0,1].
Theorem 4.2 Suppose that the following conditions are satisfied.

(i) G =,en FixTi, # 0.

(ii) For every subsequence (zk, )nen of an orbit (x,)nen generated by Algorithm 4.1, we have

—«
Z)\ - Tin |11y — :1:n||2 < 400

neN

Z)\ 1= M) | Ty nn — 20]]? < 400 = yei. (4.2)
neN

Ty — Y

(it)) Y pen Mnllesall < +oo.
Then every orbit of Algorithm 4.1 converges weakly to a point in G.

Our first application of Theorem 4.2 is the following result on the convergence of a parallel block-
iterative proximal method for solving (1.3).

Corollary 4.3 Suppose that S # O and that the following conditions are satisfied:
(i) For every n € N, I, is a nonempty finite subset of I. Moreover, there exist strictly positive
integers (M;);er such that (V(i,n) € I x N) i € U"+M 1.

(ii) For every i € I, (Vin)nen is a sequence in |0,4o00[ such that, for every strictly increasing
sequence (kn)nen in N such that i € (), ey Ik, » infpenYig, > 0.

(iii) (pn)nen lies in ]0,2[ and 0 < lim py,, < lim p,, < 2.

(Viel,) win€]0,1],

Z. I CU’7 = 17
(iv) 35€]0,1)(vneN){ "
3jel) ”J%',nAjmn —xp| = IZ%?X ||J"/i,nAixn — Znl|,
JE n
" Win > 0.

(V) 2nen | Zier, winainll < +oo.
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Take xo € H and set
(Vn €N) Tpi1 = Tn + tin < Z Win (J%mAia:n + ai,n) — mn> (4.3)
i€ly

Then (Tn)nen converges weakly to a point in S.

Proof. For every n € N, set

Tl,n = Id +uy, (Z Wi,nJ'yiynAi - Id) y An =1, Al n = Mn/2> and €1,n = Hn Z Wi nQin- (44)
i€l i€l

Lemma 2.4 yields (Vi € I,) J,, 4, € A(3). Hence, it follows from (iv) and Lemma 2.2(ii) that
Yier, Windy,A; € A(3) and, in turn, from Lemma 2.2(i) that T3, € A(ai,). Thus, in view of
(4.4), (4.3) is a special case of the recursion (4.1) governing Algorithm 4.1. It now remains to verify
the assumptions of Theorem 4.2. First, since S # @, it results from Lemma 2.2(iv) and (2.13) that

(Vn €N) FixTip =Fix Y windy, 4, = (| FixJ, 4, = [ 40 (4.5)
i€l i€ly i€l

Hence, it follows from (i) that G = (,,cn FixT1,n = Nies A7 1(0) = S # O, which supplies item (i)
in Theorem 4.2. Next, we derive from (4.4), (iii), and (v) that

Z )\nuel,nH = Z Hel,nH <2 Z Z WinQin

neN neN neN ' iel,

< 400, (4.6)

which establishes item (iii) in Theorem 4.2. Finally, fix j € I and suppose that z;, — y. We have
G=5and 3,y Al — a10) | Tintn — zal® fa1n = X en(2 = tin) | Tin@n — 20||® /ptn. Hence, in
view of (iii), it suffices to check that T ,x, — 2, — 0 = 0 € Ajy to verify item (ii) in Theorem 4.2.
So suppose 11 pxp — x, — 0. We first deduce from (4.1) and (4.6) that

[Zn+1 = @nll < [Thn@n — 2|l + le1nll — 0. (4.7)

On the other hand, in view of (i), there exists a sequence (pn)nen in N such that

(VneN) k, <pp <k,+M;—1<ky1 <ppy1 and jelI,,. (4.8)
Now set
o
(Vn€N) yo =Jy, , a,7Tp, and u, = Tpn — Un (4.9)
Vipn
Ko+ M;—2
By (4.7), [lzp, — 2k, | < 2577 o — @l < (Mj — 1) maxy, <i<p,+m;—2 |z — @l — 0.

