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Abstract. The notion of a Bregman retraction of a closed convex set in Euclidean space is
introduced. Bregman retractions include backward Bregman projections, forward Bregman projec-
tions, as well as their convex combinations, and are thus quite flexible. The main result on iterating
Bregman retractions unifies several convergence results on projection methods for solving convex
feasibility problems. It is also used to construct new sequential and parallel algorithms.
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PII. XXXXX

1. Standing assumptions, problem statement, and motivation. We as-
sume throughout this paper that

(1.1) X is a Euclidean space with scalar product (-,-) and induced norm || - ||

and that

f: X — ]—00,4+00] is a proper closed convex Legendre function

(1.2) such that dom f* is open,

where f* denotes the conjugate of f. Recall that a function is Legendre if it is both
essentially smooth and essentially strictly convex (see, e.g., [31] for basic facts and
notions from convex analysis). In addition, we assume that

(Ci)ier are finitely many closed convex sets in X

(1.3) such that (int dom f) N(,.; C; # Q.

Our aim is to study algorithms for solving the fundamental convex feasibility problem
(see [4], [14], [17], [20], and [27] for further information and references)

(1.4) find z € ﬂ C;.

iel

Assumption (1.2) guarantees that we capture a large class of functions (see Ex-
ample 2.1 below) for which the corresponding Bregman distance
(1.5)

flx) = fly) —(x—y,Vf(y)), ifyeintdom f;

Di: X x X —[0,+00]: (z,y) —
! [ ' (@9) 400, otherwise,
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enjoys useful properties (Proposition 2.2). This type of directed distance was first
introduced by Bregman in [8]; see [17] for a historical account. Now fix a closed
convex set C' in X such that CNint dom f # @ and a point y € int dom f. Then there
is a unique point in C'Nint dom f, called the backward Bregman projection (or simply

the Bregman projection) of y onto C' and denoted by (Fcy, which satisfies (Fact 2.3)

(1.6) (Ve e ) Dy(Poy,y) < Dy(c,y).

Moreover, if f allows forward Bregman projections (Definition 2.4), then there is

analogously a unique point in C'Nint dom f, called the forward Bregman projection
—

of y onto C and denoted by Pcy, which satisfies (Fact 2.6)

(1.7) (Ve € C)  Dy(y, Poy) < Dy(y, o).

If f= %H - |I?, then both <F(;y and I_3>cy coincide with the orthogonal projection of y
onto C; however, the backward and forward Bregman projections differ generally, due
to the asymmetry of Dy.

With backward and forward Bregman projections in place, we now describe three
projection methods for solving (1.4). To this end, fix an index selector map i: N =
{0,1,2,...} — I that takes on each value in [ infinitely often, and a starting point
yo € intdom f. The method of backward Bregman projections generates a sequence

(yn)nEN by

«—
(18) (VTL S N) Yn+1 = PCi(n+1)y"'

Analogously, if f allows forward Bregman projections, then the update rule for the
method of forward Bregman projections is

-
(1.9) (Vn €N)  ynt1 = Py, ) Yn-

Well-known cyclic versions arise if I = {1,..., N} and i(n) = nmod N, where the
range of the mod function is assumed to be {1,..., N}. The sequence (y,)nen gener-
ated by (1.8) (or by (1.9), if f allows forward Bregman projections) is known to solve
(1.4) asymptotically: indeed, (y,)nen converges to some point in (), ; C;, see [5] and
[16] (or [7], respectively).

The third algorithm is due to Byrne and Censor [12], who adapted Csiszar and
Tusnédy’s classical alternating minimization procedure [22] to a product space setting
(see also Section 5). Their algorithm assumes two constraints, I = {1,2}, and a se-
quence (Yn)nen is generated using alternating backward-forward Bregman projections:

iel

(1.10) (¥ €N) ynp1 = (P, 0 Pey )yn.

They show that, under appropriate conditions, (y,)nen converges to some point in
Cy N Cy, see [12, Theorem 1].

The striking resemblance in the update rules of the three preceding algorithms
motivates this paper. Our objective is to provide a unified convergence analysis of
these algorithms using the notion of a Bregman retraction, which encompasses both
backward and forward Bregman projections. The main theorem not only recovers
known convergence results but also provides a theoretical basis for the application of
new sequential and parallel methods.
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It is instructive to contrast our Bregman retraction-based framework with Cen-
sor and Reich’s [16] framework, which is built on paracontractions (Definition 3.11).
While backward Bregman projections are both Bregman retractions and paracontrac-
tions, the two notions differ in general; actually, Examples 3.12 and 3.13 show that
neither framework contains the other.

The key advantage of the Bregman retraction-based framework presented here is
its applicability: the conditions on f are mild and easy to check. Moreover, simple
constraint qualifications guarantee that Bregman retractions — in the form of back-
ward Bregman projections (and forward Bregman projections, if f allows them) —
always exist.

The paper is organized as follows. Background material on Bregman distances
and associated projections is included in Section 2. In Section 3, Bregman retractions
are introduced, analyzed, and illustrated by examples. The main result is proved in
Section 4 and applications are presented in Section 5.

2. Preliminary results. Below is a selection of functions satisfying our assump-
tions (see [5] for additional examples).

EXAMPLE 2.1. [5] Suppose X = R’ and, for every z € X, write x = (fj)jzl
Then the following functions satisfy (1.2) (here and elsewhere, we use the convention
0-In(0) = 0):

(i) fa = glel® = 5327, 1§17, with dom f = R (energy);

(ii) f:x— ijl & In(g;) — &5, with dom f = [0, +o0[” (negative entropy);

(iii) f:x— ijl &n(g) +(1—¢&5)In(1—¢;), with dom f = [0,1]” (Fermi-Dirac

entropy);

(iv) f:x— — ijl In(¢;), with dom f = ]0, +oo[” (Burg entropy);

V) fraz— —ijl &, with dom f = [0, 400[”.

