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§1. Introduction

The objective of image recovery and, more broadly, of various tasks in the areas of inverse problems
and data analysis is to determine the value of a mathematical object (an image, a signal, a set of
parameters, a distribution, a covariance matrix, a spectrum, etc.) conveying information of interest
using experimental measurements and some a priori knowledge (data formation model, properties of
the target solution, etc.). Over the past 60 years, convex optimization has established itself as one of
the most reliable and efficient framework to formulate, analyze, and solve such problems [1, 11, 20, 22,
23, 25, 28, 32, 39, 45]. One typically aims at minimizing an aggregation of convex loss functions that
model individually the desired properties of the ideal solution arising from the a priori knowledge
and the observed data. The assumptions underlying the minimization models to be discussed are the
following (see Section 2 for notation).

Assumption 1.1. H is a real Hilbert space with scalar product - | -)4, associated norm || - ||, and
quadratic kernel Q¢ = ||- ”(ZH /2, f € I(H),and h: H — Risaconvex and differentiable function with
a p~1-Lipschitzian gradient for some f € ]0,+oo[. Further, 0 < p € N and, for every k € {1,...,p},
Gk is a real Hilbert space, g € I5(Gk), and 0 # Li: H — Gy is a bounded linear operator. Finally,
(ak)1<k<p are weights in ]0, +oo[ which satisfy Z‘ZZI ar||Le]l® < 1.

The most prevalent minimization framework in data analysis consists in minimizing an objective
function which aggregates the loss functions (g )i<k<, and the linear operators (Li)i<k<p by means
of a standard composite averaging operation as follows.

Problem 1.2. Under Assumption 1.1, the task is to

minirgize f(x) + (cav(g, Lk)lgkgp) (x) + h(x), (1.1)
x€9
where
P
cav(gk, Li)iskep = ), @igk © L (1.2)
k=1

is the standard composite average of (gi)1<k<p and (Li)1<k<p-

An alternative way to aggregate the functions (gx )1 <k<p and the linear operators (L )1<k<p is via the
proximal comixture operation. This operation is derived from the proximal mixture operation recently
introduced in [15] by duality, and it is further studied in [8, 18]. The main objective of the present paper
is to propose the use of this aggregation process as an alternative to the standard composite average
of Problem 1.2. This brings us to the following minimization model, which involves the conjugation
operation of (2.1).

Problem 1.3. Let y € |0, +co[. Under Assumption 1.1, the task is to

minimize f(x) + (pem, (gho Li)rckep) () + h(x) (13)
where
P . * *
pemy (gi Li)1<ksp = ((Z Qx (QZ + Y@gk) ° Lk) - )’@H) (1.4)
k=1

is the proximal comixture of (gx)1<k<p and (Li)1<k<p With parameter y.



Let us make some observations about these two formulations to motivate the latter.

+ Both Problems 1.2 and 1.3 can be viewed as relaxations of the ideal feasibility problem

x € Argmin f
find x € H such that (Vk € {1,...,p}) Lyx € Argmin gi (1.5)
x € Argmin h,

which aims at imposing all the desired properties exactly and hence at minimizing all the loss
functions simultaneously. However, the set

P
Z = Argmin f N (ﬂ L,;l(Argmingk)) N Argmin h (1.6)
k=1

of solutions to (1.5) is typically empty and, as will be seen in Remark 3.4(ii), both Problems 1.2
and 1.3 are relaxations of (1.5) in the sense that, if Z # @, then Z is the set of solutions of these
two problems.

« The aggregation in Problem 1.2 may not be robust to perturbations. For instance, let us consider
the special case when f = 0, h = 0, and, for every k € {1,...,p}, Gk = H, Ly = Idgy, and gi is
the indicator function of a nonempty closed convex set Cx C H. This reduces (1.1) to

p
find x € ﬂ Cr, (1.7)
k=1

which happens to coincide with (1.5) in this case. If the sets (Cx)1<k<p are not specified exactly,
no solution may exist [10, 14]. However, it will follow from Remark 3.4(i) that the solutions
to Problem 1.3 minimize the average squared distance to the sets. Such solutions are classical
surrogates in inconsistent feasibility problems [14], which go back to Legendre’s least-squares
method for systems of linear equations [34]. They exist under mild conditions, such as the
boundedness of one of the sets.

+ Problem 1.2 involves a simple aggregation process by averaging. However, the nonsmooth func-
tion (1.2) has no explicit proximity operator, and solving (1.1) therefore calls for sophisticated
proximal splitting methods to decompose the p functions (gx)i<k<, and the p linear opera-
tors (Lg)i<k<p individually [16]. Overall, solving Problem 1.2 requires the splitting of 2p + 2
terms, which can be expected to lead to algorithms that are slower and necessitate more mem-
ory storage than those that would split less terms. By contrast, the aggregated function (1.4) in
Problem 1.3 is less intuitive but, as will be seen in Proposition 3.3(ii), its proximity operator can
be computed explicitly in terms of those of the functions (gx)i<k<p and of the linear operators
(Lk)lsksp as

P
prox)/pcmy(gk’Lk)lgkgp = Id(}_{ - Z akth ° (Idgk - pI'OX)/gk) © Lk- (18)
k=1

In turn, solving Problem 1.3 requires the splitting of only 3 terms.
« In the special case when Zi:l ar = 1and, for every k € {1,...,p}, Gx = H and L; = Idyy, the

proximal comixture of (1.4) reduces to the proximal average

p

pav, (gi)i<ckep = ((Z (i + Y@H)*)* - y@ﬂ) , (19

k=1



and (1.8) gives

P
PIOXypav, (gi)i<kep — Z A PTOX g, - (1.10)
k=1
This aggregation process has been implicitly introduced in [37], extensively studied in [6], and
used in data analysis problems in [2, 13, 31, 36, 42, 48], where its benefits over the standard
average

M~

ave(gk)i<k<p = ), Gk (1.11)

bl
Il

1

are discussed.

« Formally, evaluating (1.4) at y = 0 gives back (1.2). This connection will be made mathematically
precise in Theorem 3.6, where we study the asymptotic behavior asy | 0.

Notation and background are provided in Section 2. In Section 3, we study the mathematical prop-
erties of proximal comixtures and investigate connections between Problems 1.2 and 1.3. Section 4 is
devoted to algorithms for solving Problems 1.2 and 1.3. Finally, Section 5 provides numerical illustra-
tions of proximal comixture models in concrete signal restoration, image reconstruction, and linear
regression problems.

§2. Notation and background

Throughout, H is a real Hilbert space with power set 2, identity operator Idy,, scalar product
(- | )¢ associated norm ||-||4;, and quadratic kernel Q¢; = ||- H(ZH/Z For background on nonlinear
analysis in Hilbert spaces, see [5].

