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1 Introduction

Throughout the paper, H is a separable real Hilbert space with scalar product (- | -), associated norm
|| - ||, and Borel o-algebra B.

A large array of problems arising in Hilbertian nonlinear analysis are captured by the following
simple formulation.

Problem 1.1 Let A: H — 2" be a set-valued maximally monotone operator, let ¥ € |0, +oc[, and let
B: H — H be a ¢-cocoercive operator, i.e.,

(vx € H)(Wy € H) (x—y | Bx—By) > 9| Bx — By|]*, (1.1)
such that
F={zeH|0cAz+Bz} #0. (1.2)

The problem is to find a point in F.

Instances of Problem 1.1 are found in areas such as evolution inclusions [2], Nash equilibria
[7], image recovery [8, 10, 16], inverse problems [9, 13], signal processing [21], statistics [25],
machine learning [26], variational inequalities [31, 52], mechanics [40, 41], structure design [50],
and optimization [4, 38, 51]. For instance, an important specialization of Problem 1.1 in the context
of convex optimization is the following [4, Section 27.3].

Problem 1.2 Let f: H — ]—o0,+0c] be a proper lower semicontinuous convex function, let
¥ € ]0,+oc0[, and let g: H — R be a differentiable convex function such that Vg is 9 ~!-Lipschitz
continuous on H. The problem is to

minir&ize f(x) + g(x), (1.3)
Xe

under the assumption that F = Argmin(f + g) # &.

A standard method to solve Problem 1.1 is the forward-backward algorithm [14, 38, 52], which
constructs a sequence (x, )nen in H by iterating

(Vn e N) Xpq11 = Jy, A%y —7Bx,), where 0 <, <2¢. (1.4)

Recent theoretical advances on deterministic versions of this algorithm can be found in [6, 11, 20,
22]. Let us also stress that a major motivation for studying the forward-backward algorithm is that it
can be applied not only to Problem 1.1 per se, but also to systems of coupled monotone inclusions via
product space reformulations [2], to strongly monotone composite inclusions problems via duality
arguments [16, 20], and to primal-dual composite problems via renorming in the primal-dual space
[20, 53]. Thus, new developments on (1.4) lead to new algorithms for solving these problems as
well.

Our paper addresses the following stochastic version of (1.4) in which, at each iteration n, due
to uncertainties on the underlying mathematical model, Bz, is not known exactly and is available
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only through some stochastic approximation w,,. In addition, a,, stands for a stochastic perturbation
modeling the approximate implementation of the resolvent operator J, a. Let (2, F,P) be the
underlying probability space. An H-valued random variable is a measurable map z: (2, F) — (H,B)
and, for every p € [1,+o0[, LP(Q2, F,P;H) denotes the space of equivalence classes of H-valued
random variable x such that [, ||z||PdP < +oo.

Algorithm 1.3 Consider the setting of Problem 1.1. Let xg, (uy)nen, and (a,)nen be random vari-
ables in L2(Q, F,P; H), let (\,)nen be a sequence in ]0, 1], and let (v, ),en be a sequence in |0, 29
Set

(VneN) zp41 =2, + N\ (J%A(xn — Ynln) + ap — xn) (1.5)

The first instances of the stochastic iteration (1.5) can be traced back to [44] in the context
of the gradient method, i.e., when A = 0 and B is the gradient of a convex function. Stochastic
approximations in the gradient method were then investigated in the Russian literature of the late
1960s and early 1970s [27, 28, 29, 33, 42, 49]. Stochastic gradient methods have also been used
extensively in adaptive signal processing, in control, and in machine learning, e.g., [3, 36, 54].
More generally, proximal stochastic gradient methods have been applied to various problems; see
for instance [1, 26, 45, 48, 55].

The objective of the present paper is to provide an analysis of the stochastic forward-backward
method in the context of Algorithm 1.3. Almost sure convergence of the iterates (z,),en to a
solution to Problem 1.1 will be established under general conditions on the sequences (uy)nen,
(an)nens (Yn)nen, and (A,)nen. In particular, a feature of our analysis is that it allows for relaxation
parameters and it does not require that the proximal parameter sequence (v, ),cy be vanishing.
Our proofs are based on properties of stochastic quasi-Fejér iterations [18], for which we provide a
novel convergence result.

The organization of the paper is as follows. The notation is introduced in Section 2. Section 3
provides an asymptotic principle which will be used in Section 4 to present the main result on
the weak and strong convergence of the iterates of Algorithm 1.3. Finally, Section 5 deals with
applications and features a novel stochastic primal-dual method.

2 Notation

Id denotes the identity operator on H and — and — denote, respectively, weak and strong conver-
gence. The sets of weak and strong sequential cluster points of a sequence (x,),en in H are denoted
by 20 (x,, )nen and &(x,, )nen, respectively.

Let A: H — 2H be a set-valued operator. The domain of A is domA = {xeH { Ax# o'}
and the graph of A is graA = {(x,u) € H x H | u € Ax}. The inverse A~! of A is defined via the
equivalences (V(x,u) € H?) x € A~!'u & u € Ax. The resolvent of A is Jo = (Id + A)~L If A
is maximally monotone, then Ja is single-valued and firmly nonexpansive, with dom Jy = H. An
operator A: H — 2" is demiregular at x € dom A if, for every sequence (x,, u,)nen in graA and
every u € Ax such that x, — x and u,, — u, we have x,, — x [2]. Let G be a real Hilbert space. We



denote by B (H, G) the space of bounded linear operators from H to G, and we set B (H) = B (H, H).
The adjoint of L € B (H,G) is denoted by L*. For more details on convex analysis and monotone
operator theory, see [4].

Let (2, F,P) denote the underlying probability space. The smallest o-algebra generated by a
family ® of random variables is denoted by o(®). Given a sequence (z,)nen of H-valued random
variables, we denote by 2" = (X,,)nen @ sequence of sigma-algebras such that

(YneN) X, CcF and o(xg,...,2,) C Xy C Xpt1- 2.1

Furthermore, we denote by ¢, (.2") the set of sequences of [0, +oo[-valued random variables (&, ),en
such that, for every n € N, ¢, is X,,-measurable, and we define

(Vp S ]07 +OOD 61—01—('9’/) = {(gn)neN € €+('9’/) ‘ ZE?L < +00 P-a.s.} ) (2-2)
neN
and
(X)) = {(gn)neN €l (2) sug&n < 400 P-a.s.} . (2.3)
ne

Equalities and inequalities involving random variables will always be understood to hold P-almost
surely, although this will not always be expressly mentioned. Let £ be a sub sigma-algebra of F,
let z € LY(Q,F,P;H), and let y € L'(Q,&,P;H). Then y is the conditional expectation of z with
respect to € if (VE € &) [, xdP = [, ydP; in this case we write y = E(z|£). We have

(Vz € LY(Q, F,P;H))  [[E(z|E)] < E(l|2]||€). (2.4)
In addition, L?(Q, F, P; H) is a Hilbert space and

IE[E)I* < E(l2]*€)

(2.5)
(VueH) E(z|uw)|é) = (E@|E)[u).