The assumptions imposed on f in (1.2) guarantee the following very useful prop-
erties of Dy.

PROPOSITION 2.2. Let Dy be defined as in (1.5). Then

(i) Dy is continuous on (int dom f)2.
(ii) If v € dom f and y € intdom f, then D¢(z,y) > 0, and Dy(z,y) = 0 <
T =y.

(iii) If (zn)nen and (Yn)nen are two sequences in intdom f converging to x €

intdom f and y € intdom f, respectively, then Df(xy,yn) — 0 < z =y.
(iv) Ifz € int dom f and (Y, )nen 8 a sequence in int dom f such that the sequence
(Df (z, yn))neN is bounded, then (yn)nen s bounded and all its cluster points
belong to int dom f.

(v) Ifx € intdom f and (yn)nen is a sequence in int dom f such that Ds(x,yn) —
0, then y, — .

Proof. (i): This follows from the definition of D; and the continuity of f (re-
spectively V f) on int dom f; see [31, Theorem 10.1] (respectively [31, Theorem 25.5]).
(ii): [5, Theorem 3.7.(iv)]. (iii): This is a consequence of (i) and (ii). (iv): [5, Theo-
rem 3.7.(vi) and Theorem 3.8.(ii)]. (v): (See also [7, Fact 2.18].) By (iv), (¢n)nen is
bounded and has all its cluster points in int dom f. Pick an arbitrary cluster point of
(Yn)nen, say yk, — y € intdom f. Then Dy (z,yx,) — 0 and thus = y by (iii). O

We now turn to backward and forward Bregman projections.

Fact 2.3 (backward Bregman projection). Suppose C' is a closed convez set in
X such that C Nintdom f # . Then, for every y € intdom f, there exists a unique
point Pcy € CNdom f such that Df(Pcy y) < D¢(c,y), for all ¢ € C. The point
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(Fcy is called the backward Bregman projection (or simply the Bregman projection )
of y onto C, and it is characterized by

(21)  PeeCnintdomf and (VeeC) (c— Poy,VF(y) — VF(Pey)) < 0;
equivalently, by

— — —
(22) PceCnintdom f and (Vee C) Dy(c,y) > Dys(c, Poy) + Ds( Py, y).

Finally, the operator ?g s continuous on int dom f.

Proof. Under the present assumptions on f, the claims follow from [5, Theo-
rem 3.14 and Proposition 3.16], except for the continuity of (P?C, which we derive
now. Suppose (Z,)nen is a sequence in int dom f converging to & € intdom f. Set
(cn)nen = (PoZn)neny and ¢ = ?Ca?. We must show that (¢, )nen converges to ¢.
Using Proposition 2.2.(i) and (2.2), we have

(2-3) Df(év 5_5) A Df(E, xn) > Df(Ea Cn) + Df(cnazn) > Df(E, Cn)-

Hence (Dy(¢,¢p)), o is bounded. By Proposition 2.2.(iv), (¢u)nen is bounded and
all its cluster points belong to C' Nintdom f. Let ¢ be such a cluster point, say
¢k, — ¢ € intdom f. Using the definition of ¢, Proposition 2.2.(i), and (2.2), we
deduce Dy(¢,z) > Dy(¢,z) « Dy(¢,ay,) > Dy(¢ ck,) + Df(ck,,xk,) — Dy(C ¢) +
Dy¢(¢é,z) > D¢(¢,); thus D¢ (¢, ¢) = 0 and hence, by Proposition 2.2.(ii), ¢ = ¢. O

DEFINITION 2.4. The function f allows forward Bregman projections if it satisfies
the following additional properties:

(i) V2f exists and is continuous on int dom f;

(ii) Dy is convex on (int dom f)?;

(i) For every x € intdom f, Dy(x,-) is strictly convex on int dom f.

REMARK 2.5. The function f allows forward Bregman projections if and only if
it satisfies the standing assumptions of [7], which allows us to apply the results of [7].
This equivalence follows from [7, Remark 2.1] and

(2.4) Dy is convex on (intdom f)? < Dy is convex on X2

We now verify (2.4). The implication “<” is clear. To establish “=7, let us fix
(y1,12) € (int dom f)2, (z1,22) € (dom f)2, and (A1, Az) € ]0,1[* such that Ay + Xy =
1. Fore €]0,1[and i € {1,2}, set z; . = (1—¢)a;+ey; € intdom f. Then DAz, +
XoZoe, My1 +Aay2) < MiDyp(z16,y1) + A2 Dy(22.6,y2). Now take y € int dom f. Since
[ is closed and convex, so is Df(-,y). Hence, as ¢ | 0T, the line segment continuity
property of D¢(-,y) [31, Corollary 7.5.1] results in Dy(Aix1 + Aoz, Miy1 + Aay2) <
MDy(z1,y1)+A2Ds(x2, y2). Thus Dy is convex on dom f x int dom f = dom Dy and,
thereby, on X?2.

Fact 2.6 (forward Bregman projection). Suppose f allows forward Bregman
projections and C is a closed convez set in X such that C Nintdom f # @. Then,
for every y € intdom f, there exists a unique point F)cy € C Ndomf such that
Dy(y, }_D)Cy) < D¢(y,c), for all c € C. The point F)Cy is called the forward Bregman
projection of y onto C and it is characterized by

(2.5) (Fcy € Cnintdom f and (VeeC) (c— F)Cy, V2f(1_3>cy)(y - J_D)Cy)> < 0;
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equivalently, by

(2.6)

— — —
Poy e Cnintdom f and (Ve € C) Dy(c,y) = Dy(c, Poy) + Dp, ((¢,¢), (y, Pcy))-

Finally, the operator ?c is continuous on int dom f.