Let ¢: H — [—00, +00]. The conjugate of ¢ is

@*: H — [—00,+00]: x* > su£(<x|x*>ﬂ - ¢(x)). (2.1)

If infyeqr ¢ (y) > —oco0 and ¢ € [0, +oo[, the set of e-minimizers of ¢ is
e-Argmin ¢ = {x eH | p(x) < inqtj{ o(y) + e}. (2.2)
ye
In particular, the set of minimizers of ¢ is Argmin¢ = 0-Argmin ¢. If Argmin ¢ is a singleton, its

unique element is denoted by argmin .4, ¢(x). Moreover, ¢ is proper if —co ¢ ¢(H) and dom¢ =
{x e H | p(x) < +o0} # @.If ¢ is proper, its subdifferential is

ap: H — 2" x> {x* eH|VyeH) (y—x|x")g +o(x) < (p(y)}. (2.3)

Let y € ]0,4+0o[. Then the (lower) Moreau envelope of ¢ with parameter y is
1
lenv, ¢: H — [—00,+00]: x > inf ((p(y) + —Qp(x - y)), (2.4)
yeH Y
and the upper Moreau envelope of ¢ with parameter y is

uenv, ¢: H — [—o0,+00]: x squ(qo(y) - %@q{(x - y)). (2.5)
S



Given p € R, I},(H) denotes the class of proper lower semicontinuous functions ¢: H — ]—oo, +0]
such that ¢ + p@Qy is convex. The proximity operator of ¢ € Iy (H) is

prox,,: H—->H:x+— argr{}r;in((p(y) +Qx(x — 1)) (2.6)
ye

and it is characterized by

(Vx e H)(Vp e H) p=prox,x & x—pé€p(p) (2.7)
An operator T: H — H is y-cocoercive if

(Vx e H)(Vy € H) (x—y|Tx —Ty)y > ylITx - Tyll%,. (2.8)

Let C c ‘H. Then the indicator function of C is denoted by i¢ and the distance function to C is denoted
by dc. If C is nonempty, closed, and convex, its projection operator is denoted by proj,. The closed
ball with center x € H and radius p € ]0,+oo[ is denoted by B(x; p).

The following results will be useful.

Lemma 2.1. Let ¢ € I[j(H) and let y € ]0,+0c0[. Then the following hold:

(i) lenvy ¢ = (¢* +y0Oy)".
(i) uenv, ¢ = (¢* - Y@x)".
Proof. Recall that, since ¢ € I5(H), ¢** = ¢ [5, Corollary 13.38].

(i): This follows from [5, Proposition 14.1].
(ii): Apply [29, Theorem 2.2] withg = ¢* and h = y@Qy. O

We recall the following result from [7, Lemma 3] (see also [40, Example 11.26(d)] for the finite-
dimensional case).

Lemma 2.2. Let ¢: H — ]—0co,+00] be proper and let y € ]0,+oo[. Then the following are equivalent:

(i) uenvy (lenvy, @) = ¢.
(ii) ¢ € I/ (H).

Lemma 2.3. Let ¢: H — R be continuous and convex, and let y € 10, +oo[. Then the following are
equivalent:

(i) lenvy, (uenvy, @) = ¢.
(ii) —¢ € I/ (H).
(iii) (uenvy @)* = @™ — yQy.

(iv) uenvy ¢ € I3(H), @ is Fréchet differentiable, and prox =Idgs — yVo.

y(uenvy @)
(v) ¢ is Fréchet differentiable and V¢ is y-cocoercive.

(vi) ¢ is Fréchet differentiable and V¢ is y~!-Lipschitzian.
Proof. 1t follows from (2.4) and (2.5) that lenv, ¢ = —uenv; (—¢). Therefore,
lenv, (uenv, ¢) = —uenv, (—uenv, ¢) = —uenv, (lenv, (—¢)). (2.9)

(1)=(ii): By (2.9), uenvy (lenv, (—¢)) = —¢. Thus, Lemma 2.2 yields —¢ € I, (H).



(ii)=(iii): By [5, Proposition 14.2], ¢* € I, (). Thus, the result follows from Lemma 2.1(ii) and
[5, Corollary 13.38].

(iii)=(iv): Since ¢ € Iy (H), [5, Corollary 13.38] asserts that ¢ € Iy (H), which implies that uenv, ¢
is proper. In turn, it results from [5, Proposition 13.13] and Lemma 2.1(ii) that uenv, ¢ € I(H). Thus,
we derive from Lemma 2.1(i) and [5, Corollary 13.38] that

*

lenv, (uenv, ¢) = ((uenvy o) + y@H) = ((q)* - yQy) + Y@(}{) =9 =¢. (2.10)

Hence, [5, Proposition 12.30] guarantees that ¢ = lenv, (uenv, ¢) is Fréchet differentiable and that
Vo =y (Idg = ProX,yeny, ))-

(iv)=(v): This follows from [5, Proposition 12.28].

(v)=(vi): This follows from (2.8) and the Cauchy-Schwarz inequality.

(vi)=(i): It follows from the equivalence (i)<(vi) in [5, Theorem 18.15] that —¢ € I3, (H). We
therefore deduce from Lemma 2.2 that uenv; (lenvy, (—¢)) = —¢. We conclude via (2.9). 0

Remark 2.4. The functions lenv, ¢ and uenv, ¢ are, respectively, the infimal and the supremal con-
volutions of ¢ and @¢/y. In [30, Definition 2.4], uenv, ¢ is called the deconvolution of ¢ by Q4/y.
Furthermore, when y < p, the functions lenv, (uenv, ¢) and uenv, (lenv, ¢) are known as the Lasry-
Lions regularizations of ¢, which were introduced in [33] and further studied in [4, 7, 40, 43], whereas
lenv, (uenvy ¢) is called the proximal hull of ¢ in [40, Example 1.44].

§3. Properties of proximal comixtures

Throughout this section, Assumption 1.1 is in force. Recall from (1.2) that the associated standard
composite average is

P
cav(gk, Li)isksp = ), %k © L, (3.1)
k=1

and from (1.4) that the associated proximal comixture with parameter y € ]0, +oo[ is

p

pemy (gis Li)1<ks<p = ((Z Qg (QZ + Y@gk) ° Lk) - )’@H) : (3.2)
k=1

We first provide reformulations of the proximal comixture of (3.2) in terms of the Moreau envelopes
of (2.4) and (2.5) (see Fig. 1), and then in terms of the proximal average of (1.9) and of the follow-
ing proximal cocomposition operation. These connections will not only shed new light on proximal
comixtures but also play a role in forthcoming proofs.

Definition 3.1 ([15]). Let G be a real Hilbert space, let g € I5(G), and let L: H — G be a bounded
linear operator. The proximal cocomposition of g and L with parameter y € ]0, +co] is

Y . x * "
Lig= (((g +y@g) oL) —y@H) . (3.3)
Proposition 3.2. Lety € |0, +oco[. Then the following hold:

(1) pem, (g, Li)1<k<p = uenvy SP_ ax(lenvy gi) o L.
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Figure 1: (left): Standard composite average (3.1). (right): Proximal comixture (3.2) in terms of the
Moreau envelopes of (2.4) and (2.5) using Proposition 3.2(i).

.. Y
(if) Suppose that Z‘Zzl ar = 1 and maxick<p ||Lk|| < 1. Then pCmY(gk,Lk)lgkgp = pavy(Lkogk)KKp.

(iii) Let G be the standard product vector space X‘Z:l Gr, with generic element y = (yx)1<k<p, and
equipped with the scalar product

p
(1967 ()~ ) alue | 1) g, (34)
k=1
and set
p
L:H—->G: x> (LkX)1<k<p and g: G — |—00,+00]: y > Z gk (Y)- (3.5)
k=1

Then pem,, (gk, Li)i<k<p = ng-
Proof. Set ¢ = Zi:l ax (lenvy gi) o Li. By virtue of [5, Proposition 12.30],
1 P
Vo = ; Z axLy o (Idg, — prox,,, ) o Lg. (3.6)
k=1

However, Zi=l ar||Lk]|> < 1 by Assumption 1.1 and [5, Proposition 12.28] asserts that the operators
(Idg, — prox,,, )i<k<p are nonexpansive. Therefore, (3.6) implies that V¢ is y~1-Lipschitzian.
(i): We derive from (3.2) and Lemma 2.1(i)—(ii) that
pem,, (gks Li)i<ksp = (¢ = y@x)” = ueny, ¢. (3.7)

.. e .. Y
(ii): It follows from [18, Proposition 3.13(ii)] that (Vk € {1,...,p}) lenv, (L #gx) = (lenvy gi) o Ly.