Hence, z,, — x}, — 0 and, in turn, z,, — y. Now fix z € S and set v = infpenvjp, (> 0 by
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(i), ¢ = sup,enllz — znl| (< 400 by (3.9)), and ¢ = lim p,/2 (> 0 by (iii)). Then (4.9), (iv),
Lemma 2.5(iv), and the Cauchy-Schwarz inequality imply that, for n large enough,
32 lunll* < Ollyn — 2,7

_ 2
S 57212); HJ’Yi,pnAixpn - xpn H

2
< Z Wi,anJ%,pnAixpn — zp, ||
i€ly,
< <Z — Tpn Z Wipn Syi p AiTpn — xpn>
i€lp,
< CTip,@p, — Tp,ll/e- (4.10)

Altogether, u,, — 0 and y,, — 2, — 0. Therefore y,, — y, while (4.9) gives Ay, > u, — 0. In view
of Lemma 2.5(iii), we conclude that 0 € A;y. O

Remark 4.4 (Strong convergence) Using Theorem 3.3, we infer immediately that the conver-
gence is strong in Corollary 4.3 if int S # (). Another sufficient condition is that some operator
Aj in (A;)ier have a boundedly relatively compact domain (the intersection of its closure with any
closed ball is compact). Indeed, we already have z,, — y € S. Now extract a subsequence (x,, )nen
such that j € (), ey Ip, and define (y,)nen as in (4.9). It remains to check (3.18) with G = S. As
above, we assume T4 ,x, — ¥, — 0 and obtain y, — xp, — 0 and y, — y. At the same time, for
every n € N, y, € ranJ,, 4, = dom(Id +~;,,4;) C dom A;. Accordingly, y, — y and, in turn,

’ijpn
Zp, — y € S, whence lim dg(z,) = 0.

Corollary 4.3 covers and extends several known results. For instance, if a;, = 0 and each I,
reduces to a singleton, then Corollary 4.3 reduces to [11, Corollary 6.1(i)]. On the other hand, when
Yim = v and a;, = 0, we recover the results of [18] and, in particular, those of [32, section 4] if
we further assume w;,, = w; and p, = 1. In another direction, if we now take each A; to be the
normal cone operator to a nonempty closed convex set S;, then the operator J,, 4, is the projector
P; onto S; and Corollary 4.3 and Remark 4.4 capture various convergence results for projection
methods for solving convex feasibility problems, see [9, 19] and the references therein. In particular,
if I ={1,...,m} is a finite index set, we recover the classical results of [27] for the cyclic projection
method

Tptl = Tn + fin (Pn (modulo m) +1Tn — Tn), Where € < p, <2 —e. (4.11)

Another special case of interest is when a single operator is involved. Then (1.3) reduces to (1.1),
(4.3) reduces to the standard proximal point algorithm (1.18), and Corollary 4.3 reduces to [26,
Theorem 3] and, in particular, to [52, Theorem 1] for A, = 1. In these results, the parameters
(Yn)nen must be bounded away from zero. An alternative use of Theorem 4.2 leads to the following
corollary, in which this condition is weakened.

Corollary 4.5 Let (yn)nen be a sequence in |0, +o00] and let (An)nen be a sequence in |0, 1]. Suppose
that 0 € ran A, > 72 = +o0, lim A\, > 0, and Y men(l = A)Vn /g1 < 4o0. Take xg € H and
set

(Vn €N) xpr1 =0+ An (J«/nA.rn — ). (4.12)
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Then (25 )nen converges weakly to a point in A=1(0).

Proof. Let n € N and set y,, = J,, 4%, and u, = (Tp — Yn)/Vn- Then u, € Ay, and y, — ynt1 =
Vnt1Unt1 + Yn — Tl = Ynt1Unt1 — (1 — Ap)ynuyn. Hence, by monotonicity,

0 <yn — Yn+1 ‘ Up — un+1> /'Yn-i-l

<Un+1 - ﬂnun | Un — un—|—1>

= (14 Bn) (Unt1 | un) — ”Un+1H2 - ﬂnHunHQ
(

S 1 + ﬂn) <un+1 ‘ un) - ”Un+1H27 (413)

where 8, = (1 — \p)Yn/Vn+1. Hence, it follows from Cauchy-Schwarz that ||u,1|| < (14 5y)||un|]
and, in turn, from Lemma 2.7 that (||u,||)nen converges. Now set T, = Jy,4 (hence oy, = 3)
and e; , = 0. Then (4.12) is a special instance of (4.1) and the claim will follow from Theorem 4.2
by establishing (4.2). To this end, it is enough to suppose that >y |lyn — zn||> < 400 and
that x5, — y, and to show that 0 € Ay. We therefore have Y, y72[lunl|* < 400 and, since
> e V2 = 400, we obtain lim [ju,|| = 0. Accordingly, u, — 0 since (|lun|)nen converges. Thus
Ayn, 3 up, — 0 and y, — y since y, — x, — 0. Lemma 2.5(iii) then yields 0 € Ay. O

In particular, for A, = 1, Corollary 4.5 coincides with [13, Proposition §].