Proof. This follows from [7, Lemma 2.9, Lemma 3.5, Lemma 3.6, and Corol-
lary 3.7]. O

The key requirement in Definition 2.4 is the convexity of D, which is studied
separately in [6]. Not every Legendre function allows forward Bregman projections,
but the most important ones from Example 2.1 do:

EXAMPLE 2.7 (functions allowing forward Bregman projections). [7, Exam-
ple 2.16] Let X = R’. Then the energy, the negative entropy, and the Fermi-Dirac
entropy allow forward Bregman projections.

The following example shows that backward and forward Bregman projections
are different notions.

EXAMPLE 2.8 (entropic averaging in R?). Let f: R? — ]—oo, +0o0] : (£1,&) —
S22 & In(&) —& be the negative entropy on R?, and let A = {(£;,&) € R%: & = &}
Then dom f = [0,400[> and clearly A Nintdom f # @. Using (2.1) and (2.5), it is
straightforward to verify that, for every (£1,&2) € int dom f = ]0, —|—oo[2,

(2.7) PA (&1,&) = (V&&,VEa&) and PA (&1,86) = (3(&1+ &), 36+ &)).

These formulae can also be deduced from Example 3.16 below.

We close this section with a characterization of convergence for Bregman mono-
tone sequences. Note that when f = 1| - ||, Bregman monotonicity reverts to the
standard notion of Fejér monotonicity, which is discussed in detail in [4] and [21].

PROPOSITION 2.9 (Bregman monotonicity). Suppose C is a closed convex set
in X such that C Nintdom f # . Suppose further (yn)nen i a sequence which is

Bregman monotone with respect to C'Nintdom f, i.e., it lies in int dom f and
(2.8) (Vee Cnintdom f)(Vn € N)  Ds(c,yn+1) < Dy(e, yn)-

Then: (yn)nen converges to some point in CNint dom f < all cluster points of (Yn)nen
are in C.

Proof. The implication “=" is clear. “«<”: pick ¢ € C' Nintdom f. Then the
sequence (Df (c, yn))n ¢y is decreasing and nonnegative, hence bounded. By Propo-
sition 2.2.(iv), (Yn)nen is bounded and all its cluster points lie in int dom f. Let
{¢,¢} € C Nintdom f be two cluster points of (y,)nen, say yg, — ¢ and y;, — C.
By Proposition 2.2.(iii), D¢(c,yx,) — 0. Since (yn)nen is Bregman monotone, we
have D¢ (c,y,) — 0 and, in particular, D¢(c,y;,) — 0. Using Proposition 2.2.(v), we
conclude ¢ =¢.

3. Bregman retractions.

3.1. Properties and examples.

DEFINITION 3.1 (Bregman retraction). Suppose C is a closed convex set in X
such that C Nintdom f # @ and p is a function from domp = (C N intdom f) x
intdom f to [0,4o00[. Then R: dom R = intdom f — C Nintdom f is a Bregman
retraction of C with modulus u, if the following two properties hold for every c €
CNintdom f and every x € int dom f:

() Dyle.x) > Dy(e, Re) + (e, ).
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(i) If (xn)nen is a sequence in int dom f and y is a point in int dom f such that
Tn — x, Rz, — vy, and p(c,x,) — 0, then x = y.

PROPOSITION 3.2 (basic properties of Bregman retractions). Suppose C is a
closed convez set in X such that C Nintdom f # @. Suppose further R is a Bregman
retraction of C with modulus p. Then the following holds true for every ¢ € C' N
int dom f and every x € intdom f:

(i) Suppose (Tn)nen s a sequence in intdom f and y is a point in int dom f such

that x,, — © and Rz, — y. Then p(c,x,) — 0 & x =y.

(ii) ple,z) =0 x=Rr < zecC.

Proof. (i): the implication “=" is clear by Definition 3.1.(ii). If x = y, then
(use Proposition 2.2.(i) and Definition 3.1.(i)) 0 = Ds(c,z) — Ds(c,x) < Dy(c, ) —
Dy(c, Rxy) > p(e,x,) > 0. Hence p(e,xz,) — 0 and “«<" is verified. (ii): The
first equivalence is a special case of (i), while the implication = Rz = x € C' is
clear. Now assume z € C. Then Definition 3.1.(i) with ¢ = « yields 0 = Dy(z,z) >
D¢ (z,Rx) + p(z,x) > Dy(x, Rx) > 0. Hence Dy(xz, Rx) = 0 and thus « = Rx by
Proposition 2.2.(ii). O

Every nonempty closed convex set in X possesses a Bregman retraction with
respect to the energy:

EXAMPLE 3.3 (orthogonal projection). Suppose f = 3||-||? and C is a nonempty
closed convex set in X. Then its orthogonal projection P¢ is a Bregman retraction
with modulus p: (c,z) — 3|z — Pez|?.

Proof. This will turn out to be a special case of Example 3.6 or 3.7. O

However, the next example shows that there exist Bregman retractions that are
not projections.

EXAMPLE 3.4. Let f = |- [|? and C = {z € X: |z]| < 1}. Fix e € ]0,1],
define A: X — [0,+00[: & — 1+ min{e, ||z — Pez|/}, and let R: X — C:z —
(1 = X(z))x + M(z)Pcw, where Pc is the orthogonal projection onto C. Then R is a
Bregman retraction of C' with modulus p: (c,z) — (2 — A(2))A(2)||z — Pox|*.