(Vz € L*(Q, F,P;H)) {

Geometrically, if z € L?(2, F,P;H), E(z | £) is the projection of = onto L?(€,&,P;H). For back-
ground on probability in Hilbert spaces, see [32, 37].

3 An asymptotic principle

In this section, we establish an asymptotic principle which will lay the foundation for the conver-
gence analysis of our stochastic forward-backward algorithm. First, we need the following result.

Proposition 3.1 Let F be a nonempty closed subset of H, let ¢: [0,+o0o[ — [0,+oo[ be a strictly
increasing function such that lim;,~ ¢(t) = 400, let (z,,)nen be a sequence of H-valued random
variables, and let (X,,)nen be a sequence of sub-sigma-algebras of F such that

(Vn e N) o(zg,...,2n) C Xy C Xpy1. (3.1



Suppose that, for every z € F, there exist (95,(2))nen € {4+(Z), (Xn(2))nen € £4(2), and (1, (2))nen €
0 (Z) such that

(vn e N)  E(@([[ent1 —2[)[Xn) + In(2) < (1 + xn(2))@([[2n — 2])) + na(2) P-as. (3.2)

Then the following hold:

D) (VZe€F) [ X,cnVn(z) < +00 P-as.]
(i) (xn)nen is bounded P-a.s.

(iii) There exists Q € F such that P(Q) = 1 and, for every w € Q and every z € F, (|2 (w) — z|)nen
converges.

(iv) Suppose that 2 (xy,)nen C F P-a.s. Then (z,)nen converges weakly P-a.s. to an F-valued random
variable.

(v) Suppose that &(xp)neny NF # @ P-a.s. Then (z,)nen converges strongly P-a.s. to an F-valued
random variable.

(vi) Suppose that &(z,)neny # @ P-a.s. and that W(zy,)neny C F P-a.s. Then (x,)nen converges
strongly P-a.s. to an F-valued random variable.
Proof. This is [18, Proposition 2.3] in the case when (Vn € N) X,, = o(xo,...,z,). However, the
proof remains the same in the more general setting of (2.1). [

The following result describes the asymptotic behavior of an abstract stochastic recursion in
Hilbert spaces.

Theorem 3.2 Let F be a nonempty closed subset of H and let (\,)nen be a sequence in |0,1]. In
addition, let (zy)nen, (tn)nen> (€n)nen, and (dy,)nen be sequences in L2(§), F, P; H). Suppose that the
following are satisfied:

(@) 2 = (Xp)nen is a sequence of sub-sigma-algebras of F such that (VneN) o(xq, ..., z,) C X, C
Xpp1-

(b) (Vn eN) xpi1 =xpn + A(tn + cn — Tp).
© Y en MmVE([en?]X,) < +ooand Y, VARE(dn 2] X,) < 4o0.

(d) For every z € F, there exist a sequence (s,(z))nen of H-valued random variables, (01 ,(z))nen €

e (2), (020 (2))nen € L4(27), (t11,0(2))nen € LT (27), (20 (2)Inen € LX(Z), (V1.n(2))nen €
(°(Z), and (va,n(2))nen € °(Z) such that (Aupi1,5(2))neny € CL(2), (Anpizn(z))nen €

Ei(%), ()‘n’/l,n(z))neN € 61/2(%)) ()‘nVQJL(Z))nEN € 61/2(%))

(vn € N) E(lltn — 2[*[Xn) + 01,0(2) < (1 + p1,n(2))E(llsn(2) + dull* | Xn) + 110 (2), (3.3)

and

(vn € N) E(ls0(2)|7|%Xn) + b2,0(2) < (1 + p2(2))l|zn — 2|1 + v2,0(2). (3.4
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Then the following hold:

D) (VZe€F) [ X enMbin(z) < o0 and 3, Anban(z) < +00  P-as.|.
(D) Y ,en An(1 = Xn)E([[tn — 25]*[ X)) < 400 P-aus.

(iii) Suppose that W (z,,)neny C F P-a.s. Then (x,,)nen converges weakly P-a.s. to an F-valued random
variable.

(iv) Suppose that &(x,)neny NF # & P-a.s. Then (z,)nen converges strongly P-a.s. to an F-valued
random variable.

(v) Suppose that &(z,)neny # @ P-a.s. and that W (zy,)neny C F P-a.s. Then (x,)nen converges
strongly P-a.s. to an F-valued random variable.

Proof. Let z € F. By (2.5) and (3.3),

(vn e N) E(lltn =2l |Xn) < VE(Itn — 2]?[%Xn)

< \/ 1+M1n Z \/E Hsn z +dn||2|xn) + Vl,n(z)

<(1+ “1" >\/E [50(2) + dnl?1X0) + \/v10(2). (3.5)

On the other hand, according to the triangle inequality and (3.4),

(vneN)  VE(lsn(2) +dull? %) < VE(llsn ()2 [Xn) + VE(ldn?[Xn)
L4 pon(@)llzn — 2l + y/v2m(2) + VE([[dn ][ | Xn)

<1+u2n( ))||xn_z‘|+m+ E([dal?],)-

(3.6)
Furthermore, (b) yields
(VneN) |lznt —z[| < A = A)llzn — 2l + Aulltn — 2zl + Anllcnl|- (3.7)
Consequently, (3.5) and (3.6) lead to
(Yn e N) E([|lznt1 — 2[|[Xn) < (1= An)llzn — 2| + AE(l[tn — 2] [Xn) + AnE(lcnll [ Xn)
< (1 + pn(@)l|7n — 2|l + Ca(2), (3.8)
where
An n n
@) = %5 (1@ + pan(e) + 112222 3.9)
and

6a(2) = Auy110(@) + 2 (14 22O (o )+ VEPTED) + AE(leall|20). (3.10)



Now set

11 (z) = sup p1,n(2). (3.11)
neN

In view of (3.3) and (3.4), we have

2 Z pn(Z) = Z )‘nﬂl,n(z) + Z >\n,u2,n(z) + % Z )‘mul,n(z):uln(z)

neN neN neN neN
uq(z
< M@+ (14 ) S x i (2)
neN neN
< +o00. (3.12)

In addition, since (2.5) yields
(vn € N)  E(lleall] Xn) < VE(l[eall?]Xn), (3.13)

we derive from (c) and (d) that

D @) <D\ Aaniald) + <1 + ﬁlT(Z)> (Z VAn2n(@) + > VARE(ldal?) xn)>

neN neN neN neN
+ Z AV E(l[en? | Xn)
neN

Using Proposition 3.1(ii), (3.8), (3.12), and (3.14), we obtain that

(llzn = 2)),,cy is almost surely bounded. (3.15)
In turn, by (3.4),

(E(llsn(2)1*1Xn)), oy is almost surely bounded. (3.16)
In addition, (3.3) implies that