5 Douglas-Rachford and Peaceman-Rachford splitting

We turn our attention to the sum problem (1.6) for two maximal monotone operators A, B: H — 2.
The Douglas-Rachford and Peaceman-Rachford algorithms proposed in [38] for solving this problem
are defined by (1.11) and (1.13), respectively. In this section, we shall investigate a more general
form of these algorithms. It will be assumed that the problem is feasible, i.e., 0 € ran(A + B) (in
the case of normal cone operators, the Douglas-Rachford algorithm in the infeasible case is studied
in [12]).

Our convergence result for the Douglas-Rachford algorithm will be derived from Theorem 4.2 via
the following lemma.

Lemma 5.1 Let T: domT = H — H be a nonexpansive operator, let (fin)nen be a sequence in
10,1[, and let (cp)nen be a sequence in H. Suppose that FixT # @, Y o pn(l — pn) = +00, and
Y nen Mnllen|| < +oo. Take xg € H and set

(Vn e N) zpp1 = xn + pn(Tay + cn — zp). (5.1)

Then (xn)nen converges weakly to a point in FixT.

Proof. The recursion (5.1) is a specialization of (4.1) with

(VneN) T1, =1d+p, (T —Id) € A(pn), An =1, a1,p = pin, and ej, = finCp. (5.2)
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It is clear that conditions (i) and (iii) are satisfied in Theorem 4.2. In view of (4.2) and (5.2), to
check (ii) it is enough to verify that for an arbitrary suborbit (zy, )nen we have

{zneN = )| Tn = all® < 400 53)

Tk, — Y

To this end, suppose that Y., o tn(1 — )| T2n — zp||* < 400. Since Y,y pn (1 — pn) = +00, we
get lim || T'x,, — || = 0. However, it follows from (5.1) that
(Vn €N) [[Tzpt1 — znp1ll < [[T2pg1 — Tanl| + (1 = p)[[ T2 — 20|l + pinllen|
[Zn41 = znll + (1 = o) [[Tzn — zal| + pinlcnll
[Tzn — nll + 2un[cnll- (5.4)

VARVAN

Since ), oy tallen|| < 400, the sequence (|| Tz, — 2y||)nen converges and therefore Tz, — x, — 0.
If, in addition, xg, — vy, then it follows at once from the demiclosed principle for nonexpansive
operators [14, Lemma 4] that Ty = y. O

We now establish results on the asymptotic behavior of a perturbed, relaxed extension of the
Douglas-Rachford algorithm (1.11).

Corollary 5.2 Let v € ]0,+0o0l, let (vn)nen be a sequence in 10,2[, and let (ap)nen and (bn)nen be

sequences in H. Suppose that 0 € ran(A+B), >, cnyVn(2—1vn) = 400, and Y o Vn(||lanl| +[0n]]) <
4o00. Take xog € H and set

(VneN) xpi1 =xn + vy <J7A (2(J,Yan +by) — mn) +an — (JyBTn + bn)> (5.5)
Then (zn)nen converges weakly to some point x € H and J,px € (A+ B)~1(0).

Proof. Recall the notation (2.3) and set
v
(VneN) u, = ?n and ¢, = 2a, + Rya(Ryxy + 2b,) — Rya(RyBZy), (5.6)
and define ' = RyaR,p. Then it follows from Lemma 2.6(ii) and straightforward manipulations

that we can rewrite the updating rule in (5.5) as xp41 = Tpn + pin (Tacn +c, — xn) Since R, 4 is
nonexpansive,

Z pnllenll < Z Vnl|an|| + Z Un||Rya(Rypan + 2bn) — Rya(Rypan)||/2

neN neN neN
< Y vallan] + [bal)) < + oo (5.7)
neN

On the other hand, Yy tn(1 — pin) = >, en Vn(2 — ) /4 = +00. Moreover, Lemma 2.6(iii) and
the assumption 0 € ran(A + B) imply FixT # . It therefore follows from Lemma 2.6(i) and
Lemma 5.1 that (x,)nen converges weakly to some point x € FixT'. In view of Lemma 2.6(iii), the
proof is complete. O

19



The above Corollary improves, on the one hand, upon [20, Proposition 12], where the additional
assumptions a, = 0 and b, = 0 are made and, on the other hand, upon [26, Theorem 7|, where
the additional assumptions 0 < lim v, < limv, < 2, ., oy lan|| < 400, and >, [|bal| < +o0 are
made. The classical Lions and Mercier result [38, Theorem 1] is recovered when v, = 1, a,, = 0, and
b, = 0.

Let us now consider the Peaceman-Rachford algorithm. In view of (1.13), this algorithm can be
rewritten as

Tpt1 = Rxyp, where R = R,aR,B. (5.8)

Let us note that since R is merely nonexpansive, this iteration does not converge even weakly

in general. We now prove that strong convergence is achieved for a perturbed extension of this
algorithm under a Slater condition.