Therefore, (i), Lemma 2.1(i)-(ii), and (1.9) yield

pemy, (gk, Li)1<k<p = uenvy ¢

P
= uenv, (Z ailenv, (Lngk))

k=1

= ((Zp: arlenv, (Lkzgk))* - y@w)

k=1

*

y
= payy (Lk’gk)lsksp' (3.8)

(iii): Since || - ||2g: G >Ry Zzzl ak||yk||2gk, lenv,g: G — R:y > Zzzl ar (lenvy, gi) (yi)-
Therefore, (lenv, g) o L = Z‘ZZI ar (lenvy gi) o Li, and the result follows from (i), items (ii) and (i) in
Lemma 2.1, and (3.3). 0O

Proposition 3.3. Lety € |0, +co[. Then the following hold:

(1) pcmy(gk9 Lk)lékép € Fo(q'{)

(ii) prox =Idy — Zi:l axLy o (Idg, — prox o Lg.

ypem, (gi.Li)i<k<p ygk)

(iii) Suppose that one of the following is satisfied:
(@) TF_, el < 1.
(b) Foreveryk €{1,...,p}, domgy = Gk.
(c) Zi:l ar = 1, maxick<p ||Lxll < 1, and there exists £ € {1,..., p} such that domg, = G,.
Then dompcmy(gk,Lk)KKP =H.
(iv) lenv, pem, (g Lir<kep = S @ (lenvy gi) o L.
(v) Argmin pcm, (9ks Li)1<k<p = Argmin Zzzl ar (lenvy gx) o Lg.
(vi) Suppose that (\F_ L' (Argmingi) # @. Then

p
Argminpcmy(gk,Lk)Kkgp = Argmin cav(gx, Li)1<k<p = m L,;I(Argmingk). (3.9)
k=1

Proof. Define G, L, and g as in (3.5), and note that

p
(VxeH) Lxlf = > aclllexlf, <
k=1

)4
|| LelPllx 15 (3.10)

k=1

which yields ||L||? < Zi=1 ar||Lk]|*> < 1 by Assumption 1.1. Further, by Proposition 3.2(iii),

Y
pemy, (gk, Li)1<k<p = Log. (3.11)

(i): This follows from (3.11) and [18, Proposition 3.7(i)].



(ii): Note that (Y(y})1<k<p € G) L" (Y )1<k<p = Zizl akLpy; and prox,, (y;)1<k<p = (Prox,y, yi)i<k<p-
It therefore follows from (3.11) and [18, Proposition 3.10(ii)] that

PIOXypem, (g Li)i<kep — PrOXY(LKg)

=1Idg — L* o (Idg — prox,,) o L

4
=Idy - Z arL; o (Idg, — proxygk) o L. (3.12)
k=1

(iii)(a): In this case, ||L||? < Z‘ZZI ar||Lk||? < 1. Therefore, the assertion follows from (3.11) and [18,
Proposition 3.2(iv)(a)].

(iii)(b): Since domg = XZ:l domgy = ><‘Z=1 Gr = G, the assertion follows from (3.11) and [18,
Proposition 3.2(iv)(b)].

(iii)(c): According to [18, Proposition 3.2(iv)(b)], dom(L[Kgf) = HH. Hence, we derive from Proposi-
tion 3.2(ii) and [15, Remark 5.11(v)] that

P
Y Y
dom pem, (gk, Li)1<k<p = dompavy(Lkogk)Kkgp = E a dom(Li#gi) = H. (3.13)
k=1

1v): Set ¢ = . ar(lenv, gi) o L. As seen after (3.6), 1s y~ ~-Lipschitzian. On the other hand,
(iv): Set ¢ = ¥P_ ar(lenv, gi) o Li. A f Vg is y~!-Lipschitzian. On the other hand
Proposition 3.2(i) asserts that pem, (gk, Lk )1<k<p = uenv ¢. Altogether, appealing to the equivalence
(i)<(vi) in Lemma 2.3, we conclude that lenv, pcm, (9k> Li)1<k<p = lenvy (uenvy @) = ¢.

(v): The result follows from (i), (iv), and the fact that the set of minimizers of a function in I (H)
coincides with that of its lower Moreau envelope [5, Proposition 17.5].

(vi): Since ﬂizl lel(Argmin gk) # @, [5, Proposition 17.5] and (v) imply that

p
Argmin cav(ge, Li)i<kep = [ | L' (Argmin gp)
1

>~
I

I
DL

L,:l (Argmin lenv, gi )

kel
Il
—

P
= Argmin Z ax(lenvy gi) o Ly
k=1

= Argmin pem, (gk, Lic)1<k<p, (3.19)
which completes the proof. [
Remark 3.4. Let us make a couple of observations about Proposition 3.3.

(i) Suppose that, in Assumption 1.1, f = h = 0 and, for every k € {1,...,p}, g = ip, for some
nonempty closed convex set D C Gi. Then Problem 1.2 amounts to finding x € H such
that, for every k € {1,..., p}, Lyx € Dg. On the other hand, it follows from Proposition 3.3(v)
and [5, Example 12.21] that Problem 1.3 amounts to finding a minimizer of the least-squares
function x +— ZZZ ) o:kdlzjk (Lgx), which has been used in the relaxation of inconsistent feasibility
problems [9, 14, 19].



(ii) In general, the solution sets of Problems 1.2 and 1.3 are distinct. However, it follows from Propo-
sition 3.3(vi) that, if the set Z in (1.6) is nonempty, then it coincides with the solution set of both
problems.

Next, we compare the standard composite average of cav(gx, Lx)1<k<p of (3.1) with the proximal
mixture pem,, (9> Li)1<k<p of (3.2). Let us start with some basic inequalities.

Proposition 3.5. Lety € ]0,+oo[ and

P P
@: H — ]—00,+00]: x > 1<i§<1£17 (Z axQg, (y;) — @H(Z akLZy;:)). (3.15)
yj €09k (Lx) <=1 k=t

Then 3% _ ax(lenvy gi) o L < pem, (gk, L) 1<k<p < cav(ge, Li)i<k<p < pemy, (gk, Li)i<k<p + 0-

Proof. Define G, L, and g as in (3.5), and recall from Proposition 3.2(iii) that pem, (9ks Li)1<ksp = ng.
Further, g o L = cav(gk, Lx)1<k<p, and as seen after (3.10), [|[L|| < 1. It follows from [18, Proposi-
tion 3.20(ii)] that

P
Z ar(lenvy gi) o Ly = (lenvy g) o L < ng <gol, (3.16)
k=1

where ng = pem,, (9k> Lk )1<k<p and goL = cav(gy, Lx)1<k<p- It remains to show the rightmost inequal-
ity. Let x € H. The result is clear if x ¢ dom ¢. Now, suppose that x € dom ¢ and let y* = (y;)1<k<p €
Xi:l 99k (Lgx). Then (3.4)—(3.5) yield L*'y* = Zi:l arLyy, and Qg(y*) = Z£:1 axQg, (y;)- On the
other hand, by [5, Proposition 16.9], y* € ><;<)=1 dgx (Lix) = dg(Lx) and we therefore deduce from [18,
Proposition 3.23(i)] that

0 < (cav(gr Li)1<k<p) (x) = (pem, (g Li)1<k<p) (¥) < v(Qg(y") — @x(Ly")). (3.17)

Hence, taking the infimum over y* € Xi:l 9gi (Lxx) yields the claim. 0O

The following result establishes asymptotic relations between standard composite averages and
proximal comixtures.