(Vn e N)  E(lta —2]*|Xn) < 2(1 +71(2)) (E(lsn (2)[1° 1 X0) + E(lldn]|* | X)) + v1,0(2), (3.17)
from which we deduce that

(AnE([[tn — 2I|*| X0)), cx is almost surely bounded. (3.18)
Next, we observe that (3.3) and (3.4) yield

(vn € N)  E(lltn = 2*|Xn) + 01,0(2) + (1 + p11,0(2))02,n(2)
< (14 p1,0(2) (1 + pizn (@)l = 2|* + v1.0(2)
+(1+ Nl,n(z))(’/2,n(z) +2E({3n(2) | dn) | Xn) + E(/|dn? ’xn)) (3.19)



Now set

0n(z) = 01,n(2) + (1 + p1,n(2))02,n(2)
fin(2) = uln( )+ (1 +71(2)) p2n(2)
va(2) = v1,n(2) + (1 +71(2)) (v2in(2) + 2¢/E(l[sn (@) 121 Xn) v E(ldn [ [ X0) + E([[dnl[* [ X))
&n(2) = 2Anlltn — 2| lleall +2(1 - )Ilwn = 2| llenll + Anlleall®.
(3.20)
By the Cauchy-Schwarz inequality and (3.19),
(Vn e N)  E(|[t, —z||2|Xn) + 0n(2) < (1 + pn(2)]|n — 2|2 + vn(2). (3.21)

On the other hand, by the conditional Cauchy-Schwarz inequality;,

(Vn € N)  AE(&n(2)[Xn) < 2(1 = Ap)Anllzn — 2l E(llen | [Xn)
+ 2)‘n\/)‘nE(th - ZH2 ’ xn)\/)‘nE(chH2 | XC,) + )‘iE(HCnHQ | )

< 2)lzn = zl| AnVE(llen [ [Xn)

+ 2\/)‘nE(th - ZH2 ’ xn))‘n\/E(chHQ | XC,) + )‘iE(HCnHQ | ).
(3.22)

Thus, it follows from (3.15), (c), and (3.18) that

D AE(n(2)|Xn) < +o0. (3.23)

neN

Let us define

Un(z) = Anbn(2) + An(1 — Ap)E([[t5 — an2 | Xn)
(Vn € N) Xn(2) = Anfin(z) (3.24)
A

It follows from (c), (d), (3.16), and the inclusion 61/2(3&”) C 01(Z) that (0,(2))nen € (X)),
(Antin(z))nen € £L(2), and (A\yvn(2))nen € €1 (27). Therefore,

(Un(2)),e € 4+(2) (3.25)
and
(xXn(2)) e € CH(2). (3.26)

Furthermore, we deduce from (3.23) that

(1(2)) ey € (2. (3.27)



Next, we derive from (b), [4, Corollary 2.14], and (3.21) that

(Vn € N)  E(l|lznr1 —2[*|%n) = E(I(1 = Aa) (2 — 2) + At — 2+ ) [*| Xn)
= (1 = A)E(l|lzn — ZH2 | Xn) + AE([[tn — 2+ CnH2 | Xn)
— (1= N)E(ltn — 20 + cnl?|X0)
= (1= An)llzn — 2l* + AE(l[tn — 2] X)
+ 20 E((tn — 2| €2) | Xn) = A (1 = M)E(||tn — 20 )* | X0)
= 2A0 (1 = A)E((tn — n | cn) [ Xn) + )‘%E(chHQ | %)
=1 =)z — ZH2 + AE([[tn — ZH2 | Xn)
= An(1 = A)E([tn — anZ | Xn) + QAELE(@n —z|en)[Xy)
+ 20 (1 = A)E((zn — 2 | en) [ Xn) + )‘ELE(HCTLHQ | %)
<@ =)z — ZH2 + AE([[tn — ZH2 | Xn)
= A1 = A)E([tn — anZ | Xn) + AnE(&n(2) [ Xn)
< (L4 xn(@)llzn = 2l|* = Vn(2) +10(2). (3.28)
We therefore recover (3.2) with ¢: t — t2. Hence, appealing to (3.25), (3.26), (3.27), and Propo-

sition 3.1(i), we obtain (¢,,(z))nen € E}r(% ), which establishes (i) and (ii). Finally, (iii)—(v) follow
from Proposition 3.1(iv)—(vi). [

Remark 3.3
(i) Theorem 3.2 extends [18, Theorem 2.5], which corresponds to the special case when, for
every n € N and every z € F, u; ,(z) = v10(z) = 02,(z) = 0 and d,, = 0. Note that the
L? assumptions in Theorem 3.2 are just made to unify the presentation with the forthcoming

results of Section 4. However, since we take only conditional expectations of [0, +oo[-valued
random variables, they are not necessary.

(ii) Suppose that (Vn € N) ¢,, = d,, = 0. Then (3.20) and (3.24) imply that

(VneN) nn(2) = M (n10(2) + (1 4+ 71(2)v2,0(2)), (3.29)

and it follows directly from (3.28) and Proposition 3.1 that the conditions on (v ,,(z))nen and
(v1,n(2))nen can be weakened to (A1, (2))nen € €1 (27) and (A\pv2.n(2))nen € €1 (2).

4 A stochastic forward-backward algorithm

We now state the main result of the paper.

Theorem 4.1 Consider the setting of Problem 1.1, let (7,,)nen be a sequence in [0,+4o0], let 2~ =
(X,,)nen be a sequence of sub-sigma-algebras of F, and let (x,,)nen be a sequence generated by Algo-
rithm 1.3. Assume that the following are satisfied:



(@ (VneN) o(xg,...,xn) C Xy C Xpta.
®) Y en AvVE([an]2[X,) < 4o

(@ Ppen VAnllE(un [ Xp) — Bay || < +oo.
(d) Forevery z € F, there exists ((,(2))

€ 120(2) such that (MiCn(2)). _, € £*(2) and

neN neN

(Vn € N)  E(llun — E(un | X0)[1?1X0) < 70||Bn — Bz|* + (a(2). (4.1)
(e) infrenyn > 0, sup,en T < 400, and sup,en(1 + 7)) vn < 20.

(f) Either infpen Ay > 001 [y =7, 3 ey Tn < 00, and Y-, oy An = +00 |.
Then the following hold for some F-valued random variable x:

() Letz € F. Then Y, . Mn||Bz, — Bz < +o00 P-aus.

(i) Letz€ F. Then ) . AnllTn — Bzn — Iy a(zn — Bzyn) + 1Bz|? < 400 P-a.s.
(iii) (zp)nen converges weakly P-a.s. to x.
(iv) Suppose that one of the following is satisfied:

(g) A is demiregular at every z € F.
(h) B is demiregular at every z € F.