Proof. Fix x € X and ¢ € C. It follows from standard properties of orthogonal
projections (see, e.g., [4, Corollary 2.5]) that

(3.1) lz = ¢l = llo = Ra|* > (2 = M) A(@) ||z — Peall?,

which corresponds to Definition 3.1.(i). Now assume (x,),en converges to x. Since
Pc, and hence A, is continuous, we have Pox, — Pgx and Rz, — Rx. Assume
further p(c, z,) — 0. Then x,, — Pcx,, — 0 and thus Rz, = x,+A(x,)(Pox, —2y) —
x. Hence Rx = x and therefore R is a Bregman retraction. O

REMARK 3.5. In passing, note that if C is a closed convex set in X such that
(int C)Nintdom f # @ and y € int dom f \ C, then both points (Fcy and F)cy belong
to (bdry C) Nint dom f. Now let R and C as in Example 3.4. Since R maps points
outside C to the interior of C', there is no function f such that R is the backward or
forward Bregman projection onto C' with respect to Dy.

The following two examples contain Example 3.3 if we let f = 7| -

ExAMPLE 3.6 (backward Bregman projection). Suppose C is a closed convex set
in X such that C'Nintdom f # @. Then the backward Bregman projection ?c isa
continuous Bregman retraction with modulus p: (¢, z) — Df(?cx, x).

Proof. This follows from Fact 2.3 and Proposition 2.2.(iii). O

ExAMPLE 3.7 (forward Bregman projection). Suppose f allows forward Bregman
projections and C is a closed convex set in X such that C'Nintdom f # @. Then the

2.
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N
forward Bregman projection P¢ is a continuous Bregman retraction with modulus

(3.2) p: (¢,x)— Dp,((c,c), (z,ﬁcx)) =
Dy(c,z) — Dy(e, F)cx) + {(c— F)cx, V2f(1—3>cz)(a: - F)cx)>

Proof. See [7, Lemma 2.9] for the nonnegativity of Dp, and for the expression
of Dp,. Fact 2.6 states that ?C is continuous and (2.6) verifies Definition 3.1.(i). It
remains to establish condition (ii) of Definition 3.1. So pick ¢ € C Nintdom f and
(n)nen in intdom f such that z, — z € intdom f, }_D)an — y € intdom f, and
p(c, xp) — 0. By [7, Lemma 2.9], Dp, is continuous on (int dom f)* and therefore
w(c,zn) — Dp, ((c,¢), (z,y)). Altogether, Dp, ((c,c), (z,y)) = 0 and [7, Lemma 2.10]
implies x = y. O

The following example is motivated by [30, Section 4.7].

EXAMPLE 3.8. Let X = R”, f be the negative entropy, and

(3.3) C={reX:z>0and (z,1) <1}, where 1=(1,...,1) € X.
Let
i )
(3.4) R: intdom f — C' Nintdom f: x — T 1 :UGC.’,
z/(x,1), otherwise.

Then R = ?g = ?c- Consequently, R is a continuous Bregman retraction of C.
Proof. Fix ¢ € C and z € intdom f ~ C. Then, abusing notation slightly,

(¢c— Rz, Vf(z) — Vf(Rx)) = (c — z/(z,1),In(z) — In (z/(z,1)))
= (c—xz/(z,1),In ((z,1))1)
— o ((e.1)) ((e. 1)~ 1)

<0.

By (2.1), we see that Rz = Pox. Similarly,

(¢ — Rz,V?f(Rz)(z — Rx)) = c—;z:/:cl ((z,1) —1)-1)

(
(2, 1) = 1) ({e. 1) = 1)
0.

IN

Thus, using (2.5), Rx = ﬁcm. 0

REMARK 3.9. In [30, Section 4.7], it is observed that the orthogonal projection
of an arbitrary point in R'I~onto C is hard to compute explicitly, and hence the use
of the following extension R of R is suggested. Denoting the nonnegative part of a
vector x € R? by zT (i.e., T is the orthogonal projection of x onto the nonnegative
orthant), the extension R is defined by

ot /(@t, 1), i (@ 1) > 1

T

(3.5) R:X —C:zr )
, otherwise.

It is important to note that for certain points x € dom f~\ C and ¢ € C, the inequality
|Rx —c|| = ||Rx — ¢|| < ||z — ¢|| does not hold. Indeed, take X = R2, let ¢ = (1,0),
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consider the ray emanating from 0 that makes an angle of /6 with [0, +00[- ¢, and let
 be the orthogonal projection of ¢ onto this ray. Then ||[Rz —¢|| = |[Rz—c|| > ||z —¢||
(and this example can be lifted to R7, where J > 3). Therefore, Example 3.8 shows
that an operator which is not a Bregman retraction with respect to the energy may
turn out to be a Bregman retraction with respect to some other function.

3.2. Comparison with Censor and Reich’s paracontractions. Let us first
recall the concept of a Bregman function, as defined in [15] or [17] (see also [5], [9],
[25], and [32] for more concise definitions).

DEFINITION 3.10. Let S be a nonempty open convex subset of R, let g: S — R
be a continuous and strictly convex function, and let D4 be the corresponding Bregman
distance. Then g is a Bregman function with zone S if the following conditions hold:

(i) g is continuously differentiable on S;

(ii) For every x € S the sets ({y € S: Dy(z,y) < n})neR are bounded;

(iii

)
) For every y € S the sets ({x € S: Dy(x,y) < n})neR are bounded;
(iv) If (Yn)nen lies in S and y,, — y, then Dy(y,yn) — 0;
v) If (Xn)nen is a bounded sequence in S, (Yyn)nen lies in S, yn — y, and
Dy(xy,yn) — 0, then x, — y.

The following notion is due to Censor and Reich.

DEFINITION 3.11 ([16, Definition 3.2]). Suppose g is a Bregman function with
zone S C RY and let T: S — R’ be an operator with domain S. A point T € R” is
called an asymptotic fixed point of T if there exists a sequence (T, )nen n S such that
Ty — T and Tz, — Z. The set of asymptotic fized points is denoted by ﬁ(T) The
operator T is a paracontraction if ﬁ(T) # D and the following two conditions hold.