Corollary 5.3 Let v € ]0,400] and let (an)nen and (bp)nen be sequences in H. Suppose that
int(A + B)~10) # O and that Y, cn(llanll + [|bnl]) < +oo. Take zg € H and set

(Vn eN) x4 = 2<J7A (2(J7333n +by) — xn) + an> — 2(JyBxp + by) + 0. (5.9)

Then (zn)nen converges strongly to some point x € ‘H such that Jygx € (A+B)~(0) and (JypTn)nen
converges strongly to J,px.

Proof. Set T'= R,sR,p and define (c,)nen as in (5.6). Then it follows from Lemma 2.6(ii) that
(5.9) can be rewritten as (Vn € N) z,41 = Tx, + ¢,. Now fix y € FixT, which is nonempty
by Lemma 2.6(iii). Then (Vn € N) |[[znt1 — yll < [Tan — yll + [[enll < [[#n — yl| + [len]|. Hence,
since by nonexpansivity of R4 (5.6) yields Yy llcall <23 cn(llanll 4+ [[ba]]) < 400, (n)nen is a
quasi-Fejér sequence with respect to FixT'. Since int FixT" # @, it follows from Lemma 2.8(iv) that
(Zn)nen converges strongly to some point x € H. Hence, by continuity of T', Tz, — Tz and, since
¢n — 0, we obtain x «— 11 = Tap+c¢, — Tx. In turn, this yields z € Fix T and, via Lemma 2.6(iii),
Jypr € (A+ B)~1(0). The continuity of Jyp allows us to conclude that J,px, — J,pz. O

We conclude this section by observing that the Peaceman-Rachford recursion (5.9) is the limiting
case of the Douglas-Rachford recursion (5.5) as v, — 2.

6 Forward-backward splitting

In this section we revisit the inclusion (1.6) under the following assumption.

Assumption 6.1 A: H — 2" and B: H — H are maximal monotone and 3B € A(
B € 10, +o0].

%) for some

This set of assumptions is clearly more demanding on the operator B than those in section 5.
However, it leads to an algorithmic framework in which only one implicit (backward) step is required
at each iteration, as opposed to two in the Douglas-Rachford and Peaceman-Rachford methods.
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6.1 Preliminaries

For convenience, we specialize Algorithm 1.2 and Theorem 3.2 to the case when m = 2 (Theorem 3.3
can be rephrased in a like manner).

Algorithm 6.2 Fix xg € H and, for every n € N, set
Tpgl = Tn + Ay (Tl,n (T2,nl'n + e2,n) +ein — $n)a (61)

where Ty ,, € A(a1 ) and Ty, € A(qap), with (a1, a2.,) €10,1%, (e1n, €2.) € H2, and ), € ]0,1].

We now state Theorem 3.2 is the setting described in Remark 3.4.

Theorem 6.3 Suppose that the following conditions are satisfied.

(1) G = Npen Fix (T10T20) # O.
(ii) lim A, > 0, limay, <1, and limag, < 1.
(iii) For every subsequence (xk, )nen of an orbit (x,)nen generated by Algorithm 6.2, we have

(Vz € G) S ||(1d ~T10)Tonn + (I ~Tn)z|* < 400

neN
(Vz € G) D (1A ~Top)zn — (Id =Tap)z|* < +oo
neN = yeG. (6.2)
ZHTI,TLTQ,TLwTL - anQ < 400
neN
Tk, — Y

(iv) 2nen llennll < +oo and 32, oy lleznl < +o0.

Then every orbit of Algorithm 6.2 converges weakly to a point in G.

6.2 Main result

We investigate the following nonstationary form of the forward-backward method (1.15) with relax-
ations and errors.

Algorithm 6.4 Fix zg € H and, for every n € N, set
Tpal = Tn + M <J%A (zn — W (Ban + b)) +an — l‘n>, (6.3)
where v, € ]0,23[, (an,b,) € H?, and ), € ]0,1].
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Corollary 6.5 Suppose that Assumption 6.1 is in force and that the following conditions are satis-
fied.

(i) 0 € ran(A+ B).

(i) lim A\, > 0 and 0 < lim~,, < lim~, < 28.

(iii) Y ,en llanl < 400 and Y-, o ||bn|l < +o0.
Then every orbit of Algorithm 6.4 converges weakly to a zero of A+ B.