Then (zy,)nen converges strongly P-a.s. to x.
Proof. Set

(VneN) R,=Id —v,B, r, =2, — yuy, and t,, = J, arn. (4.2)
Then it follows from (1.5) that assumption (b) in Theorem 3.2 is satisfied with
(Vn eN) ¢, = ay. (4.3)

In addition, for every n € N, F = Fix (J,,aR;) [4, Proposition 25.1(iv)] and we deduce from the
firm nonexpansiveness of the operators (J,,a)nen [4, Corollary 23.8] that

(VzeF)(VneN) |t, — ZH2 + ||rn — Jy, AT — Rpz + z||2 < jrp — an||2. 4.4)
Now set
(YneN) u, =u, — E(u,|X,,) + Bxy,. (4.5)

Then we derive from (4.4) that (3.3) holds with

01,n(z) = E(||rn, — Iy, a0 — Rz + || X,)
Nl,n(z) = Vl,n(z) =0
$n(2) = T — Wy — Rz

dp, = =Y (E(un | X)) — Bzy,).

(Vz € F)(Vn € N) (4.6)
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Thus, (4.3), (4.6), (b), (c), and (e), imply that assumption (c) in Theorem 3.2 is satisfied since

Z VARE([[dnl2[X,) < 20 Z(Tn + 1) VA E(un [ X,) — B2

neN neN
<20 )/ AnllE(un|Xy,) — By
neN
< +00. 4.7)

Moreover, for every z € F and n € N, we derive from (4.5), (1.1), and (4.1) that

E(ls0 ()% %) = E(llzn — 2 = 3 (@ — B2) ||| X)
= |z —2)* = 2yn{zs — 2 | E(@n| Xs) — Bz) + 7aE(|d — Bz||*|Xn)
= |lzn — ZH2 — 2vp{zy — 2| B2y — Bz) + 'YZ(E(Hun — E(un | xn)H2 | Xn)
+ 2E((uy, — E(un |Xy) | Bz, — Bz) | X)) + || Bz, — BZHQ)
= ||lzn — z||* — 2vp(zn — z | Bz, — Bz)
+ ’YZ(E(HUn — E(uy | xn)”2 | Xn) + |Bzy — BZH2)
|2 — ZH2 — (20 — ) [[Brn, — BZH2 + 713E(Hun — E(uy | xn)Hz | Xn)

<
< Jwn — 2|2 = (29 — (1 + 7)) |Ban — Bz||2 +2¢n(2). (4.8)

!
!
Thus, (3.4) is obtained by setting

927,1(2) = 'Yn(zﬂ - (1+ Tn)')/n) Han - BZH2
(Vn e N) pon(z) =0 (4.9)

van(2) = Y Cn(2)-

Altogether, it follows from (d) and (e) that assumption (d) in Theorem 3.2 is also satisfied. By
applying Theorem 3.2(i), we deduce from (e), (4.6), and (4.9) that

(VZEF) > AlBry — Bz|* < 400 (4.10)
neN
and
(VZEF) > ME(lrn — Jy,arn — Roz + 2|* | Xn) < +00. (4.11)
neN

(1): See (4.10).

(i): It follows from (4.2), (4.5), (2.5), and the nonexpansiveness of the operators (J,,A)nen
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that

(VneN) |lzp — wmBxn — Jy,a(xn — vaBxy) + vnBz||?
= [[E(@n — yntn|Xn) — Iy, a(zn — 10Bzn) + ’VnBZHZ
< 3(||E(Tn = Jy,Aarn + ’YnBZ|xn)H2 + ’772LHE(un|xn) - anH2
+ |EJyparn [ Xn) — Jy,a(zn — 'Yann)HQ)
< 3(E(Hrn = Jdy,arn + 'YnBZHQIXn) + 'Yr%E(Hun - anHZ | Xn)
+E([yuarn = ya(@n — 7Bzn) 2| X))
< 3(E(Hrn = Jy,arn + 'YnBZH2’xn) + 'Y%E(Hun - anHQ | Xn)
+ E([|rn — (25 — 'Yann)HQ ‘ xn))
= 3(E(llrn — Jyuarn — Ruz +2|%|X0) + 292 E(||un — By | X))
<3(E(||rn — Jyparn — Ruz + 22| X,) + 892E(|Jun — Bzn|?|X0)). (4.12)

However, by (4.1),

(Vn € N)  E(|lun — Bzal*|Xn) < 2E(||un — Eun | Xa)[I* + |E(un| Xn) — Bza* [ Xn)

<
< 2(7y||Bzn — Bz||> + Gn + [|E(un | Xn) — Bay|?). (4.13)

Since sup,, ey T < +00 by (e), we therefore derive from (i), (c), and (d) that

> " AE([[un — By [|?|X5) < +00. (4.14)
neN

Altogether, the claim follows from (4.11), (4.12), and (4.14).

(iii))—(iv): Let z € F. We consider the two cases separately.

e Suppose that inf,,cy A\, > 0. We derive from (i), (ii), and (e) that there exists Q) € F such that

P() =1,

(Vw € Q) 2,(w) — Jya (20 (w) — 1Bz, (W) — 0, (4.15)
and

(Vw € Q) Bay(w) — Bz (4.16)
Now set

(Vn €N) y, = a(Tn — Bz,) and v, =7, (zn — yn) — Bap. (4.17)

It follows from (e), (4.15), and (4.16) that
(Vw € Q) yn(w) — 2p(w) =0 and wv,(w) — —Bz. (4.18)

Let w € §2. Assume that there exist x € H and a strictly increasing sequence (k,, )nen in N such
that z, (w) — x. Since Bz, (w) — Bz by (4.16) and since B is maximally monotone [4,
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Example 20.28], [4, Proposition 20.33(ii)] yields Bx = Bz. In addition, (4.18) implies that
Yk, (w) — xand v, (w) - —Bz = —Bx. Since (4.17) entails that (yx, (w), vk, (W))nen lies
in the graph of A, [4, Proposition 20.33(ii)] asserts that —Bx € Ax, i.e., x € F. It therefore
follows from Theorem 3.2(iii) that

Tp(w) = z(w) (4.19)

for every w in some € € F such that Q c Q and P(@) = 1. We now turn to the strong
convergence claims. To this end, take w € . First, suppose that (g) holds. Then A is
demiregular at z(w). In view of (4.18) and (4.19), y,(w) — z(w). Furthermore, v,(w) —
—Bz(w) and (yn(w), vn(w))nen lies in the graph of A. Altogether y,,(w) — z(w) and therefore
Zn(w) — z(w). Next, suppose that (h) holds. Then, since (4.16) yields Bz, (w) — Bz(w),
(4.19) implies that z,(w) — z(w).

e Supposethat ) 7, < 400, > oy An = +00,and (Vn € N) v, = . Let T = Jya0(Id —9B).
We deduce from (i) that

(VzeF) lim| Bz, —Bz||=0 (4.20)
and from (ii) that

(VvzeF) lim|z, — Ta, —v(Bzx, — Bz)|| = 0. (4.21)
In view of (e), we obtain

lim || T, — 2z,]] = 0. (4.22)

