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A MONOTONE + SKEW SPLITTING MODEL FOR COMPOSITE
MONOTONE INCLUSIONS IN DUALITY"*

LUIS M. BRICENO-ARIAST AND PATRICK L. COMBETTESt

Abstract. The principle underlying this paper is the basic observation that the problem of
simultaneously solving a large class of composite monotone inclusions and their duals can be reduced
to that of finding a zero of the sum of a maximally monotone operator and a linear skew-adjoint
operator. An algorithmic framework is developed for solving this generic problem in a Hilbert space
setting. New primal-dual splitting algorithms are derived from this framework for inclusions involving
composite monotone operators, and convergence results are established. These algorithms draw their
simplicity and efficacy from the fact that they operate in a fully decomposed fashion in the sense
that the monotone operators and the linear transformations involved are activated separately at each
iteration. Comparisons with existing methods are made and applications to composite variational
problems are demonstrated.
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1. Introduction. A wide range of problems in areas such as optimization, vari-
ational inequalities, partial differential equations, mechanics, economics, signal and
image processing, or traffic theory can be reduced to solving inclusions involving
monotone set-valued operators in a Hilbert space H, say

(1.1) find z € X suchthat ze€ Mz,

where M : H — 27 is monotone and z € H; see, e.g., [13, 14, 19, 20, 23, 26, 35, 39, 40,
43]. In many formulations of this type, the operator M can be expressed as the sum
of two monotone operators, one of which is the composition of a monotone operator
with a linear transformation and its adjoint. In such situations, it is often desirable to
also solve an associated dual inclusion [1, 3, 4, 16, 22, 27, 28, 29, 31, 32, 33, 37]. The
present paper is concerned with the numerical solution of such composite inclusion
problems in duality. More formally, the basic problem we consider is the following.

PROBLEM 1.1. Let H and G be two real Hilbert spaces, let A: H — 2" and
B: G — 29 be mazimally monotone, let L: H — G be linear and bounded, let z € H,
and let r € G. The problem is to solve the primal inclusion

(1.2) find v € H such that z € Az + L*B(Lx —r)
together with the dual inclusion

(1.3) find ve G such that —r e —LA (2 — L*v) + B o.
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COMPOSITE MONOTONE INCLUSIONS IN DUALITY 1231

The set of solutions to (1.2) is denoted by P and the set of solutions to (1.3) by D.

A classical instance of the duality scheme described in Problem 1.1 is the Fenchel—-
Rockafellar framework [33] which, under a suitable constraint qualification, corre-
sponds to letting A and B be subdifferentials of proper lower semicontinuous convex
functions f: H — ]—o00,+00] and g: G — |—00, +], respectively. In this scenario,
the problems in duality are

(1.4) migie%ize f@)+g(Lx—71)—(x]|2)
and
(1.5) minie%lize ffz=Lv)+g"(v)+{(v]|r).

Extensions of the Fenchel-Rockafellar framework to variational inequalities were con-
sidered in [1, 18, 22, 28], while extensions to saddle function problems were proposed in
[25]. On the other hand, general monotone operators were investigated in [3, 4, 7, 27
in the case when G = H and L = Id. The general duality setting described in Prob-
lem 1.1 appears in [16, 29, 31].

Our objective is to devise an algorithm which solves (1.2) and (1.3) simultaneously
and which uses the operators A, B, and L separately. In the literature, several splitting
algorithms are available for solving the primal problem (1.2), but they are restricted
by stringent hypotheses. Let us set

(1.6) A H—=2" 0 —2+Ax and Ay:H — 22— L*B(Lx —7)

and observe that solving (1.2) is equivalent to finding a zero of A; + As. If B is single-
valued and cocoercive (its inverse is strongly monotone), then so is Ay, and (1.2) can be
solved by the forward-backward algorithm [10, 26, 40]. If B is merely Lipschitzian, or
even just continuous, so is Ag, and (1.2) can then be solved via the algorithm proposed
in [41]. These algorithms employ the resolvent of A, which is easily derived from that
of A, and explicit applications of As, i.e., of B and L. They are, however, limited in
scope by the fact that B must be single-valued with restrictive continuity properties.
The main splitting algorithm for finding a zero of A; + Az when both operators are
set-valued is the Douglas—Rachford algorithm [11, 15, 24, 38]. This algorithm requires
that both operators be maximally monotone and that their resolvents be computable
to within some quantifiable error. Unfortunately, these conditions are seldom met
in the present setting since A may not be maximally monotone [29, 31] and, more
importantly, since there is no convenient rule for computing the resolvent of Ay in
terms of L and the resolvent of B unless stringent conditions are imposed on L (see
[6, Proposition 23.23] and [20]).