Proof. We shall show that this result is a special case of Theorem 6.3. Indeed set
(VvneN) Ty, = Jy,a and T, =I1d—y,B. (6.4)

Then (71,,)nen lies in A(3) by Assumption 6.1 and Lemma 2.4. On the other hand, since 3B € A(3)
by Assumption 6.1, it follows from Lemma 2.3 that (Vn € N) T, € A(3). Altogether, Algorithm 6.4
is a special case of Algorithm 6.2 with a1, = 1/2, as, = ,/(206), €1.n = apn, and ez, = —Y,bp.
Furthermore, since B is single-valued,

(VneN)(Ve e H) 2 € (A+B)'(0) & z—yBrcr+yAzr & xcFixTi,Th, (6.5)

Hence, G = (A + B)~!(0) and items (i), (i), and (iv) in Theorem 6.3 are implied by (i)-(iii)
above. It remains to check item (iii) in Theorem 6.3. To this end, let us fix a suborbit (zy, )nen of
Algorithm 6.4, x € (A + B)~1(0), and set

(Vn € N) Yn = ’YnA('an - ’Yann) and wu, = xn; n _ By, (66)
n
Then, in view of (6.4) and item (ii) above, (6.2) holds if
uy, — —Bx
B B
T PR = 0eAy+ By (6.7)

Yn — Tn — 0
Thn — Y

To show this implication, note that the above bracketed conditions imply that y,, — y. In addition,
B is continuous and monotone on H, hence maximal monotone [3, Proposition 3.5.7]. Therefore, by
Lemma 2.5(iii), the conditions zy, — y and Bz, — Bz force Bx = By. Thus, we get yi, — v,
uy, — —By, and, since by (6.6) ((yk,,ur,)), - lies in gr A, Lemma 2.5(iii) yields —By € Ay, i.e.,
0e Ay + By. O

neN

Remark 6.6 (Strong convergence) We have shown that z,, — y for some y € (4 + B)~1(0).
Strong convergence conditions can be derived easily from Theorem 3.3. For instance, we obtain at
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once z, — y if int(4 + B)71(0) # @. To get other conditions, it suffices to check (3.18) or, arguing
as above, simply that

up — —By
Bz, — By = hﬂd(A+B)—1(O) (:cn) = 0. (68)

Yn — Tp — 0

Thus, we obtain strong convergence when B is uniformly monotone on bounded sets, i.e., for every
bounded set C' C H there exists a strictly increasing function c: [0, 4+o00[ — [0, 400 with ¢(0) = 0
such that [60, section 25.3]

(V(x,2) € C?) (x—z| Bz — B2) > ||z — 2| - c(||z — z]|). (6.9)

Indeed, (6.9) and Cauchy-Schwarz yield (vVn € N) ||Bx,, — By|| > ¢(||x, — y||). Hence Bz, — By =
T, — y. We also get strong convergence when dom A is boundedly relatively compact. To see this,
we use the condition y,, — x,, — 0 and the same argument as in Remark 4.4 since (6.6) implies that
(Yn)nen lies in dom A.

Corollary 6.5 captures and extends several known results that were obtained using different ap-
proaches. The following example is an unrelaxed method that involves a specific model for the errors
associated with the operators A and B in (6.3).

Corollary 6.7 [35, Proposition 3.2] Suppose that Assumption 6.1 is in force. Take xo € H, € €
}07ﬂ]7 (CTL)TZEN mn H; (Vn)nGN in [87 2ﬂ - E]; and set

(Vn € N) 241 = Jy, 4, (20 — Y0(B + Bn)zn) + cn, (6.10)

where (An)nen s a sequence of mazimal monotone operators from H to 2 and (B, )nen is a sequence
of operators from H to H. Suppose further that

(i) 0 € ran(A + B).
(11 (vp € [0’ +OOD ZnEN SupHy”Sp HJ’YnAy - J"/nAnyH < +o0.
(3z € H)(Yn eN) B,z=0.

(ii

)
)
)
(iv) For everyn € N, B,,: H — H is Lipschitz-continuous with constant ky, € ]0,+o0].
(V) 2open bn < +00.

)

(vi) 2nen llenll < +o0.

Then (zn)nen converges weakly to a zero of A+ B.
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Proof. The recursion (6.10) is a special case of (6.3), where

an = Jy, A, (fn - ’Yn(B + Bn>xn) - J7nA (xn - 'Yn(B + Bn)xn) + ¢n,
(¥n € N) { by = Bpan, (6.11)
A = 1.