In addition, since (e) and [4, Proposition 4.33] imply that T is nonexpansive, we derive from
(1.5) that
(Vn eN)  [[Tani1 — zna|
= [[T2pt1 — (1 = An)zn — An(Jya(zn — yun) + an)||
= [Topp1—Tap—(1=Ap)(@n—Tan) — An(JvA(xn_'Yun)_JVA(xn_’Van))_)‘nanH
< T2ns1 — Tanll + (1= M) Tzn — 20|
+ Anl[Jya(zn — yun) — Jya(@n — vBan)[| + Anllan|
< zns1 — 2all + (1 = M) Tzn — znll + AnYl[un — Banll + Anllan |
= )‘nHJ'yA(xn = Yun) + an — Tnll + (1 = X)) Tzn — 20| + Anyllun — Bzal| + Anllan|

< | Ty — ]| + )‘nHJ’YA(xn — YUp) — JWA(mn —vBxy)|| + Ayt — By || + 25 |ay |

< |[Tzn — 2| + 220 (V]un — By || + llan))- (4.23)
Now set

(VneN) &, = 'y\/)\nE(Hun — Bz, ||2| Xn) + AV E(|Jan||? | X0). (4.24)

Using (4.1), we get

En < 'Y\/)‘nE(Hun — E(un | xn)HQ | Xn) + 'Y\/)‘nHE(un’xn) - anHQ + Anv E(HanHQ | 2Cn)
<YV AuTwl|Bzy — Bz + TV AnGn(z) + 7V Al [E(un | Xn) — Bay ||
+ AV E([lan? [Xn). (4.25)
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Thus, (4.23) and (2.4) yield

(Vn e N) E([Tzni1 — zniall1Xn)
<[ Tap — | + 2)‘n(7E(Hun — B[ [ X) + E([|ax]| ’xn))
< [Tt — ll + 26 (4.26)

In addition, according to the Cauchy-Schwarz inequality and (i),

> VAnmalBa, —Bzll < > 7 Y AnllBan — Bz||? < 400 (4.27)

neN neN neN

Thus, it follows from assumptions (b)-(d) that (&,),en € £} +(Z), and we deduce from Propo-
sition 3.1(iii) and (4.26) that (|| Tz, — z[|)nen converges almost surely. We then derive from
(4.22) that there exists Q) € F such that P(2) =1 and (4.15) holds. Let w € Q. Suppose that
there exist x € H and a strictly increasing sequence (k,)necn in N such that zj, (w) — x. Since
z, (w) — xand Tz, (w) — xg, (w) — 0, the demiclosedness principle [4, Corollary 4.18]
asserts that x € F. Hence, the weak convergence claim follows from Theorem 3.2(iii). To
establish the strong convergence claims, set w = z — 7Bz, and set (Vn € N) w,, = z,, — vBxy,.
Then Tz, = J,aw, and z = Tz = J,aw. Hence, appealing to the firm nonexpansiveness of
Jya, we obtain

(VvneN) (T, —2z|z, — Tz, —v(Bz, — Bz))
=Tz, —z|w,— Tz, +2z—w)
= (Jyawy, — Jyaw | (Id = Jya)wy, — (Id — Jya)w)
>0 (4.28)
and therefore
(VneN) (Tz,—z|x,— Ta,) = ~(Tx, —z| Bz, — Bz). (4.29)
Consequently, since T is nonexpansive and B satisfies (1.1),
(v e N) lzn — 2| [[Tzn — zall = [[Tzn — 2| [Tz — 24|
(Tay —z | 2y — Tay)
v(Tx, —z | Bx,, — Bz)
=v(Tz, — zp | Bxy, — B2) + (z, — 2 | Bz, — Bz))

\\/ WV

> —7||Ten — 24| By — Bz|| + v9||Ba, — Bz||?
> —|[Tay — @l 20 — 2l + 9Bz, — Bz*  (4.30)
and hence
1
(VneN) ||Bay, — Bz|® < = (1 + %) 2n — 2|| [ T2n — 2n]]. (4.31)

Since, P-as. , (Tn)nen 1 is I bounded and Tz,, — z,, — 0, we infer that Bz,, — Bz P-a.s. Thus there
exists () € f such that Q@ ¢ Q, P(Q) = 1, and

(Vw € Q) zp(w) = z(w) and Bazy(w) — Ba(w). (4.32)

14



Thus, (h) = z,(w) — z(w). Finally, if (g) holds, the strong convergence of (x,,(w))nen follows
from the same arguments as in the previous case.

O

Remark 4.2 The demiregularity property in Theorem 4.1(iv) is satisfied by a wide class of op-
erators, e.g., uniformly monotone operators or subdifferentials of proper lower semicontinuous
uniformly convex functions; further examples are provided in [2, Proposition 2.4].

Remark 4.3 To place our analysis in perspective, we comment on results of the literature that seem
the most pertinently related to Theorem 4.1.

(i) In the deterministic case, Theorem 4.1 (iii) can be found in [14, Corollary 6.5].

(i) In [1, Corollary 8], Problem 1.2 is considered in the special case when H = R" and solved via
(1.5). Almost sure convergence properties are established under the following assumptions:
(Yn)nen is a decreasing sequence in |0, 9] such that ) v, = +00, A, = 1, a, = 0, and the
sequence (z,)nen is bounded a priori.

(iii) In [46], Problem 1.1 is addressed using Algorithm 1.3. The authors make the additional
assumptions that

(Vvn eN) E(u,|X,) =Bz, and a,=0. (4.33)

Furthermore they employ vanishing proximal parameters (7, ),cn. Almost sure convergence
properties of the sequence (z,),cn are then established under the additional assumption that
B is uniformly monotone.

(iv) The recently posted paper [47] employs tools from [18] to investigate the convergence of a
variant of (1.5) in which no errors (a,),en are allowed in the implementation of the resol-
vents, and an inertial term is added, namely,

(Vn € N)  Zpi1 = & + An(Jy,A (@0 + prlTn — Tno1) — Yntn) — @),
where p, € [0,1]. (4.34)

In the case when p,, = 0, assertions (iii) and (iv) (h) of Theorem 4.1 are obtained under the
additional hypothesis that inf A\,, > 0 and that the stochastic approximations which can be
performed are constrained by (4.33).

Next, we provide a version of Theorem 3.2 in which a variant of (1.5) featuring approximations
(A )nen of the operator A is used. In the deterministic forward-backward method, such approxima-
tions were first used in [39, Proposition 3.2] (see also [14, Proposition 6.7]).