Our approach is motivated by the classical Kuhn—Tucker theory [34], which asserts
that points T € ‘H and U € G satisfying the conditions

(1.7) (0,0) € (— 2+ 0f(F) + L*v, r + 0g* (v) — L)

are solutions to (1.4) and (1.5), respectively. By analogy, it is natural to consider the
following problem in conjunction with Problem 1.1.
PROBLEM 1.2. In the setting of Problem 1.1, let K = H & G and set

(1.8) {M: K — 2K, (z,v) = (—z + Ax) x (7’+B_1v)

S: K- K: (z,v) = (L*v, —Lzx).
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1232 LUIS M. BRICENO-ARIAS AND PATRICK L. COMBETTES

The problem is to
(1.9) find x € K such that 0€ Mz + Sx.

The investigation of this companion problem may have various purposes [1, 16,
29, 31]. Ours is to exploit its simple structure to derive a new splitting algorithm
to solve efficiently Problem 1.1. The crux of our approach is the simple observation
that (1.9) reduces the original primal-dual problem (1.2)-(1.3) to that of finding a
zero of the sum of a maximally monotone operator M and a bounded linear skew-
adjoint transformation S. In section 2 we establish the convergence of an inexact
splitting algorithm proposed in its original form in [41]. Each iteration of this forward-
backward-forward scheme performs successively an explicit step on S, an implicit step
on M, and another explicit step on S. We then review the tight connections existing
between Problems 1.1 and 1.2 and, in particular, the fact that solving the latter
provides a solution to the former. In section 3, we apply the forward-backward-
forward algorithm to the monotone+skew Problem 1.2 and obtain a new type of
splitting algorithm for solving (1.2) and (1.3) simultaneously. The main feature of
this scheme that distinguishes it from existing techniques is that at each iteration
it employs the operators A, B, and L separately without requiring any additional
assumption to those stated above except, naturally, existence of solutions. Using a
product space technique, we then obtain a parallel splitting method for solving the
m-~term inclusion

(1.10) find z € H suchthat ze€ Z LB;(Liyx —1y),
i=1

where each maximally monotone operator B; acts on a Hilbert space G;, r; € G;, and
L;: H — G; is linear and bounded. Applications to variational problems are discussed
in section 4, where we provide a proximal splitting scheme for solving the primal dual
problem (1.4)—(1.5), as well as one for minimizing the sum of m composite functions.

Notation. We denote the scalar products of H and G by (- | -) and the associated
norms by || - ||. B(H,G) is the space of bounded linear operators from H to G,
B(H) =B (H,H), and the symbols — and — denote, respectively, weak and strong
convergence. Moreover, H & G denotes the Hilbert direct sum of ‘H and G. The
projector onto a nonempty closed convex set C' C H is denoted by Pr and its normal
cone operator by N¢, i.e.,
(1.11) No:H — 2"z {{UEH [y eC) (y—olu) <0} ifxEC.',

1] otherwise.

Let M:H — 27 be a set-valued operator. We denote by ranM = {u EH |
(3z € H) u € Mz} the range of M, by domM = {z € H | Mz # @} its domain,
by zer M = {x €M | 0 € Mx} its set of zeros, by graM = {(z,u) € H x H |
ueM x} its graph, and by M ! its inverse, i.e., the set-valued operator with graph
{(u,z) € H x H | u € Mx}. The resolvent of M is Jy; = (Id+M)~'. Moreover, M
is monotone if

(1.12) (V(z,y) € H x H)(V(u,v) € Moz x My) {(x—y|u—v)>0
and maximally so if there exists no monotone operator M : H — 2" such that graM C
graM # graM. In this case, Jjs is a nonexpansive operator defined everywhere in

‘H. For background on convex analysis and monotone operator theory, the reader is
referred to [6, 42].
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2. Preliminary results.

2.1. Technical facts. The following lemmas will be needed subsequently (see,
for instance, [9, Lemma 3.1] and [9, Theorem 3.8], respectively).