Therefore, in view of Corollary 6.5, it remains to show that >~ _ [lan|| < +ooand Y~ . [|bn]| < +oo0.
To this end, let us fix z € (A + B)~!(0). We first observe that (iii) and (iv) yield

(Vn €N) |[ball < [|Bnzn — Bnll + || Bnx — Buzl| < fin(llzn — 2] + ||z — 2])). (6.12)

On the other hand, since, for every n € N, the operators .J,, 4,, and T3, = Id —~, B are nonexpansive
and z € Fix J, aTs p, we derive from (6.10) and (6.12) that

[#ns1 — 2| < [y, 4, (Ton@n — nbn) — || + [enl]
< ||JvnAn (T2,n37n - ’ann) = Jyn A, (T2,nx)|| + ||J%An (TQ,nx) - JvnA(Tan)” + [lenll
< | Tznan — nbn — Tona|| + (| Iy, 4, (T2n®) = Jy, a(Topn)|| + |cnl|
< Mlzn — 2l + 2816l + 177, 4, (Ton) = Ty, aA(T2 @) || + llenll
< (14 2Bkn)||xn — || + €n, (6.13)
where
en = 2Bkl — 2| + |1y, 4, (Ton®) — Sy, aA(Tonm)|| + lleall. (6.14)

Now let p = ||z|| + 25||Bx||. Then
sup | Toua < p (6.15)
neN

and it follows from (ii), (v), and (vi) that ) _yen < +00. We therefore derive from (6.13), (v),
and Lemma 2.7 that ¢ = sup,¢cy ||2n — 2| < 400 and, in turn, from (6.12) that > [|bs| < 4o0.
Consequently, (6.15) yields

sup [[To,n@n — Wbnl < sup [ Tontn — Topz| + [[T2nz| + ynllbn|l
neN neN

< C+p+28suplbn] < +o0 (6.16)
neN

and we conclude from (6.11), (ii), and (vi) that

Z |an|| < Z ”J’YnAn (T2,nxn - 'ann) = Jy,A (T2,nxn - ’ann) |+ Z lenll < +o0. (6.17)
neN neN neN

Let us note that in the special case when A4,, = A, B,, =0, and ¢, = 0 above (i.e., a,, = b, = 0 and
An, = 1 in Corollary 6.5), we recover [34, Proposition 3.1] and [56, Proposition 1(c)]. If we further
assume that v, = v, we recover [43, Remarque 3.1], which seems to be the first weak convergence
result of this type for the forward-backward method. The perturbation model (ii) above goes back
to [54].
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Now, take ¢ € T'o(H) and set A = dp. Then J4 = prox, and (1.6) reduces to the variational
inequality problem [37]

Find « € H such that (Vy € H) (x —y | Bz) + ¢o(z) < ¢(y). (6.18)

Moreover, Corollary 6.5 gives conditions for the weak convergence of the iteration

Tptl = Tp + )\n<prox%¥, (zn — Y (Bzn +bn)) + an — a:n) (6.19)

to a solution to this problem. Now set ¢ = ¢, where C' is a nonempty closed convex subset of H.
Then, (6.18) turns into the classical variational inequality problem

Find z € C such that (Vy € C) (x —y | Bz) <0. (6.20)

Furthermore, for A, = 1 and a, = 1, (6.19) becomes z,11 = Po (wn — Yn(Bxy, + bn)). The strong
convergence of this method was established in [6] under conditions akin to some of those discussed
in Remark 6.6. If we further assume that 7, = v and b, = 0, Corollary 6.5 furnishes the weak
convergence of the iteration z,41 = P¢o (a:n — vBazn) to a solution to (6.20). This result was obtained
in [42, Theorem 10]. Another special case of interest, is the following result that pertains to the
projected gradient method.

Corollary 6.8 Suppose that C' is a closed convex subset of H, that f: H — R is convex and differ-
entiable with a 1/(3-Lipschitz-continuous gradient, and that the following conditions are satisfied.

(1) f achieves its infimum on C.
(i) lim A, > 0 and 0 < lim~, < lim~y, < 28.

(iii) >, en lanll < +oo and D, [1bn| < +o0.
Take x¢g € H and set

(Vn eN) xpy1 =an+ My <Pc(acn — Y (Vf(zn) + bn)) + a, — iL'n> (6.21)
Then (zp)nen converges weakly to a minimizer of f on C.

Proof. 1If follows from the Baillon-Haddad theorem [5, Corollaire 10] that SV f € A(
result is a direct application of Corollary 6.5, where A = No and B =V f. 0

1). Hence the

6.3 Partial Yosida approximation of monotone inclusions

In this section, I = {0,...,m} is a finite index set and (A;);cs is a family of maximal monotone
operators from H to 2. We apply the framework of section 6.2 to extend certain results on the
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numerical solution of infeasible convex feasibility problems which arise in particular in signal theory
(see [17, 22] and the references therein).