(i) (Yee F(T))(Yz € S) Dyle,Tz) < Dy(c, z).

(ii) If (zn)nen is a bounded sequence in S and ¢ € F(T) satisfies Dy(c,zpn) —

Dy(c,Txyn) — 0, then Dy(Txy, z,) — 0.

EXAMPLE 3.12 (Bregman retraction 7 paracontraction). Let f and A be as in
Example 2.8, and set T' = ?A. Then T is a continuous Bregman retraction but not a
paracontraction.

Proof. The first claim follows from Examples 2.7 and 3.7. We now show that T

is not a paracontraction. First, f is a Bregman function with zone S = intdom f =
10, +o0o[*. In addition,

(3.6) Dy(z,y) =& In(&/m) —& +m + & In(&a/n2) — & + 12,

for # = (£&,&) € dom f = [0, +oo[” and y = (n1,72) € intdom f = ]0, +oo[>. The set
of asymptotic fixed points of T" is seen to be

(3.7) ﬁ(T)zAﬁdomf:{(gl,@)6]1%2:51:5220}75@.

Fix ¢ = (0,0) € ﬁ(T) and pick an arbitrary z = (£1,£3) € intdom f ~~ A. By
Example 2.8, Tz = Paz = 1(&1 4 &,& + &). Hence,

(3.8)

Dy(c,x)=Dy(c,Tw) = Dy(0,2) = Dy(0,Tx) = (&1+&) — (3(E1+&) +35(&1+&2)) =0.

However, since x ¢ A, we have Tx = FAZL' # x and so, by Proposition 2.2.(ii),
Dy(Txz,z) > 0. Therefore Definition 3.11.(ii) fails and it follows that T is not a
paracontraction. 0
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ExaMPLE 3.13 (paracontraction # Bregman retraction). Let X = R and f =
1|+ |2, Then f is a Bregman function with zone S = X and T: X — X: z + 1z is
a paracontraction with F(T) = {0}. Now suppose that T is a Bregman retraction.
Then, by Proposition 3.2.(ii), the underlying set must be C' = {0}. However, by
Definition 3.1, this is absurd since the range of T' is not a subset of C. Therefore T is

not a Bregman retraction.

3.3. New Bregman retractions via averages and products.

PROPOSITION 3.14 (averaged Bregman retractions). Suppose f allows forward
Bregman projections and C is a closed convex set in X such that C' Nintdom f # @.
Suppose further Ry and Rs are two continuous Bregman retractions of C with moduli
w1 and po. Fiz A1 > 0 and Ay > 0 such that A\ + Ao =1, and set R = A\ R1 + A2 Ra5.
Then R is a Bregman retraction of C with modulus p = A1 + Aapio.

Proof. Tt is clear that the range of R is contained in C' N intdom f and that
dom R = intdom f. Fix ¢ € C Nintdom f and z € intdom f. Since both R; and Rs
are Bregman retractions of C' and since Dy(c, -) is convex on int dom f, we have

Dy(c,x) = MiDj(e,x) + AeDy(c, x)
> M (Dy(e, Riz) + pa(c, @) 4+ Ao (Dy(c, Rax) + pa(c, z))
= (MDy(c, Riz) + A2 D (c, Rax)) + plc, x)
> Dy¢(c, Rz) + p(c, x).

Hence condition (i) of Definition 3.1 holds. Next, assume (Z,)nen IS a sequence in
int dom f converging to x such that Rz, — y € intdom f and p(c,x,) — 0. Then
u1(e, ) — 0 and pa(c,x,) — 0. On the other hand, since Ry and Ry are continuous
on intdom f, (Rixn, Rexy,) — (Ryix, Rex) and hence Rz, — Rx. Thus y = Rx.
Using condition (ii) of Definition 3.1 on each R;, we also have = Riz = Rz and
thus = Rz. Altogether, © = y and condition (ii) of Definition 3.1 is verified as well.
|

ExaMPLE 3.15 (averaged backward-forward Bregman projections). Suppose f
allows forward Bregman projections and C' is a closed convex set in X such that
CNintdom f # . Denote the Bregman retraction and its modulus from Example 3.6
(respectively Example 3.7) by R; and uq (respectively Ro and ps). Fix Ay > 0 and
Ao > 0 such that A\ + Ay = 1, and set R = ARy + A2R2. Then R is a Bregman
retraction of C' with modulus g = A1 + Ao pio.

We conclude this section with a product space construction first introduced by
Pierra in [28] (see also [29]). The extension to a Bregman distance setting is due to
Censor and Elfving [13]. The product space technique will be extremely useful for
analyzing the parallel projection methods presented in Section 5.

EXAMPLE 3.16 (product space setup). For convenience, let I = {1,...,N} in
(1.3). Denote the standard Euclidean product space XV by X and write x = (z;);cr,
for x € X. Let

(3.9) A={(z,...,5)eX:ze€X} and C=Cix---xCy.
Fix (Ai)ier in ]0,1] such that 7, ; A; = 1, and set
(3.10) f: X — ]—00,400] : x = Y, Aif(24).