Proposition 4.4 Consider the setting of Problem 1.1. Let x¢, (uy)nen, and (a,)nen be random vari-
ables in L*(Q, F,P;H), let (\,)nen be a sequence in ]0,1], let (v,)nen be a sequence in 10, 29|, and let
(A,)nen be a sequence of maximally monotone operators from H to 2. Set

(VneN) zp41 =2, + N\ (J%An (T, — Ynun) + an — mn) (4.35)

Suppose that assumptions (a)—(f) in Theorem 4.1 are satisfied, as well as the following:
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(k) There exist sequences (cun)nen and (Bn)nen in [0,+o0c[ such that ) nvVAnon < 00,
Y neN Anfn < +oo, and

(Vn e N)(Vx € H) ||Jy,a,x = Jy.ax]| < anl[X|| + Bn. (4.36)

Then the conclusions of Theorem 4.1 remain valid.
Proof. Let z € F. We have

(Vn€N) |zt —z|| < @ = A)llzn — 2|l + Al dypan (@0 — Toun) — 2| + Anllan]|- (4.37)
In addition,
(Vn € N) HJ%An(xn — Ynln) — Z||
< HJ'YnAn (Tn — Ynln) — J’YnAn (z = mBz)|| + ||J'YnAn (z—mBz) — J'YnA(Z — M B2)||
< lzn — Wun — 2+ 1 Bz[| + (35,4, (2 = 1B2z) — J5,a(z — 7:B2) |
<z — 2 = Ya(Bzn — Bz) — v (un — E(un | Xn))|| + v llE(un | Xn) — By
+ [ Jyn A, (z = Bz) — J, a(z — 7.B2Z)||. (4.38)

On the other hand, using assumptions (d) and (e) in Theorem 4.1 as well as (1.1), we obtain as in
(4.8)

(Vn e N) E(|zn —z = vn(Brn — Bz) — vn(un — E(un | xn))HZ | Xn)
< lwp — ZH2 - 'Vn(219 - (1+ Tn)'yn) Bz, — BZH2 + 'erlgn(z)
< e — 2I* + 726 (2), (4.39)

which implies that

(Yn € N) E(|rn — z = ym(Brn — Bz) — yn(un — E(un [ X)) Xy)
< l@n — z|| + v/ Cn(z). (4.40)
Combining (4.37), (4.38), and (4.40) yields
(Vn e N)  E([|znt1 —z]|[X5)

< lzn — 2|l + A V Cn(2) + Ayl E(un [ Xn) — Bay||
+ )‘nHJ%An (z—Bz) — J'YnA(Z — B2) || + ME([lan || X5)

<z — 2| +n V AnGn(Z) + ¥V Al B(un | X)) — By ||
+ Al Jy.a, (2 = 1WB2) — 1y, a(z = 1B2)|| + Au v/ E(llan |2 Xn). (4.41)
Since [4, Proposition 4.33] asserts that

the operators (Id — 7,,B),en are nonexpansive, (4.42)

it follows from (k) that

(V1 €N) Aulldy,an(Z = 10B2) = 1Az — 71aB2)]| < vV Anatnllz = 1Bz + Aufs

V A\ ||zl + AnfBn. (4.43)
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Thus,

> Aalldyuan (2 = 1B2) = Jy,a(z — mB2)|| < +oc. (4.44)
neN

In view of assumptions (a)-(e) in Theorem 4.1 and (4.44), we deduce from (4.41) and Proposi-
tion 3.1(ii) that (z,)nen is almost surely bounded. In turn, (4.42) asserts that (z,, — ¥,Bxy)nen is
likewise. Now set

(VneN) a, =)y, (xn — Yntn) — Iy, A(Zn — Yntn) + an. (4.45)
Then (4.35) can be rewritten as
(VneN) x4 =x,+ N\ (J%A(xn — Ynln) + Gp — xn) (4.46)

However,

(Vn e N)  VE([[an|?X,) < \/E(HJ'YnAn(xn — Vnln) — J’ynA(xn = Ynun) |11 Xn)
+ VE(|lan]|?|Xy).  (4.47)

On the other hand, according to (k), assumption (d) in Theorem 4.1, and (4.42),

(v € N) Any/E( a0 (20 = Yntin) = Jyua(n = ntn)|2 | Xn)
< )‘n\/E((O‘onn — Yntn|| + Bn)? | Xy)
< )‘n\/E((annxn — 1B + anyn[un — Ban|| + 82)? [ Xn)
< )\nan(Hxn — By || +'Yn\/E(Hun - anHQ‘xn)) + Anfn
< )‘nan(Hxn — M Brpl| + Yul|[E(un | Xn) — By ||
+ ’Vn\/E(Hun — E(un | xn)”2 | xn)) + Anfn
Anan(”"’cn — B || + ynl|E(un | Xn) — By || + ’Vn\/aHan - BZ]|
+ MV n(2)) + Anfn
< \/Ean(Hxn — By + Vnm“E(un’xn) — Bay|| + yn/Tal|Bry, — Bz||
+ Vn )\nCn(z)) + A fBn- (4.48)

N

However, assumptions (c) and (d) in Theorem 4.1 guarantee that (/A ||E(u, |X,,) — Bzy||)neny and
(v/AMCn(2))nen are P-a.s. bounded. Since (Bxy,)nen and (x, — v,Bxy)nen are likewise, it follows
from (k) and (4.42) that

S hJE Qs a0 — i) — (2 — i) [2]X,) < o, (4.49)
neN

and consequently that
> A VE([[@n]?X5) < +o0. (4.50)
neN

Applying Theorem 4.1 to algorithm (4.46) then yields the claims. [
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5 Applications

As discussed in the Introduction, the forward-backward algorithm is quite versatile and it can be
applied in various forms. Many standard applications of Theorem 4.1 can of course be recovered for
specific choices of A and B, in particular Problem 1.2. Using the product space framework of [2], it
can also be applied to solve systems of coupled monotone inclusions. On the other hand, using the
approach proposed in [16, 20], it can be used to solve strongly monotone composite inclusions (in
particular, strongly convex composite minimization problems), say,

q
find x € H such that z € Ax+ Y Li((BxODg)(Lix — 1)) + px, (5.1)
k=1

since their dual problems assume the general form of Problem 1.1 and the primal solution can
trivially be recovered from any dual solution. In (5.1), z € H, p € ]0,+oc[ and, for every k €
{1,...,q}, ry lies in a real Hilbert space Gy, By : G, — 2% is maximally monotone, D : G, — 2C+ is
maximally monotone and strongly monotone, B;, (1D, = (B, *+D; !)~!, and Ly, € B (H, G). In such
instances the forward-backward algorithm actually yields a primal-dual method which produces a
sequence converging to the primal solution (see [20, Section 5] for details). Now suppose that, in
addition, C: H — H is cocoercive. As in [17], consider the primal problem

q
find x € H such that z € Ax+ Y L;((BxODg)(Lpx — 1)) + Cx, (5.2)
k=1

together with the dual problem

find vi € Gy, ..., vy € G, such that
q

(VEe{l,...,q})) —rmne€—-L(A+0O)! <z -3 L7w> + B 'vi, + Dy tv. (5.3)
=1

Using renorming techniques in the primal-dual space going back to [34] in the context of finite-
dimensional minimization problems, the primal-dual problem (5.2)-(5.3) can be reduced to an
instance of Problem 1.1 [20, 53] (see also [23]) and therefore solved via Theorem 4.1. Next,
we explicitly illustrate an application of this approach in the special case when (5.2)-(5.3) is a
minimization problem.