In section 4 we have examined the common zero problem (1.3) under the premise that it was
feasible, i.e., that its set of solutions

S=()A;"(0) (6.22)

was nonempty. In practical situations, however, (1.3) may turn out to be inconsistent. In such
instances, it is natural to approximate it by a more general problem, which exhibits more regularity
properties and is solvable. In this connection, we shall investigate the following extension of (1.3),
which assumes the form of the sum problem (1.2).

Definition 6.9 Fiz parameters (p;)i<i<m in |0, +00[. The partial Yosida approzimation to problem
(1.3) is
m
Find x € H such that 0 € Agz + Z Pid;x (6.23)
i=1

and its set of solutions is denoted by G, i.e.,

G = (Ao + i pl‘AZ—> 71(0). (6.24)
i=1

In this sum reformulation of the common zero problem (1.3), the operators (A4;)1<i<m are replaced
by their Yosida approximation (2.2), while Ay is not regularized. In the case when m = 1, this
type of regularization is quite standard, e.g., [39, 43, 46]. Note, however, that the objectives and
methodologies of these papers are different from ours since there (1.3) is assumed to have solutions
and the problem is to approach a particular solution by regularization as p; — 0.

Problem (6.23) is a special case of (1.6) in which

A=A; and B:Z’”Ai:

=1

R

(Id = wid,, Ai) : (6.25)
=1

where

;_Z; and (Vie{l,...,m}) wi—f. (6.26)
i=1 """ ’

On the other hand, (6.23) is an extension of (1.3) in the following sense.

Proposition 6.10 Suppose that S # @. Then G = S.

Proof. Lemma 2.5(i) asserts that the operators (pi(”4;)), ., lie in A(3). Tt therefore follows
from (6.25), (6.26), and Lemma 2.2(ii) that 8B = 1", wipi( P4;) € A(3). Now set Ty = Jga and
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T, = Id—(3B. Then Lemma 2.3 yields 75 € A(3) and we derive from (6.22), (2.13), Lemma 2.4,
Lemma 2.2(iv), and (6.25) that

@ #SC()A;7(0) = (\FixJpa, =Fix ¥ wiJya, =FixTh. (6.27)
=1 =1 =1
Thus, using (6.22), (2.13), Lemma 2.2(iv), (6.5), (6.25), and (6.24), we obtain

@ # S =A'0)N[)A4;7'(0) = Fix Ty NFix Ty = Fix 1Ty = (A + B)'(0) = G. (6.28)
=1

In view of (6.25), allowing for an error b;, in the evaluation of J, 4,2, leads to the following
implementation of Algorithm 6.4.

Algorithm 6.11 Fix xg € H and, for every n € N, set
Tptl = Tn + A (JﬁunAo (xn + pn ( Zwi(inAﬂfn + bi,n) — a:n>> + ap — l‘n> (6.29)
i=1
where p, €10,2[, (an, b1y .-, bmn) € H™TL and A, €]0,1].

Corollary 6.12 Suppose that the following conditions are satisfied.

(i) G#£0O.
(i) lim A, > 0 and 0 < lim y,, < lim p,, < 2.

(iii) Y ,en llan|l < 400 and maxi<i<m Y, en ||binll < +o00.
Then every orbit of Algorithm 6.11 converges weakly to a point in G.

Proof. The claim is a consequence of Corollary 6.5 with A and B defined in (6.25)—(6.26) and
(Vn € N) by, = =" wibin/B and py, = v,/6. O

Remark 6.13 (Backward-backward splitting) Suppose that m = 1 and set A\, = 1, p,, = 1,
an =0, and by ,, = 0. Then (6.29) reduces to the backward-backward method (1.14), more specifically
to Tpy1 = Jpagdpia,Tn. Corollary 6.12 states that this iteration converges weakly to a zero of
Ap+ P*A; if such a point exists. In particular, if ¢ and v are two functions in I'o(H) and we set p; = 1,
Ag = Jp, and A1 = 9, the backward-backward iterative process becomes x,11 = ProX,, ProX,, Tn.
This method was studied in [1] in connection with the problem of minimizing ¢ + L.
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As an illustration of the above result, let us consider the problem of solving the convex inequality
system

Find z € Cy such that max f;j(z) <0, (6.30)
1<i<m

where (fi)i<i<m is a family of functions in I'g(H) and Cj is a closed convex set in H playing the
role of a hard constraint. This problem fits the general format (1.3), where Ag = N¢, and, for
every i € {1,...,m}, A; = dp; with p; = max{0, f;}2. When it has no solution, Problem (6.30) can
therefore be replaced by (6.23) and solved by (6.29), which becomes

m
Tpi1 = Tp + An (Pg (azn + lin < Zwi(proxpi% Ty + bi,n) — xn>> + a, — wn> , (6.31)