LEMMA 2.1. Let (apn)nen be a sequence in [0, +00], let (Bn)nen be a sequence
in [0, 400, and let (en)nen be a summable sequence in [0, +o0o[ such that (¥n € N)
ant1 < ap — Bn + en. Then (an)nen converges and (Bp)nen is summable.

LEMMA 2.2. Let C be a nonempty subset of H, and let (x,)nen be a sequence
in H. Suppose that, for every x € C, there exists a summable sequence (e)neN in
[0, +00[ such that

(2.1) (Vn €N) [[zni1 _tz < Hxn_fCHQ"'gn

and that every sequential weak cluster point of (x,)nen is in C. Then (zn)nen con-
verges weakly to a point in C.

We shall also require the following definition.

DEFINITION 2.3 (see [2, Definition 2.3]). An operator M : H — 2% is demiregular
at x € dom M if, for every sequence ((Xn,un))nen in graM and every u € Mx such
that x,, — x and u, — u, we have x, — .

LEMMA 2.4 (see [2, Proposition 2.4]). Let M: H — 2" and let x € dom M.
Then M is demiregular at x in each of the following cases:

(i) M is uniformly monotone at x; i.e., there exists an increasing function
¢: [0, +oo[ — [0, 4+00] that vanishes only at O such that (Yu € Mx)(¥(y,v) €
graM) (z —y|u—v) > ¢(|z —yl).

(ii) M is strongly monotone; i.e., there exists a € |0, +oo| such that M — a1d is
monotone.

(iii) Jar is compact; i.e., for every bounded set C C H, the closure of Jp(C)
is compact. In particular, dom M is boundedly relatively compact; i.e., the
intersection of its closure with every closed ball is compact.

(iv) M:H — H is single-valued with a single-valued continuous inverse.

(v) M is single-valued on dom M, and Id —M is demicompact; i.e., for every
bounded sequence (y)nen in dom M such that (M, )nen converges strongly,
(Tn)nen admits a strong cluster point.

2.2. An inexact forward-backward-forward algorithm. Our algorithmic
framework will hinge on the following splitting algorithm, which was proposed in the
error-free case in [41]. We provide an analysis of the asymptotic behavior of an inexact
version of this method, which is of interest in its own right.

THEOREM 2.5. Let H be a real Hilbert space, let A: H — 2% be mazimally
monotone, and let B: H — H be monotone. Suppose that zer(A + B) # & and that
B is -Lipschitzian for some B € ]0,+00[. Let (ap)nen, (bn)nen, and (€n)nen be
sequences in H such that

(2.2) D llanll < 400, > |lball < 400, and Y |len]| < +oo,
neN neN neN
let ko € H, let € €]0,1/(8 + 1)[, let (yn)nen be a sequence in [, (1 —€)/fB], and set
Y, = Tp — PYn(Bwn + an)

b, = J'ynA Y, +bn
2.3 VneN n n
(2:3) (vn € N) 4, =P, — W(Bp, +c,)

Tntl = Tn —Yp T qp-

Then the following hold for some T € zer(A + B):
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() ocull@n —pall? < o0 and T, ey [y, — 4.2 < +oc.
(ii) ®p, =T and p,, = T.
(iii) Suppose that one of the following is satisfied:
(a) A+ B is demiregular at T.
(b) A or B is uniformly monotone at .
(c) intzer(A + B) # @.
Then x, - T and p, — .
Proof. Let us set

gn =Tp — PYann
(2.4) (Vn € N) Dy =JvAY,

and

(2.5) (VneN) e,=vy,—q,— Yp+ dy-
Then

(2.6) (VneN) %, (¥, — Pn) € AP,

Now let @ € zer(A + B) and let n € N. We first note that (x, —y,Bx) € gra~,A.
On the other hand, (2.6) yields (p,,,¥,, — P,,) € gray,A. Hence, by monotonic-
ity of v, A, (p, —x|DP, — Y, —mBx) < 0. However, by monotonicity of B,
P, — x| WmBx —v,Bp,) < 0. Upon adding these two inequalities, we obtain
P, — x| Py, — Y, — BD,) <0. In turn, we derive from (2.4) that
29 (P, — | Bz, — Bp,)) =2(p, —x | P, — Y,, — 1= BD,)
+2(p, — | Bxn + Y, — P,)
<2(p, — x| WmBzy+Y, —Py)
=2(p, —x|Tn —Py)
(2.7) = l@n —2|* ~ 1P, — 2] — llzn — B, I°
and, therefore, using the Lipschitz continuity of B, that
|0 =G + @ — 2l = |y, — ) + Y0 (Bzn — Bb,)|?
= |p, — z|* + 27, (P, — = | Bz, — Bp,,)
+7l| Bz, — Bp,||?
< l@n — 2| = llzn — B, )1* + 72l Bxw — BB, |12
< n — 2l = (1= 778%) |20 — Poll?
(2.8) < l@n — 2] = 2llzn — o™
We also derive from (2.3) and (2.4) the following inequalities. First,