Theorem 3.6. Let (yn)nen be a sequence in |0,+0o[ such thaty, | 0 and let x € H. For brevity, write
¢ = cav(gk, L) 1<k<p and (Vn e N) my, = pem,, (gk> Li)1<k<p- Then the following hold:

(i) my, (x) T e(x).
(ii) Let (xn)new be a sequence in H such that x, — x. Then ¢(x) < limm,, (x,).
(iii) Suppose that ¢ is proper and let y € |0, +co[. Then ProX,,, =X — ProX, x.
(iv) Let (en)nen be a sequence in |0, +o0o[ such that e, | 0, and suppose that there exists a bounded
sequence (zp)nen such that (Vn € N) z,, € ep,—Argmin(f +m,, + h). Then the following hold:

(@) infrer (f (x) +my, (x) + h(x)) T minger (f(x) + (x) + h(x)).
(b) Every weak sequential cluster point of (zp)nen is in Argmin(f + ¢ + h).



Proof. (i): Define L and g as in (3.5), and recall from Proposition 3.2(iii) that (Yn € N) m,, = Lyong. By
items (ii) and (iv) in [18, Theorem 3.29], the function N — ]-o00,+00]: n + m,, (x) is increasing and
limy, 400 My, (x) = g(Lx) = ¢(x).

(ii): The weak continuity of bounded linear operators [5, Lemma 2.41] yields (Vk € {1,...,p})
Lix, — Lgx. Thus, [38, Proposition 2.2(d)] implies that

(Vk e {1,....p}) gr(Lix) < lim(lenvy, gx)(Lrxy). (3.18)

On the other hand, recall that ¢ = cav(gk, Lx)1<k<p- Therefore, it follows from (3.18), [5, Lemma 1.16],
and Proposition 3.5 that

P P
¢(x) < ) e lim(lenvy, gi) (Lixs) < lim " e (lenvy, ge) (Lexy) < limmy,, (x,). (3.19)
k=1 k=1

(iii): Recall from Proposition 3.3(i) that (Vn € N) m,, € I3(H). Therefore, the result follows from (i),
(ii), the equivalence (i) (iii) in [3, Proposition 3.19], and the equivalence (i)<(ii) in [3, Theorem 3.26].

(iv): By Proposition 3.3(i) and (i), (my, )pen is an increasing sequence of functions in I (H) with
Sup,,cyy My, = ¢. Therefore, the equivalence (iii)<(iv) in [5, Theorem 9.1] implies that (f + m,, +
h)nen 1s an increasing sequence of weakly lower semicontinuous convex functions with supremum
f + ¢+ h. Since (z,)nen is bounded, [5, Lemma 2.45] asserts that (z,),en admits a weakly convergent
subsequence. Hence, the results follow from [3, Proposition 2.42] applied to the weak topology. [

The following result focuses on the case in which the functions (gx)i<k<, are Lipschitzian.

Proposition 3.7. Assume that, for everyk € {1, ..., p}, gk is real-valued and . -Lipschitzian for some
Ui € 10, +00[. Set p = Zzzl k|| L, set 3 = (1/2) Z‘Zzl o:k,ulzc, letx € H, and lety € ]0,+00][. Then the
following hold:

(i) pem, (gk, Li)1<k<p is p-Lipschitzian.
(i) 0 < cav(gk, Li)1<k<p = Pem, (gk: Li)i<k<p < 9.
(iii) There existsr € B(0;2yu) such that prox

X = prox (x+7r).

ypem,, (gie,Lic)1<k<p yeav(gr.Li)i1<k<p

@) | PIOXycav(gr,Lihicksp * proxYPCmy(gk,Lk)KKp x| < ymin{2y, V29}.
(v) Let o € ]0,+00[ and assume that h € I'_;(H). Then

2
”argmin(cav(gk,Lk)KKp +h) - argmin(pcmy(gk,Lk)Kkgp + h)”ﬂ < ;,u. (3.20)

Proof. According to [5, Corollary 17.19], a lower semicontinuous convex function ¢: H — R is p-
Lipschitzian if and only if range d¢ C B(0; y1). Thus, the Lipschitz continuity of the functions (gx)1<k<p
implies that

(Vk €{1,...,p}) rangedgy C B(0; ). (3.21)

Further, by [5, Proposition 16.27], (Vk € {1,..., p}) dom dgx = Gk.

(i): By virtue of Proposition 3.3(iii)(b), dompcmy(gk,Lk)Kkgp = H and therefore [5, Proposi-
tion 16.27] yields domapcmy(gk,Lk)lgkgp = ‘H. Now, let u € range apcmy(gk,Lk)lgkgp. Then
there exists x € H such that u € (8pcmy(gk, Li)1<k<p) (x) which, by (2.7), is equivalent to
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PIOX pem (geLiickep (x +yu) = x. Now, set (Vk € {1,...,p}) y; = Ly (x +yu) — Prox,,, (Le(x + yu)).
By Proposition 3.3(ii),
P
X+ yu-— Z axLiy; = x. (3.22)
k=1

Further, it follows from (2.7) and (3.21) that
1 * *
(Vke{1,...,p}) ;yk € 9gi (Li (x + yu) — y;) C range dgx C B(0; ). (3.23)

Therefore, it follows from (3.22) and (3.23) that

P
lulle = H Zakkak < allLll
k=1

Altogether, range d pem, (gk, Li )1<k<p € B(0; p), which yields the conclusion via [5, Corollary 17.19].
(ii): Recall that (Vk € {1,...,p}) domdgx = G. For every k € {1,...,p}, let y; € dgr(Lxx). Thus,
it follows from Proposition 3.5 and (3.21) that

P
1,
il <D @il = p. (3.24)
Y oillge o

P
0 < (cav(gk, Li)1<k<p) (x) = (pem, (gk, Li)1<k<p) (%) < Z Qg (y;) < gz 1 =y9. (3.25)
k=1 k=1

(iii): Set u, = PIOX)pem (giLidiekep X Then, by (2.7), x —u, € y(apcmy(gk,Lk)lgkgp)(uy). On

the other hand, since domdcav(gx,Li)i<k<p = H, there exists r € H such that x +r —u, €
y(dcav(gk, Li)1<k<p) (uy). Thus, by (2.7), PTOX cay gy L) <kep (x +r) = uy. Further, by (i) and [5, Corol-
lary 17.19],

range d cav(gk, Lx)1<k<p € B(0;) and range apcmy(gk, Li)1<k<p € B(0; ). (3.26)

Therefore, r = (x +r —uy) — (x —uy) € yB(0; ) + yB(0; ) = B(0; 2yp).