=1

where P is the projector onto Cy. In this case, it follows from [45, Proposition 7.d] and elementary
convex calculus that (6.23) can be formulated as the problem of minimizing ¢ = >, Pp; over
Cy. In particular, let (f;)1<i<m be the indicator functions of nonempty closed convex sets (C;)1<i<m
with projectors (P;)i<i<m. Then (6.30) reduces to the basic convex feasibility problem

Find z €[] C; (6.32)
=0

and (6.23) amounts to approximating it by the problem of minimizing ¢ = Y1, dQCi /pi over Cp.
The recursion (6.31) then assumes the form

Tntl = Tn + Ay (PO <xn + Un < Zwi (szn + bz,n) - xn)) +an — -xn) . (633)

=1

In this setting Corollary 6.12 extends various convergence results for projection methods. For exam-
ple, the case u, = p, a, =0, and b; , = 0 was considered in [22] (in particular in [17] with Cp = H
and in [8, 23] with the additional hypothesis A\, = 1).

7 Stationary iteration

The following corollary of Theorem 3.2 involves an iteration process which is stationary in the sense
that the operators involved do not vary with n.

Corollary 7.1 For every ¢ € {1,...,m}, let T; € A(a;), where oy € 10,1[. Fix xg € H and, for
every n € N, set

Tn+l = Tp + An <T1 (Tz(‘ : 'Tm—l(Tmafn + em,n) +em—1,n-- ) + 62,n) +ein— $n>, (7'1)
where (€;n)1<i<m € H™ and A\, € 10,1]. Suppose that the following conditions are satisfied.
(i) FixTy - Ty # Q.
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(i1) lim A, > 0.

(iii) (Vie{l,...,m}) > cnlléinl < 4oo.

Then (zp)nen converges weakly to a point y in Fix T ---T,,. Moreover,

(Ty - Toaon, To -+ Trn@ps -, Trng) — (T Ty, To - Ty - - -, Trny). (7.2)

Proof. Let T =T, ---T,, and let (z, )nen be a subsequence such that zj, — y for some y € H. In
view of (i)—(iii), Theorem 3.2, and Remark 3.4, it is enough to show that

(Vz € FixT) 1%35;12 (A =T)Tj41 - - Tonn — (I —T5)Tjyq - - Tt |* < 400 (7.3)
77 neN

implies that y € Fix T to establish the first claim. First, we derive from (3.22) that
Tz, — x, — 0. (7.4)

Hence, since T' is nonexpansive, it follows from the demiclosed principle [14, Lemma 4] that y €
FixT. Therefore, we get x, — y € FixT. Let us now prove the second claim by induction. For
i=1,(74) yields T; - - - Typxy, = (Tay — x0) + 2y — y = T;- - T1y. Now suppose that, for some
ie{l,.... m—1},T;---Tpx, — T;---Tpy. Then, since (7.3) yields Tiy1 - Tpzn —T; - Ty, —
Tiv1-- Ty — 15 -+ - Ty, we conclude that Ti 1 - Tz — Tipr--- Ty, O

In particular, Corollary 7.1 asserts that if (7;)i1<i<m are averaged operators whose composition
has a fixed point, the iterates z,41 = 131 ---Tmxy, converge weakly to such a point. This result
can also be deduced from [15] (combine Proposition 1.3, Proposition 1.1, and Corollary 1.3 in that
paper) and, in the special case of firmly nonexpansive operators, it appears in [40, Théoréeme 5.5.2].
If we take each Tj to be the resolvent of a maximal monotone operator A;: H — 27, then Corol-
lary 7.1 provides information on the asymptotic behavior of a relaxed, inexact version of the m-step
backward-backward method (1.16) (see also Remark 6.13) when the inclusion (1.3) is infeasible.

For an alternative interpretation, let us call a cycle an m-tuple (y;)i1<i<m € H™ such that
Ym = Tmy1 and (Vi€ {1,...,m —1}) vi = Tiyit1, (7.5)

where the notation and assumptions are as in Corollary 7.1. Then Corollary 7.1 states that

((azn,TQ o T, T3+ - Ty Ty, - - ,men))neN converges weakly to a cycle in H™. In particular,

if each T; is the projector P; onto a nonempty closed convex set S; C H, FixPy--- P, # O

(e.g., one of the sets is bounded), A\, = 1, and e;,, = 0, we obtain the weak convergence of
m

((a:n,Pg~'-Pma;n,P3-~Pm:cn,...,men))neN to a cycle (yi)i<i<m € 'X1Si' This classical result
1=

was obtained in [27, Theorem 2] (see also [10] for more information on cyclic projection methods for
inconsistent feasibility problems and [7] for the case when Fix P; - -- P,, = O).
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