Then f is Legendre, dom f* is open, and A N C Nintdom f # . In addition, if

x € domf and y € intdom f, then De(x,y) = >,c; A\iDy(4, ;). Moreover:
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— —
(i) The operators Pa and Pc are continuous Bregman retractions of A and C,
respectively, and

?Ay =(z,...,2), where z=Vf* (Ziel /\in(yi)),
—

(3.11) _
Pcy = (Pciyi)iej-

(ii) Suppose f allows forward Bregman projections. Then so does f. The opera-

— —
tors Pa and P are continuous Bregman retractions of A and C, respectively,
and

_
Pay = (z,...,2), where z=3 ;A\,

(3.12) N N
Pcy = (Po¥i) e ;-
— «— — —

Proof. The fact that the operators Pa, Pc (and Pa, Pc provided they ex-
ist) are continuous Bregman retractions follows from Example 3.6 (and Example 3.7,
respectively). (i): See [5, Corollary 7.2] or [13, Lemmata 4.1 and 4.2]. (ii): Us-
ing Definition 2.4, it is straightforward to check that f allows forward Bregman
projections. Next, let z = >, ., Niy; and z = (2,...,2) € X. Then z € A.
Observe that V?f(z)y = (MiV?f(2)yi),., and V*f(z)z = (\V?f(2)2),.,- Hence
Vi(z)(y —2z) € AT = {x € X : Yieri = 0}, because Y, A VAf(2)y; =
V2f(2)(X e Niyi) = V2f(2)z = 3,0, AMiV2f(2)z. Thus, it follows from (2.5) that
z = ?Ay. In view of the separability of Dy and C, the formula for ?C is clear. O

REMARK 3.17. The case when f is replaced by ), ;Nigi(z;), where (g;)icr is
a family of possibly different Bregman functions, was considered in [12] and [13].

— —
This setup is too general to permit closed forms for Pa or Pa. Furthermore, since
Bregman functions are not necessarily Legendre, the existence of Bregman projections
is not guaranteed and must therefore be imposed.

4. Main result. Going back to (1.4), we henceforth set

(4.1) C= ﬂieICi

and assume that (the existence of the Bregman retractions is guaranteed by (1.3) and
Example 3.6)

(4.2) (VieI) R;isa Bregman retraction of C; with modulus y;.

We now formulate our main result.
THEOREM 4.1 (method of Bregman retractions). Given an arbitrary starting
point yg € intdom f, generate a sequence by

(43) (Vn € N) Yn+1 = Ri(n—i—l)yn»

where i: N — I takes on each value in I infinitely often. Then the sequence (Yn)nen
converges to a point in C Nintdom f.

Proof. We proceed in several steps.

Step 1: We have

(Vn € N)(Ve € Cypqry Nintdom f)  Dy(c,yn) > Dy(¢, Ynt1) + Hitnt1)(C Yn)-
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Indeed, ynt+1 = Ri(ny1)Yn and Ry, 41y is a Bregman retraction of Cy,41)-

Step 2: (Yn)nen is Bregman monotone with respect to C' N int dom f.
This is clear from Step 1.

Step 3: (Yn)nen is bounded and all its cluster points belong to int dom f.
Fix ¢ € CNintdom f. In view of Step 2, the sequence (Df (c, yn))nGN is decreasing
and hence bounded. Now apply Proposition 2.2.(iv).

Next, let us consider an arbitrary cluster point of (yn)nen, say Yk, — Y-

Step 4: y € intdom f and D¢ (y, yk, ) — O.
This follows from Step 3 and Proposition 2.2.(i).

Because [ is finite, after passing to a further subsequence and relabelling if nec-
essary, we assume that i(k,) = 4i,. Since C;,, is closed, we have y € C;, .

We now define Ij, ={i€l:yeC;}tand Ihnn ={i €I :y & C;}.

Step 5: Iow = 9.
Suppose to the contrary that I,y # @. After passing to a further subsequence and
relabelling if necessary, we assume that {i(k,),i(k, +1),...,i(kny1 — 1)} =1 — this
is possible, by our assumptions on the index selector i. For each n € N, let

(4.4) myp, =min {k, <k <kpyr —1:i(k) € Ioye ) — 1.

The current assumptions imply that each m,, is a well-defined integer in [k, kpt1 —2]
satisfying y € ﬂkn<k<mn Ci(r)- Repeated use of Step 1 thus yields

(4.5) (Vn € N) Df(yaymn) < Df(y’ykn)'

Using Step 4 and Proposition 2.2.(v), we deduce y,,, — y. After passing to a further
subsequence and relabelling if necessary, we assume that i(m, + 1) = ioy and that
Ymp+1 = RijyYm, — 2z € Ci,, Nintdom f (using Step 3 again). Now fix ¢ €
CNintdom f. Step 1 implies that (ui(n+1)(c, yn)) is summable; in particular,

neN
(4.6) Hios (€ Ymn) = Higmn+1) (€ Ym, ) — 0.
Since R;_,, is a Bregman retraction, we obtain y = z € C;_,. But this in turn implies

tout € Iin, which is the desired contradiction.

Last step: We have shown that (y,)nen is Bregman monotone with respect to
CnNintdom f (Step 2), and that all its cluster points lie in C'Nint dom f (Step 4 and
Step 5). Therefore, by Proposition 2.9, the entire sequence (¥, )nen converges to some
point in C Nint dom f. O

REMARK 4.2. The proof of Theorem 4.1 is guided by the proof of [7, Theorem 4.1]
and similar convergence results on iterating operators under such general control; see
[5], [16], and [26]. The present proof clearly shows when properties of the Bregman
distance are used, as opposed to those of the modulus. This distinction is blurred
in other proofs, because the implicit surrogates for the modulus depend on Dy: see

the roles of Df(?cr(nﬂ)ymyn), Dp, ((c, ), (yn,?cr(nﬂ)yn)), Dy (Tsz(t),z(t)), and
DF(z*+1, 2%) in the proofs of [5, Theorem 8.1], [7, Theorem 4.1], and [16, Theo-
rem 3.1], [26, Theorem 4.1], respectively.