(iv): Set u = prox x, and

X, Uy = PrOXypem (grLi)ickep

Y cav(gr,Li)1<k<p
(Vke{1,....p}) vy, =Lix~— prox,,, (Lgx). (3.27)

Further, set z = Zk ) o:kkak Then, Proposition 3.3(ii) yields x — z = uy, whereas (2.7), (3.27), and
(3.21) imply that

(Vk e {L....p}) y; € yag(Lix — yp) C B(0;yp). (3.28)

By [5, Corollaries 16.48(iii) and 16.53(i)], x — u € y(dcav(gk, Lx)1<k<p) (1) = yZ‘ZZl ar Ly (9gx (Lxu)).
Thus, for every k € {1,..., p}, there exists w; € yagi(Lxu) such that x —u = Zi:l ar Ly wy. It follows
from (3.28) and the monotonicity of the subdifferential operators (ydgx)i<k<p [5, Theorem 20.25] that

(Vk e {L,....p}) (Lix —yp — Leu|yp — wi)g, > 0. (3.29)

Since Z‘ZZI ar||Lk||* < 1 by Assumption 1.1, (3.28) implies that

S

p
Zaknyk Lizl%, = Zaknykngk 2llzlla,+ > awlllizly, < > allyilly, <2v%9,  (330)
k=1 k=1

k=1
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whereas the Cauchy-Schwarz inequality yields

P P P
2113, < (ZaknLknnykngk) <(Zak||Lk||2)(Zak||y,t||gk)<Zak||y;§||2gk. (331)
k=1 k=1 k=1

Altogether, we deduce from x = z + u,, Zk L aLiyp =z, Zk Lk Liwy = x —u, (3.29), the Cauchy-
Schwarz inequality, (3.30), and (3.31) that

P
0 < Z Ofk<Lkuy —Lyu+ Lz — y}: | y;: - W;:)Qk
k=1

P
= (uy —ul (x =) = (x =)y + ) awllez = 4 | 4 = widg,
k=1

P P
=l = uyli2, + > ey — Lz | widg, — > aly - Lz | 4)g,
k=1 k=1

P P P
2 2 2
< =yl + 4| D aellyy = Lezlly, 4| D acliwplls, + (||z||ﬂ - akny;;ngk)
k=1 k=1

k=1

< —|lu-— uy||3{ +v2y%9

= —|lu—uyll2, +2y*9. (3.32)

However, by (iii), there exists r € B(0; 2ypu) such that PYOXypem (giLidickep ¥ = PTOXycav(gi ke (x+r).

Hence, the nonexpansiveness of the proximity operator [5, Proposition 12.28] implies that

=ty = PR g £ * = PPyt 5+ Py < Il < 24 (339

Finally, the result follows from (3.32) and (3.33).

(v): Note that cav(gx, Lk )1<k<p +h € I (H) and, by Proposition 3.3(i), also pem, (9ks Li)r<k<p+h €
I' o (H). Thus, [5, Corollary 11.17] implies that cav(gk, L )1<k<p + h and pem, (9k> Lk )1<k<p + h admit
unique minimizers. Set x = argmin(cav(gx, Lx)1<k<p + h) and x, = argmin(pcmy(gk, Li)i<k<p + h).
Then the equivalence (i) (viii) in [5, Corollary 27.3] yields

X = PrOXycay (g Lo)iane, (¥~ YVA(X)) and  x, = PTOX) b (gioLihckep (x, —yVh(x,)).  (3.39)
On the other hand, (iii) asserts that there exists r € B(0; 2yu) such that
PIOXybem (goLi)ickep (x —yVh(x)) = PTOXycay (g L)1k ep (x —yVh(x) +r). (3.35)

Altogether, (3.34), (3.35), and the firm nonexpansiveness of prox
yield

yeav(giLi)cxep L0 PTOpOSition 12.28]

2
”x - xY”‘%{ = ”prox)/cav(gk,Lk)KKp (x - yVh(x)) - proxYPCmy(gk,Lk)KKp (x)/ - }/Vh(xy))”(]_{

2
= Hproxycav(gk,Lk)KKp (x = yVh(x)) - PYOX) cav(ge.Li)sctcp (x, —yVh(x,) + 1) H‘H

< (x —yVh(x) —=x, +yVh(xy) = r|x = xy)gq

= llx = xy I3 = y(Vh(x) = Vh(xy) | x = xy)q = (r | X = x )y (3.36)
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Therefore, it follows from [5, Example 22.4(iv)], the Cauchy-Schwarz inequality, and the inequality
Irllz < 2y that

yolx = x, 117, < y(Vh(x) = Vh(xy) [ x = x, )9 < 2ypllx = x|l (3.37)
which implies (3.20). O

As a special case of the above results, we recover some properties of the proximal average [6, 44, 48].

Remark 3.8 (proximal average). Suppose that Z‘Zzl ar = 1 and that, for every k € {1,...,p},
Gr = H and Ly = Idgy. Then pcmy(gk,Lk)lgkgp = pavy(gk)KKP is the proximal average of (1.9),
while cav(gx, Lk )1<k<p = ave(gk)i<k<p is the standard average of (1.11). In this context, we recover
the following results:

(i) Proposition 3.3(i) yields paVy(gk)KKP € IH(H) (see [6, Corollary 5.2]).

(if) Proposition 3.3(ii) yields PYOXypay (g)rckep = Zi:l Qi ProX,,q, (see [6, Theorem 6.7]).

(iii) Proposition 3.3(iv) yields lenv, pav, (Gr)1<k<p = Z‘ZZI arlenv, gi (see [6, Theorem 6.2(i)]).
(iv) Proposition 3.5 yields pavy(gk)lgkgp < ave (see [6, Theorem 5.4]).
(v) Let (yn)nen be a sequence in |0, +oo[ such thaty, | 0.

(a) Theorem 3.6(i) yields pav,, (9r)1<k<p T ave(gi)i<k<p (see [6, Theorem 8.5]).
(b) Theorem 3.6(i)—(ii) imply that (pavyn (9k)1<k<p)nen epi-converges to ave(gx)i<k<p (see [6,
Corollary 9.6]).
(vi) Suppose that, for every k € {1,...,p}, gi is real-valued and py-Lipschitzian for some p; €
10, +00[. Set p = Zizl oy and & = (1/2) Zi:l ;.
(a) Proposition 3.7(ii) yields 0 < ave(gk)1<k<p — pav, (9r)1<k<p < v (see [48, Proposition 4]

)-
(b) Proposition 3.7(iv) yields || prox — prox < 2y (see [44, p. 851]).

YPaVy(gk)1<k<p yave(gi)i<k<p HW

In addition, we obtain the following new properties of the proximal average.

(vii) Let (yn)nen be a sequence in ]0,+oco[ such that y, | 0. It follows from Theorem 3.6(iii) that

prOXYPaVy” (9k)1<k<p X = prox)/aVe(gk)lgkgp X

(viii) Suppose that, for every k € {1,...,p}, gi is real-valued and pi-Lipschitzian for some p €
10, +oo[. Set pu = Z‘Zzl oy k- Then, by Proposition 3.7(iii), there exists r € B(0;2yu) such that

PTOXy pav, (gi<kep ¥ = PTO¥yave(gi)1<rep (x+7).

Generalization of Problems 1.2 and 1.3 to arbitrary families of functions and linear operators can
be formulated as follows.