5.1 A stochastic primal-dual minimization method

We denote by I'g(H) the class of proper lower semicontinuous convex functions. The Moreau subd-
ifferential of f € I'y(H) is the maximally monotone operator

of: H—>2H:x»—>{u€H | (Vy € H) {y —x|u) +f(x) <f(y)}. (5.4)

The inf-convolution of f: H — ]—oo0,+0o0] and h: H — ]—o00,+o0] is defined as fOh: H —
[—00,+00] : x — infyen (f(y) + h(x —y)). The conjugate of a function f € I'((H) is the function
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f* € I'y(H) defined by (Vu € H) f*(u) = sup,en((x | u) — f(x)). Let U be a strongly positive self-
adjoint operator in B (H). The proximity operator of f € I'y(H) relative to the metric induced by U
is

proxy : H — H: x — argmin <f(y) + le - y||%> , (5.5)
yeH 2
where
(Vx € H) IX[lu = V(x| Ux). (5.6)

We have prox{ = Jy-1.

We apply Theorem 4.1 to derive a stochastic version of a primal-dual optimization algorithm for
solving a multivariate optimization problem which was first proposed in [17, Section 4].

Problem 5.1 Let f € I'y(H), let h: H — R be convex and differentiable with a Lipschitz-continuous
gradient, and let ¢ be a strictly positive integer. For every k € {1,...,q}, let G; be a separable
Hilbert space, let gx, € T'0(Gg), let jx € T'0(G) be strongly convex, and let L, € B (H,Gg). Let
G =G; & - @ G, be the direct Hilbert sum of Gy, ..., G,, and suppose that there exists X € H such
that

0 € () + Z L (Ogr, 0 0ji) (LiX) 4+ Vh(X). (5.7)
k=1

Let F be the set of solutions to the problem

q
f(x Ojk)(L h 5.8
mlglerﬁme )+ kz_l gr Oji) (Lex) + h(x) (5.8)

and let F* be the set of solutions to the dual problem

q
mlr‘}lenane (f*Oh*) ( Z Lkvk> Z ge(vie) 5 (Vi) (5.9)

k=1 k=1
where we denote by v = (vy,...,v,) a generic point in G. The problem is to find a point in F x F*.

We address the case when only stochastic approximations of the gradients of h and (j})i<r<q
and approximations of the function f are available to solve Problem 5.1.

Algorithm 5.2 Consider the setting of Problem 5.1 and let W € B (H) be strongly positive and self-
adjoint. Let (f,,),cn be a sequence in I'g(H), let (A, ),en be a sequence in ]0, 1] such that ) A, =
+o0, and, for every k € {1,...,q}, let Uy € B (Gy) be strongly positive and self-adjoint. Let z,
(tn)nen, and (b, )nen be random variables in L?(€2, F, P;H), and let vg, (8,)nen, and (¢, )nen be
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random variables in L?(Q, F, P; G). Iterate

forn=0,1,...
q
Yn = prox}/r\L/*1 <xn — W(Z Lyven + un>> + by,
k=1
Tn+l = Tp + )‘n(yn - xn) (510)
fork=1,...,q
U71

{ Wk,n = ProXg: (Ven + Ur(Le(2yn — @n) — Skn)) + Chm

L Vg n+1 = Vkn + )‘n(wk,n - Uk,n)-

Proposition 5.3 Consider the setting of Problem 5.1, let 2" = (X,,)nen be a sequence of sub-sigma-
algebras of F, and let (z,,)nen and (v, )nen be sequences generated by Algorithm 5.2. Let u € ]0, +00[
be a Lipschitz constant of the gradient of h o W/2 and, for every k € {1,...,q}, let v}, € |0, 400[ be a

Lipschitz constant of the gradient of j; o Ui/ %, Assume that the following are satisfied:

@ (VneN) o(xn, v )ocn<n C Xy C Xpt1.
) X en A VE(Dal21X,) < +00 and 3, A v/E([€nl2[X0) < +oc.
(© Cren VARGt [X0) — Vhza)| < +oc.
(d) Forevery k€ {1,...,q}, > en VARlE(Skn | Xn) — Vi (ven)|] < +oc.

(e) There exists a summable sequence (7, )nen in [0, +oo[ such that, for every (x,v) € F x F*, there
exists (Ga(x,v)), oy € €3(2) such that (AaCa(x,v)), . € £/*(2) and

(vn € N)  E(llun — E(un|Xn)[?[Xn) + E(llsn — E(sn]Xa)|*Xn)

q
< (vam SR + 3 19 (o) — wzm)u?) (o). (5.11)
k=1

(f) There exist sequences (cu)nen and (Bn)nen in [0,4o00 such that ) VAo, < oo,
Y nen Anfn < +oo, and

(Vn e N)(vx e H) [proxt’'x — prox}¥" x| < an||X|| + B (5.12)

() max{p,vi,...,vy} <2 <1 - \/22:1 ||U,1§/2LlcVV1/2H2>-

Then, the following hold for some F-valued random variable x and some F*-valued random variable v:

(1) (xn)nen converges weakly P-a.s. to x and (v, ),en converges weakly almost surely to v.

(ii) Suppose that Vh is demiregular at every x € F. Then (x,,),cn converges strongly almost surely to
x.
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(iii) Suppose that there exists k € {1,...,q} such that, for every v € F*, Vj; is demiregular at vy,
Then (vin)nen converges strongly almost surely to vy,

Proof. The proof relies on the ability to employ a constant proximal parameter in algorithm (4.35).
Let us define K = H® G, g: G — ]—o00,+00]: v — > 7 ge(vk), j: G — ]—00,+00]: v >
S dyie(vi), Li H = G:x — (ka)1<k<q’ and U: G — G:v — (Upvy,...,Uyv,). Let us now
introduce the set-valued operator

A: K — 25 (x,v) = (0f(x) + L*v) x (— Lx + 0g*(v)), (5.13)
the single-valued operator

B: K— K: (x,v) = (Vh(x), Vj*(v)), (5.14)
and the bounded linear operator

V: K= K: (x,v) = (W x — L*v, —Lx + U™ 'v). (5.15)

Further, set

q
0 = (1 - J > u,ﬁ/QLkaH) min{u~t vl (5.16)
k=1

and
(Yn e N) 7, = [V |V]7. (5.17)

Since (e) imposes that ) | 7, < +00, we assume without loss of generality that

sup 7, < 2¢ — 1. (5.18)
neN
In the renormed space (K, | - |lv), V 'A is maximally monotone and V!B is cocoercive [20,

Lemma 3.7] with cocoercivity constant ¢ [43, Lemma 4.3]. In addition, finding a zero of the sum
of these operators is equivalent to finding a point in F x F*, and algorithm (4.35) with ~,, = 1 for
solving this monotone inclusion problem specializes to (5.10) (see [20, 43] for details), which can
thus be rewritten as