REMARK 4.3 (Bregman retractions must correspond to the same Bregman dis-
tance). It is natural to ask whether it is possible to use iterates of Bregman retractions
coming from possibly different underlying Bregman distances to solve convex feasibil-
ity problems. Unfortunately, this approach is not successful in general. To see this,

let X = R? and set R¢ = Pc = Pc, where f is the negative entropy and C is as
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in Example 3.8 (with J = 2). Further, let L be the straight line through the points
(0, gg) and (4, 8) and let Ry, be the orthogonal projection, i.e., the backward or for-
ward Bregman projection with respect to the energy. Then, although LNnintC # @,
iterating the map T' = R, o Rc may not lead to a point in C'N L: indeed, (47 8) isa

fixed point of T' outside C.

5. Applications. Continuing to work under Assumptions (4.1) and (4.2), we
now discuss various sequential and parallel algorithms derived from Theorem 4.1.

5.1. Sequential algorithms.

APPLICATION 5.1 (sequential Bregman projections). For each i € I, let R; =
?Ci' Then Theorem 4.1 coincides with [5, Theorem 8.1.(ii)]; see also [16, Theo-
rem 3.2]. For cyclic Bregman projections, see Bregman’s classical [8].

APPLICATION 5.2 (new method of mixed backward-forward Bregman projec-
tions). Suppose f allows forward Bregman projections. For each i € I, let either
R, = P¢, or R; = ﬁc Then Theorem 4.1 yields a convergence result on iterating a
mixture of backward and forward Bregman projections. Note: If desired, it is possible
to use both <ﬁCi and I_jci for a given set C; infinitely often, by counting this set twice.

The following three algorithms are special instances of Application 5.2.

APPLICATION 5.3 (sequential forward Bregman projections). Suppose f allows
forward Bregman projections and let R; = FC,;» for every ¢« € I. Then Theorem 4.1
reduces to [7, Theorem 4.1].

APPLICATION 5.4 (sequential orthogonal projections). Suppose f = 35 -
and let each R; be the orthogonal projection Pc,. Then Theorem 4.1 turns into a
convergence result on (chaotic or random) iterations of orthogonal projections; see
also [2], [19], and references therein.

APPLICATION 5.5 (alternating backward-forward Bregman projections). Sup-

I

pose f allows forward Bregman projections and let I = {1,2}, Ry = P¢,, and
Ry = ?CQ. Then the method of Bregman retractions (4.3) corresponds to an alternat-
ing backward-forward Bregman projection method, which can be viewed as Csiszar
and Tusnady’s alternating minimization procedure [22] applied to Dy (this covers the
Ezxpectation-Mazimization method for a specific Poisson model; see [22] and [24]).

5.2. Parallel algorithms. Various parallel algorithms arise by specializing Ap-
plication 5.2 to the product space setting of Example 3.16. Using Example 3.16 and its
notation, we deduce that the sequence (T"xg),en, where xg € A and T = (FA o ?C,
converges to some point in A N C Nintdom f. The same holds true when T €

— = = - = —
{PA o Pc, PaoPc,Pao PC} provided that f allows forward Bregman projections.

Translating back to the original space X, we obtain the following four parallel
algorithms.

APPLICATION 5.6 (parallel projections a la Censor and Elfving). Given z( €
int dom f, the sequence generated by

(5.1) (Y €N) @1 = VI (X0 MVF(Pe,an))

converges to a point in C' Nintdom f. This method, which amounts to iterating

PA o Pc in X, was first suggested implicitly in [13]; see also [5] and Remark 3.17.
APPLICATION 5.7 (parallel projections & la Byrne and Censor I). Suppose f

allows forward Bregman projections. Given xy € intdom f, the sequence generated
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by
«—
(52) (vn € N) LTn+l = ZiEI)\i Pcixn

converges to a point in C' N intdom f. This method, which amounts to iterating

— —

Pa o Pc in X, can be found implicitly in [11, Section 4.1] (see also Remark 3.17).
APPLICATION 5.8 (parallel projections & la Byrne and Censor II). Suppose f

allows forward Bregman projections. Given xy € intdom f, the sequence generated
by

(5.3) (Y €N) 1 = V(S0 MV (Peo,an))

converges to a point in C' Nintdom f. This method, which amounts to iterating
PA o Pc in X, can be found implicitly in [11, Section 4.2] (see also Remark 3.17).

APPLICATION 5.9 (new parallel method). Suppose f allows forward Bregman
projections. Given xg € int dom f, the sequence generated by

(5.4) (VYneN) x,41 = Eieﬂ\i?&xn

converges to a point in C' Nintdom f. This corresponds to iterating ]_D)A ) F)c in X.
The negative entropy and the energy lead to concrete examples:
APPLICATION 5.10 (averaged entropic projections a la Butnariu, Censor, and
Reich). Let f be the negative entropy. Given xz( € int dom f, the sequence generated
by

(5.5) (Vn€N) Zpi1 = Ye )i Po,on

converges to a point in CNint dom f. Convergence is guaranteed by [10, Theorem 3.3],
which holds true in more general settings, or by Application 5.7.
We conclude with a classical method which can be obtained from Application 5.6,
5.7, 5.8, or 5.9 by setting f = %H 1%
APPLICATION 5.11 (parallel orthogonal projections a la Auslender). For each
i € I, let Po, be the orthogonal projection onto C;. Given zy € X, the sequence

generated by

(5.6) (YneN) x,11 =), iPoan
converges to some point in C [1] (see also [3], [18], and [23] for the case when C' = Q).

Acknowledgment. We wish to thank Charlie Byrne and Yair Censor for sending
us [11] and an anonymous referee for careful reading and helpful comments.

REFERENCES

[1] A. AUSLENDER, Optimisation — Méthodes Numériques, Paris, Masson, 1976.

[2] H. H. BAUSCHKE, A norm convergence result on random products of relazed projections in
Hilbert space, Trans. Amer. Math. Soc., 347 (1995), pp. 1365-1374.