Remark 3.9 (integral proximal comixture). Let (2, J, i) be a complete o-finite measure space and
let H be a separable real Hilbert space. For every o € Q, let G, be a real Hilbert space, let g, € I3(G,),
and let L,: H — G, be a bounded linear operator. Assume that 0 < fQ||Lw||2,u(da)) < 1. Under mild
assumptions, the integral proximal comixture of (g,)weo and (L) e With parameter y € ]0, +oo[ is
[8, Definition 4.2]

My(gw, Lo)wea = ((p* - gll : IIZH)*, where (Vx € H) ¢(x) = L)(lenvy 2,) (Lo p(dw). (3.38)
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Now let f € Ty(H) and let h: H — R be a convex and differentiable function with Lipschitzian
gradient. Then a generalization of Problem 1.2 is

minimize f(x)+ L} 2, (Lyx) p(dw) + h(x) (3.39)

xeH

and a generalization of Problem 1.3 is
minimize f(x) + (/\'/\y(gw, Lw)weg)(x) +h(x). (3.40)
Xe

Indeed, we recover (1.1) from (3.39) and (1.3) from (3.40) by taking Q = {1,...,p} and F = 2%, and
setting (Vk € {1,...,p}) p({k}) = ar. Most of the results of this section extend to this abstract
framework using the tools of [8, 18]. If i is a probability measure, we can regard (1.1) and (1.3) as
empirical versions of (3.39) and (3.40), respectively.

§4. Algorithms

Several splitting methods are available to solve Problems 1.2 and 1.3 [16]. For solving Problem 1.2,
methods that require the proximity operator of cav(gx, L )1<k<p are ruled out as this operator is not
tractable. We have therefore considered those of [16, 21, 24, 46, 47] and found that, overall, the fol-
lowing method [47] (see also [26]), which is based on [27], performed the best in our experiments.

Proposition 4.1. Consider the setting of Problem 1.2 and assume that
P
0€ range(af+ Z arL; o (9gx) o Ly + Vh). (4.1)
k=1

Letn € 10,28 ando € 10,1/(n Zi:l ar||LelI>)[. Let qo € H and, foreveryk € {1,...,p}, letu; € Gy.
Iterate

forn=0,1,...

Xp = proxnf(ry(qn - Zizl “kLZ“Z,n))
qn+1 = %xn = Vh(xn)
fork=1,...,p

Tleen = “Z,n + ol (xn + U(qn+1 - qn))
”Z,n+1 =Tkn — O'proxgk/g(rk,n/o).

Then (xy,)nen converges weakly to a solution to Problem 1.2.

Proof. Apply [26, Theorem 1] in the Hilbert space G of (3.4), with g and L defined as in (3.5). O

We now turn to Problem 1.3, for which the method proposed in [27, Section 3.1] can be implemented
directly. Given y, € H, this algorithm iterates

forn=0,1,...
Xn = PrOXypem (ge.Li)i<k<p In (4.3)
Zn = proxyf(an —Yn — )’Vh(xn))

Yn+1 = Yn + An(zn - xn)~

Hence, we arrive at the following method.
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Proposition 4.2. Consider the setting of Problem 1.3. Assume thaty € 0, 2f3[ and that
0 € range(af + apem,, (gk, Lic)1<k<p + Vh). (4.4)

Set 5 =2 —y/(2P), let (An)nen be a sequence in 10, [ such that 3,,cpy An (8 — Ay) = 400, and let yy € H.
Iterate

forn=0,1,...
Xn = Yn = 2k, @kL; (Litn — prox,,, (Liyn))
Zn = proxyf(an — Yy — yVh(xn))
Ynt1 = Yn + An(zn - xn)~

(4.5)

Then (x,)nen converges weakly to a solution to Problem 1.3.

Proof. By Proposition 3.3(ii), the algorithms (4.3) and (4.5) are equivalent. Therefore, the assertion
follows from [27, Theorem 2.1.1(b)] applied to (4.3). 0O

Heuristically, one can expect (4.5) to yield faster convergence than (4.2). Indeed, since the proximity
operator of the aggregation pcm, (g, Lk)1<k<p is computable in closed form via Proposition 3.3(ii), al-
gorithm (4.3) processes only the three functions f, pem, (k. Lk )1<k<p, and h. It also requires minimum
variable storage. By contrast, the standard composite average function cav(gx, Lk )1<k<p in Problem 1.2
has no explicit proximity operator and its processing in algorithm (4.2) requires the splitting of the p
functions (gx)i<k<p and the p linear operator (Lx)i<k<p (the same holds true for all splitting meth-
ods involving standard composite averages [16]). Additionally, algorithm (4.2) requires the storage of
significantly more variables than (4.5), in particular of the dual variables (uz,n)lgkgp.

§5. Numerical experiments

We illustrate the proposed proximal comixture model of Problem 1.3 through several experiments.
The algorithms are executed with all initial vectors set to 0 and they use parameters 1, o, and (A,,) nen
aiming at optimizing their performance. The stopping criterion to approximate the limit x., of the
sequence (X,)nen produced by an algorithm is ||x,41 — X |l/||%n]] < 107. The simulations are run
using GNU Octave 8.4.0 on a laptop running Ubuntu 24.04.4. The code is available on the GitHub
repository https://github.com/djcornejo/pcmm. The results of the these experiments support the fact
that the proximal comixture model of Problem 1.3 leads to reliable solutions which can be obtained
by efficient algorithms that are much less demanding in terms of memory requirements than those of
Problem 1.2.

5.1. Experiment 1: Proximal total variation denoising

The purpose of this experiment is to illustrate the asymptotic property of Theorem 3.6(iii) on a simple
denoising problem. Let ¥ € RN (N = 256) be the original 1-dimensional signal shown in Fig. 2(a) and
let

Z=X+-w (5.1)

N =

be the noisy observation shown in Fig. 2(b), where w € RY is a realization of a normalized white
Gaussian noise vector. We denote by D: RN — RN: (&, ..., &) = (& =&, ..., En—En 1, E1—EN) /2
the normalized discrete gradient operator.
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Figure 2: (a) Original signal X. (b) Noisy observation z. (c) Solution to Problem 5.2 for y = 1073 (the
solution to Problem 5.1 is essentially identical).

Problem 5.1. Let p =3 and let tv = || - ||; o D be the standard total variation loss. The task is to
o 1 2
minimize tv(x)+—||x — z||°. (5.2)
xeRN 2p

Problem 5.2. Let p = 3 and y € ]0,+0co[. Let us introduce the proximal total variation loss ptv, =
D+|| - ||;. The task is to

1 2
minimize ptv,(x)+ —||x — z||“. 5.3
nimize p v (%) 2pll l (53)

Problems 5.1 and 5.2 are particular instances of Problems 1.2 and 1.3, respectively, where H = RY,
f=0,h=1|"--zl?/(2p),p=1, 01 =1,9; = || - ||l1, and L; = D. In view of Proposition 3.3(i) and (2.6),
the unique solutions to Problems 5.1 and 5.2 are, respectively, prox ,,, z and prox,, ,;, z. Therefore,

ptv ptvy
eorem 3.6(iii) asserts that the solution curve (prox Z)yelo400[ N Problem 5.2 converges to the
Th 3.6(iii ts that the soluti PIOX, iy Z)ye]o,+0of in P blem 5.2 ges to th
Y
solution to Problem 5.1, to wit,
ProX, .. z —> Prox,.z as y|0. (5.4)
Y