(Y €N)  (@ns1,Vn11) = (@0, V) + A (Jy-1a, (20, 00) =V (g, 82)) + @ — (20, v4)), (5.19)
where
(VneN) ap = (bn,cn) (5.20)
and
(Vn e N) A, K— 25 (x,v) = (9, (x) + L*v) x (— Lx+ 0g*(v)). (5.21)
Then
(Vn € N)(V(x,v) € K) Jyip (x,v) = (y,proxg;1 (v+UL(2y — x))>,
where y = prox}ﬁ’fl(x — WL*v). (5.22)
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Assumption (b) is equivalent to >
that

nen Any/E(llanll¥ | X5,) < 400, and assumptions (c) and (d) imply

> VANENV T (U, 80) [X0) = VT B(up, 80) v < +00. (5.23)

neN

For every (x,v) € F x F*, assumption (e) yields

(v € N)  E(IV™" (un, sn) = E(V™H (un, 80) | Xn) [ %)

< IVTHIElun — E(un | Xn) 17 [X0) + E(l[$n — E(sn | Xn)[1?1X5))
< IV (T (IVh(zn) = VR + [Vi*(v5) = ViFW)[?) + Ca(x, V)
g TnHV IB(.%'n,’Un) - VﬁlB(X7v)H%/ + Zn(X,V), (524)
where
(Vn €N)  Cu(x,v) = [V Calx, v). (5.25)

According to assumption (e), (Zn(x,v))nGN € (%), and ()‘"Z"(X’V))neN € 61/2(%). Now, let
n € N, let (x,v) € K, and sety = prox}’V_l(x — WL*v). By (5.22) and the nonexpansiveness of
prongl in (G, | - [|y-1), we obtain

’Jv 1A, (x,v) — Jy-1a(x V)H%/

< IVII(Ily = 91I? + [|lproxy. (v + UL(2y —x)) — prox¥. (v + UL(2y — x))||*)

IVI(lly = YII* + 4UL(y = 9)[I5-1)

IV(I(L + 4[]y — 1. (5.26)

NN

It follows from (f) that

HJV*lA (x,v) — Jy-1a(x; v)lv
< IVIM2)I + 2u 2L f[proxd¥ ™ (x — WL v) — proxt ™ (x — WL*v))|

< IVIM2)1 (1 + 20 (V2L (o Ix — WL*V|| + By,)

< VI + 212K (o I+ WL + 8x)

< | (%, V)[lv + Bns (5.27)
where

(5.28)

{&n = V2[V[['Z]|(1 + 2O 2L max{1, WL [HIVTH 2oy,
B = IVIMZII(1 + 2/ U[I2(IL]) -

Thus, >,y VAnan < 400 and ) )\nﬁn < +oo. Finally, since v, = 1, (5.18) implies that
sup,en(1 + 7n)vn < 29. All the assumptions of Proposition 4.4 are therefore satisfied for algorithm
(5.19). 0
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Remark 5.4

(i) Algorithm 5.10 can be viewed as a stochastic version of the primal-dual algorithm investigated
in [20, Example 6.4] when the metric is fixed in the latter. Particular cases of such fixed metric
primal-algorithm can be found in [12, 15, 30, 34, 35].

(i) The same type of primal-dual algorithm is investigated in [5, 43] in a different context since
in those papers the stochastic nature of the algorithms stems from the random activation of
blocks of variables.

5.2 Example

We illustrate an implementation of Algorithm 5.2 in a simple scenario with H = R by constructing
an example in which the gradient of h is available only through the observation of stochastic data
and the approximation conditions are fulfilled.

Forevery k € {1,...,q} and every n € N, set s, ,, = Vj; (v ,) and suppose that (y,)ncn is almost
surely bounded. This assumption is satisfied, in particular, if domf and (b,),ecn are bounded. In
addition, let

(vn S N) xn = 0'(1'0, Vo, (Kn’7 zn’)Oén’<mn7 (bn’v cn’)l<n’<n)7 (529)

where (my,)nen is a strictly increasing sequence in N such that m,, = O(n'*9) with § € ]0, +o0],
(Ky)nen is a sequence of independent and identically distributed (i.i.d.) random matrices of RM <V
and (z,)nen is a sequence of i.i.d. random vectors of RM, For example, in signal recovery, (K, )nen
may model a stochastic degradation operator [19], while (z,),cn are observations related to an
unknown signal that we want to estimate. The variables (K, z,),en are supposed to be i.i.d.,
independent of (b, ¢, )nen, and such that E||Ko||* < +o0 and E||z||* < +o0. Set

1
(¥x € H) h(x) = §EHK0X — 2|2 (5.30)

and, for every n € N, let

1 Mp4+1—1
= K (K, 2, — 2, 5.31
Un P— n/zzo n ( n'Tn — Zn ) ( )

be an empirical estimate of Vh(z,,). We assume that \,, = O(n™"), where x € |1 — §,1] N [0, 1]. We
have

(Vn €N)  E(un |Xn) — Vh(zn) = —— (Qoumnn — 7o) (5.32)

Mp41

where, for every (n1,n2) € N? such that n; < ng,

na—1 na—1
Quims = Y (KyKpw —E(K) Ko)) and rn,n, = > (K j2w — E(Kj 2)). (5.33)
n'=nq n'=nq
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From the law of iterated logarithm [24, Section 25.8], we have almost surely

Tm HQO,mnH < 400 and Tm HTO,mnH

. 5.3
norteo \/mn log(log(my)) noteo \/mn log(log(my,)) = (-39

Since (¥ )nen is assumed to be bounded, there exists a [0, +oo[-valued random variable 7 such that,
for every n € N, sup,,cy ||yn|| < 1. Therefore,

(vn €N) |zl < [lzoll + 7. (5.35)

Altogether, (5.32)—(5.35) yield

MG 1) — V()P = (2o 8By _ o (osfost)) (5.36)

n+1

Consequently, assumption (c) in Proposition 5.3 holds. In addition, for every n € N,

1

Mp+1

Up — E(un |xn) = (an,mn_Hxn - Tmn,mn+1) (537)

which, by the triangle inequality, implies that

1
E(lltn — E(un |X0)[121X0) < —5—E((1Qmnmuss | 1Z0]l + 1rm s 1) 1X0)
anrl
2
< — (E‘|an7mn+l ||2 ||xn||2 + E||7'mn,mn+1H2)- (5.38)
anrl

Upon invoking the i.i.d. assumptions, we obtain

EllQum . 12 = (mys1 — mn)E|| K Ko — E(K, Kp)l|?
(VnEN) HQ ny n+1! (m +1 m ) H _IQ 0 (TO 02)H (5.39)
EHTmn7mn+1H = (Mpt1 — mn)EHKO 20 — E(Ky 20) ||
and it therefore follows from (5.35) that
— 1
— E(l|uy, — E(uy, | X,)]12]X,) = O Bt Z M _ o~ 5.40
G = Ellun = Efun | X)) = O( 05— ) = O(355) (5.40)
and
1
AnCn = O(W)' (5.41)

Thus, assumption (e) in Proposition 5.3 holds with 7, = 0.
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