[3] H. H. BAUSCHKE AND J. M. BORWEIN, On the convergence of von Neumann’s alternating
projection algorithm for two sets, Set-Valued Anal., 1 (1993), pp. 185-212.

[4] , On projection algorithms for solving convez feasibility problems, STAM Rev., 38 (1996),
pp. 367-426.
[5] , Legendre functions and the method of random Bregman projections, J. Convex Anal.,

4 (1997), pp. 27-67.



14

[6]

[7]

(8]

(9]
[10]

[11]

[13]

HEINZ H. BAUSCHKE AND PATRICK L. COMBETTES

———, Joint and separate convezity of the Bregman distance, in Inherently Parallel Algorithms
in Feasibility and Optimization and Their Applications, D. Butnariu, Y. Censor, and S.
Reich, eds., pp. 23-36, Elsevier, Amsterdam, The Netherlands, 2001.

H. H. BAUSCHKE AND D. NoLL, The method of forward projections, J. Nonlinear Convex Anal.,
3 (2002), pp. 191-205.

L. M. BREGMAN, The relaxation method of finding the common point of convex sets and its
application to the solution of problems in convex programming, USSR Comput. Math.
Math. Phys., 7 (1967), pp. 200-217.

D. BurNARIU, C. BYRNE, AND Y. CENSOR, Redundant axioms in the definition of Bregman

functions, J. Convex Anal., 10 (2003), to appear.

. BUTNARIU, Y. CENSOR, AND S. REICH, [terative averaging of entropic projections for solving

stochastic convez feasibility problems, Comput. Optim. Appl., 8 (1997), pp. 21-39.

C. BYRNE AND Y. CENSOR, Prozimity function minimization using multiple Bregman projec-
tions, with applications to entropy optimization and Kullback-Leibler distance minimiza-
tion, unpublished research report (June 7, 1999), 37 pages. An abridged version of this re-
port was published as [12]. Available at http://math.haifa.ac.il/yair/bc29b070699.ps.

, Prozimity function minimization using multiple Bregman projections, with applications
to split feasibility and Kullback-Leibler distance minimization, Ann. Oper. Res., 105 (2001),
pp. 77-98.

Y. CENsSOR AND T. ELFVING, A multiprojection algorithm using Bregman projections in a
product space, Numer. Algorithms, 8 (1994), pp. 221-2309.

Y. CENSOR AND G. T. HERMAN, Block-iterative algorithms with underrelazed Bregman projec-
tions, SIAM J. Optim., 13 (2003), pp. 283-297.

Y. CENSOR AND A. LENT, An iterative row-action method for interval convex programming, J.
Optim. Theory Appl., 34 (1981), pp. 321-353.

Y. CENSOR AND S. REICH, [terations of paracontractions and firmly nonexpansive operators

Y

o}

with applications to feasibility and optimization, Optimization, 37 (1996), pp. 323-339.
. CENSOR AND S. A. ZENIOS, Parallel Optimization: Theory, Algorithms, and Applications,
Oxford University Press, New York, 1997.

P. L. COMBETTES, Inconsistent signal feasibility problems: Least-squares solutions in a product
space, IEEE Trans. Signal Process., 42 (1994), pp. 2955-2966.

, Construction d’un point fixe commun a une famille de contractions fermes, C. R. Acad.
Sci. Paris Sér. I Math., 320 (1995), pp. 1385-1390.

———, Hilbertian convezx feasibility problem: Convergence of projection methods, Appl. Math.
Optim., 35 (1997), pp. 311-330.

, Fejér monotonicity in convex optimization, in Encyclopedia of Optimization, C. A.
Floudas and P. M. Pardalos, eds., Vol. 2, pp. 106-114, Kluwer, Boston, MA, 2001.

1. CsiszAR AND G. TUSNADY, Information geometry and alternating minimization procedures,
Statist. Decisions, (Supplement 1) (1984), pp. 205-237.

A. R. DE PIERRO AND A. N. IUSEM, A parallel projection method for finding a common point
of a family of convex sets, Pesqui. Oper., 5 (1985), pp. 1-20.

A. N. IuseMm, A short convergence proof of the EM algorithm for a specific Poisson model, Rev.
Brasil. Prob. Estatistica, 6 (1992), pp. 57-67.

K. C. KIWIEL, Free-steering relaxation methods for problems with strictly convex costs and
linear constraints, Math. Oper. Res., 22 (1997), pp. 326-349.

Generalized Bregman projections in convex feasibility problems, J. Optim. Theory Appl.,
96 (1998), pp. 139-157.

K. C. KiwieL AND B. LoPUCH, Surrogate projection methods for finding fixed points of firmly
nonexpansive mappings, SIAM J. Optim., 7 (1997), pp. 1084-1102.

G. PIERRA, Eclatement de contraintes en paralléle pour la minimisation d’une forme quadra-
tique, in Lecture Notes in Computer Science, Vol. 41, Springer-Verlag, New York, 1976,
pp. 200-218.

, Decomposition through formalization in a product space, Math. Programming, 28
(1984), pp. 96-115.

B. T. PoLyAk, Random algorithms for solving conver inequalities, in Inherently Parallel Al-
gorithms in Feasibility and Optimization and Their Applications, D. Butnariu, Y. Censor,
and S. Reich, eds., pp. 409—422, Elsevier, Amsterdam, The Netherlands, 2001.

R. T. ROCKAFELLAR, Convexr Analysis, Princeton University Press, Princeton, NJ, 1970.

M. V. SoLopov AND B. F. SVAITER, An inexact hybrid generalized prozimal point algorithm
and some new results on the theory of Bregman functions, Math. Oper. Res., 25 (2000),
pp. 214-230.