Since the proximity operator of tv is not known explicitly, algorithm (4.2) can be applied to obtain
the solution to Problem 5.1. On the other hand, algorithm (4.5) can be used to obtain the solution to
Problem 5.2. Our numerical experiments confirmed that, for y < 1073, the solutions to Problems 5.1
and 5.2 were essentially identical, with a relative difference || prox ptv 27 PIOX ) ey z||/ || prox oty z|| =

1.726 X 1073, in conformity with (5.4); see Fig. 2(c) for the denoised signal.
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5.2. Experiment 2: Multiview image reconstruction

We address the problem of reconstructing the original image x € C = [0, 255]™ (N = 5122) of Fig. 3(a)
from a partial observation of its possibly corrupted diffraction r = x over some frequency range R
[41], where X denotes the two-dimensional discrete Fourier transform of X. To exploit this imprecise

information, we use the soft constraint distance penalty dg, where
E={xeRN|(WeR) x(v)=r(v)}. (5.5)

The set R contains the frequencies in {0, ..., 15}? as well as those resulting from the symmetry prop-
erties of the discrete Fourier transform. Further, two blurred noisy observations of x are available,
namely (see Fig. 3(b)-(c))

zZ1 = Hlf + wq and Z9 = Hzf + wo, (56)

where H; and H, model convolutional blurs with uniform rectangular kernels of sizes 14 x 18 and
20 x 5, respectively, while w; and w, represent zero-mean white Gaussian noise realizations of stan-
dard deviations of 2 and 3, respectively. The blurred image-to-noise ratios are 34.51 dB and 31.06 dB,
respectively. Let

D: RN - RN xRN: x  (Dix, Dyx), (5.7)

where D; and D, denote, respectively, the horizontal and vertical first order discrete difference oper-

ators, i.e.,
Xij+1 — Xij, if j <5125 Xiy1,j — Xij, if i <5125
Dix); i = and (Dyx);i = 5.8
(P {0’ if j =512, (D) 0, if i = 512. 58)
Let || [l12: RN X RN — R (&, ni)i<ian — Sy 4/&2 + 77 and let
2
P .
plel-Z, it el p;
I)P:R_)R:g'_) |§|2 (5.9)
5 if [¢l<p

be the Huber function with parameter p € ]0,+oo[. Our first formulation involves a standard com-
posite average.

Problem 5.3. Let p; = 3000 and p; = 4000. The task is to

L 1 1
minimize (ds(x) + Z1Dxl12) + (B, (1Hux = ) + by, (1 Hox = 221 ) (5.10)

The second formulation involves a proximal comixture.

Problem 5.4. Let p; = 3000, p, = 4000, and y € ]0, 1[. The task is to

mir;ggize (pcmy(dE, 1d; V3| - ||1,2,D/\/§))(x) + (I)p1 (IIH1x = z1l) + by, (IHax — zz||)) (5.11)
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(a) (b) (©)
Figure 3: (a) Original image x. (b) Degraded image z;. (c) Degraded image z,.

Problems 5.3 and 5.4 are particular instances of Problems 1.2 and 1.3, respectively, where H = RY,
f=1c.h=bp o|lH -~z +bp,ollHo- 2|, f=1/2,p=2,01 =ap =1/2,G1 = RN, gy = d, L, =14,
G2 =RN xRN, g, = V8| - [l,2. and L, = D/V8. In this case, ||L;||* = ||L;||* = 1 and

Prox, RN = RN: (&)1<ien — (min{max{&,O}, 255})1<i<N. (5.12)

Moreover, [5, Example 24.28] yields

x+——(projpx —x), if dg(x) >y;
prox,, : RN 5 RN: x> dp (x)( E ) (5.13)
projg x, if dg(x) <,
where
_ , ifveR
projp x = IDFT(x), with x(v) = rA(V) o 19
x(v), otherwise.

Further, [5, Proposition 24.11] yields

N RN N N V8y
prox, , : RYXRY — RYXRY: (&, ni)1<isn = (0161 0iMi) ;< Where g; = 1— .
" ey max{VBy. [|(& n)II}
(5.15)
At last, [19, Example 2.3] establishes that
H'(Hix —z H;(Hyx — z
Vh:RY S RV x o p1H] (Hy 1) p2H; (H, 2) (5.16)

max{py, [[Hix — z1||} ~ max{p,, [|Hox — z2||}

We construct the solution to Problem 5.3 shown in Fig. 4(a) via Proposition 4.1, where n = 1.998
and o = 0.99/n. To apply Proposition 4.2 to Problem 5.4, let us verify that condition (4.4) is satisfied.
By Proposition 3.3(iii)(c) and [5, Corollary 16.48(iii)],

(£ + pem, (dr, 10; VBl - 1, D/ VB) + h) = of + dpem, (dr 1d; V8| - 112, D/VB) + VR, (517)

which is a maximally monotone operator with domain C [5, Theorem 20.25]. Hence, (4.4) follows
from [5, Corollary 21.25]. The image reconstructed by (4.5) for Problem 5.4 with y = 0.1 and A, =
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(a) Problem 5.3. (b) Problem 5.4 (y = 0.1). (c) Problem 5.4 (y = 0.99).

Figure 4: Images reconstructed by Problems 5.3 and 5.4.

—— Problem 5.3/Proposition 4.1
—— Problem 5.4/Proposition 4.2 (y = 0.99)
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Figure 5: Normalized error 20 log,,(||xn — X ||/[|X0 — X l|) (dB) versus time (s).

1.89 < 1.90 = 2—y/(2p) is shown in Fig. 4(b). As predicted by Theorem 3.6(iv)(b), since y is small, this
solution is similar to that produced by Problem 5.3 in Fig. 4(a). The solution produced by Problem 5.4
for y = 0.99 with 4, = 1 < 1.01 = 2 — y/(2p) in (4.5) is shown in Fig. 4(c) to yield a slightly sharper
reconstruction. Finally, Fig. 5 illustrates the faster convergence of algorithm (4.5) for the proximal
comixture model (5.11).

5.3. Experiment 3: Image reconstruction from phase

We address a phase recovery problem considered in [19]. The goal is to recover the original image
X € C = [0,255]N (N = 256%) shown in Fig. 6(a) from an imprecise observation of its Fourier phase

0 ~ /X [35]. The problem is modeled as a convex feasibility problem with the following constraint

sets.

Phase: C; = {x eRN|szx= 9}.

Proximity to the reference image r of Fig. 6(b): C; = {x eRN | |lx=r|2 < §} The image r is
a blurred and noise-corrupted version of x, which is further degraded by saturation (the pixel
values beyond 130 are clipped to 130).

Upper bound on the norm of the gradient: Dx/V8 € Cs, where D is defined as in (5.7) and
Cs = {y e RV xRV | |lyll> < p}.

A blurred observation z; = HyX+w is available (see Fig. 6(c)), where H; models a convolutional
blur with a uniform rectangular kernel of size 11x13 and w is a realization of a bounded random
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(c) (d)
Figure 6: (a) Original image x. (b) Reference image r. (c) Degraded image z;. (d) Degraded image z,.

noise vector with components in [—#, ], where = 7. This yields a blurred image-to-noise ratio
0f 31.90 dB. A candidate solution x € RY should be such that, for every k € {1,..., N}, the kth
component of Hyx — z; lies in [—#, 7], that is

(Hix | ex) € Cras = [(1 lex) — 1, (21 L&) + 1), (5.18)

where (ex)1<k<n is the standard orthonormal basis of R .

« A second blurred observation of x is available, namely (see Fig. 6(d)) z; = HoXx + w», where H,
models a 17 X 17 convolutional blur obtained by truncating the support of a Gaussian kernel
with standard deviation 3, and w, is a realization of an unknown white Gaussian noise. The
blurred image-to-noise ratio is 30.12 dB. This information is penalized by the function h: x
| Hax — 22 1% /2.

Because of inaccuracies in the values 8, &, and p, the convex feasibility problem arising from the above
constraints might be inconsistent and we relax it using the Berhu function given by

£+1
b:R->R: & T if [¢] > 1;
1€, if |¢] < 1.

(5.19)

In addition, we set L; = L, = Idgw~, L3 = D/\/g, and a; = a2 = a3 = 1/4 while, for every k € {1,...,N},
Liws: RN > R:x = (Hix|er) and a,3 = 1/(4N).
Our first formulation employs a standard composite average.
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(a) Problem 5.5. (b) Problem 5.6 (y = 0.1). (c) Problem 5.6 (y = 1.99).

Figure 7: Images reconstructed by Problems 5.5 and 5.6.
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Figure 8: Normalized error 20 log,,(||xn — X ||/[|X0 — X |) (dB) versus time (s).

Problem 5.5. The task is to
N+3
L 1 2
minimize Z aib(de, (Lix)) + 5||H2x - z||%. (5.20)
k=1

xeC

Our second formulation employs a proximal comixture.

Problem 5.6. Let y € ]0, 2[. The task is to

1
(x) + 5||H2x—zz||2. (5.21)

minimize (pcmy(b odc,, Lk)1<k<N+3)

Problems 5.5 and 5.6 are particular instances of Problems 1.2 and 1.3, respectively, where H = RN,
f=ic,h=|H - -2|%/2 =1 p=N+3,and, for every k € {1,...,p}, g = b o dc,. We have
(Vk € {1,...,p}) ||Lc]|* < 1. Further, prox, is given as in (5.12), [5, Proposition 24.27] yields

1
Proje, X+ T (x = projg, x), if dc, (x) > 1+y;

(Vk e {1,2}) prox,, : RY 5 RY: x> Jx 4 (proje, x — x), ify <dc, (x) <1+y;

de (X)
projc, X, if de, (x) <y,
(5.22)
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as well as

. 1 . .
Proje, Y+ T (y - proje, y), if dey(y) > 1+

prox,,, : RVXRN — RNXRN: y i y+

de, (v) (Projc3 y-y), ify<de,(y) <1+y; (5.23)
pI'OjC3 Y if dC3 (y) <y

and

) 1 . .
projc, £+ —— (€ —proje, &), if de (&) > 1+y;

1+
(Vk € {4,...,N+3}) prox,, : R = R: {954 dcky(g*) (Prg;ck £-9), ify <dc, (&) <1+y;
projc, & if de, (9) <.,
(5.24)
where projc, is given by [35]
proje, x = IDFT(lDFTx| max{cos(Z(DFTx) — 6), 0} exp(z@)), (5.25)

and, for every k € {2,...,N + 3}, projc, follows from [5, Example 3.18 and Proposition 3.19]. Finally,
Vh =H; o (Hy - —z3).

We apply Proposition 4.1 to Problem 5.5 with n = 1.996 and ¢ = 0.99/n, which produces the
reconstructed image shown in Fig. 7(a). Following the same argument used in Problem 5.4, we note
that condition (4.4) is satisfied and we apply Proposition 4.2 to Problem 5.6. The image reconstructed
by (4.5) fory = 0.1 and A, = 1.94 < 1.95 = 2 — y/(2p) is shown in Fig. 7(b). This solution is similar
to that of Fig. 7(a), which is consistent with Theorem 3.6(iv)(b) since y is small. For Problem 5.6 with
y = 1.99, algorithm (4.5) with A, = 1 < 1.005 = 2—y/(2p) yields the somewhat sharper reconstruction
shown in Fig. 7(c). Fig. 8 depicts the faster convergence of algorithm (4.5) for the proximal comixture
model (5.21).

5.4. Experiment 4: Linear regression

This experiment focuses on a linear regression model with an overlapping group structure on the
inputs [12, 49]. We consider p = 100 groups of indices (Ix)i<k<p in {1,...,N} (N = 90p + 10 = 9010)
of length 100 such that two consecutive groups overlap by 10 variables, i.e.,

L={1...,100}, L, = {91,...,190},...,I, = {N = 99,...,N}. (5.26)

We use M = 10000 samples. The entries of the input matrix A € RMN are ii.d. samples from a
N (0, 1) distribution. The entries of the true regression coefficients x € RV are also i.i.d. samples from
a N (0, 1) distribution, and the output data is generated by the noisy linear model z = Ax + w, where
w € RM has entries that are i.i.d. samples from a N (0, 1) distribution. For every k € {1,..., p}, we set
Le: RN - R x = (&)1<ien = (&

As before, we consider formulations based on a standard composite average and the proximal
comixture.

Problem 5.7. The task is to

P
1 1 1
minimize —||x||; +— ILex|| + —||Ax — z||%. (5.27)
xeRN p p ; 2p2
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Problem 5.8. Let y € ]0,2p%/||A||%[. The task is to

o1 1
ml;lelﬂr{%lze 1—)||x||1 + (pcmy(” . ”’Lk)1<k<p)(x) + z_pzlle —z|%. (5.28)
Problems 5.7 and 5.8 are particular instances of Problems 1.2 and 1.3, respectively, where H = RN,
f=1"-lli/p, h=1lA--zl*/(2p®), B = p*/lAll%, and, for every k € {1,...,p}, ax = 1/p, Gk = R'%,
gk = || - |I, and || Lg|| = 1. Additionally,
prox, r: RY — RN: (&)1<ien — (sign (&) max{|&| - y/p. 0})1cien- (5.29)

Further, [5, Example 24.20] yields

(Vk € {1,...,p}) prox,,, : R — R ¢ 1 (1 - m)y, (5.30)
while VA = (1/p*)A* o (A - —z). Next, let us verify that condition (4.4) is satisfied. Note that,
by Proposition 3.5, pcmy(ll “ |, L )1<k<p > 0. Thus, the objective function of Problem 5.8 is coer-
cive and the existence of minimizers is guaranteed by [5, Proposition 11.15(i)]. Therefore, Fermat’s
rule [5, Theorem 16.3] and [5, Corollary 16.48(iii)] guarantee that condition (4.4) holds. The solu-
tions x., to Problem 5.7 and to Problem 5.8 for y = 1.998 are very close, with a relative difference
[|%00,(5.27) = Xoo,(5.28) 1/ 1 %0527 | & 5.045 X 1076, In addition, ||xe — X||/||X|| & 0.153. For Problem 5.7,
we use algorithm (4.2) with n = 1.998 and o = 0.99/1, while for Problem 5.8 for y = 1.995, we use
algorithm (4.5) with 4, = 1 < 1.005 = 2 — y/(2f). The convergence pattern of algorithm (4.5) for the
proximal comixture model (5.28) is shown in Fig. 9.

0

: :
—— Problem 5.7/Proposition 4.1

~10 — Problem 5.8/Proposition 4.2 (y = 1.99f)

—20 |- 4

—30 | i

—40 | i

—50 |- i

60 | | | | | | |
0

Figure 9: Normalized error 20 log,,(||xn — X l|/[|X0 — X |) (dB) versus time (s).
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