(2.9) 1Un = Ynll = mllan| < [lanll/B.
Hence, since .J,, 4 is nonexpansive,
1Py, = Poll = 175, 4 Yy — Ty, 4y, —
< ||J'ynA Yp — J'YnAyn” + [|bn |
< NYn — yull + [[bn]]
(2.10) < llanll/B + [|bal|-
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In turn, we get

19, — q.|l = [P, — 7w BP,, — P,, + 1(Bp,, + cu)|l
<||Pn = Pull + 7l BD,, — Bp,, | + vullexll
< (A +1mB)Pn, — Pull + ullenl|

(2.11) < 2(llanll/B + [[ball) + llenll/ B

Combining (2.5), (2.9), and (2.11) yields |lex[| < |, —y,[l+ 1@, — .l < 3llan|l/5+
2||by |l + |lenll/B, and, in view of (2.2), it follows that

(2.12) > llexll < +oo.

keN

Furthermore, (2.3), (2.5), and (2.8) imply that
213) flzn—z| = [[en—y,+g,—z| < [[®n—,+q,—zl+|enll < [[2n—z|+]en].

Thus, it follows from (2.12) and Lemma 2.1 that (zx)keny is bounded, and we de-
duce from (2.4) that, since the operators B and (J,, a)ren are Lipschitzian, (y,,)ken,
(Pr)ken, and (qy,)ken are bounded. Consequently, i = supyey | — Y + @, — || <
+00, and, using (2.3), (2.5), and (2.8), we obtain
[Tns1 —2|* = 20—y, +q, — |

=@ =Y + @, — @+ enll

=20 =G0 + @0 —2[* +2(20 — Yo + @, — x| €n) + [len]?
(2.14) < Nom = @] — @ —Bol* +eny where en = 2uflen] + [leal®

(i) It follows from (2.12), (2.14), and Lemma 2.1 that
(2.15) > s = Pul* < +oc.
neN
On the other hand, since (2.2) and (2.10) imply that

neN

we have 3, IP,, — p,||? < 4+00. We therefore infer that Y-, |&n — p,||* < +o0.
Furthermore, since (2.5) and (2.4) yield

(VTLEN) Hyn_an2: ||§n_6n+en”2
= ||z, — p,, — Yn(Bx, — Bp,) + en||2
< 3(”wn _511”2 +"/12152 zn _f’nHz + HenHQ)

(2.17) < 6l|lzn — Py ll* + 3llenll?,

we derive from (2.15) and (2.12) that Y, . [y, — @, < +oc.
(ii) Set

(2.18) (VneN) w, =1, (- Pp,) + Bp, — Bz,
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Using (2.4) and (2.6), we get

(2.19) (vn€N) wun,=7,'", —p,) + Bp, € Ap, + Bp,.

On the other hand, using (2.15), the Lipschitz continuity of B, and (2.18), we obtain
(2.20) Bp,, — Bx, -0 and wu, —0.

Now, let w be a weak sequential cluster point of (&, )nen, say g, — w. It follows
from (2.19) that (py, , Uk, Jnen lies in gra(A + B) and from (2.15) and (2.20) that

(2.21) pr, —w and wu, — 0.

Since B: ‘H — # is monotone and continuous, it is maximally monotone [6, Corol-
lary 20.25]. Furthermore, since dom B = #, A + B is maximally monotone [6,
Corollary 24.4(i)], and its graph is therefore sequentially closed in H "k x #strone
[6, Proposition 20.33(ii)]. Therefore, (w,0) € gra(A + B). Using (2.14), (2.12), and
Lemma 2.2, we conclude that there exists & € zer(A + B) such that x,, — . Finally,
in view of (i), p,, — .

(iii)(a) As shown in (ii), p,, — . Hence (2.16) yields p,, — T. Moreover, (2.20)
yields u, — 0, and (2.19) yields (Vn € N) (p,,,u,) € gra(A + B). Altogether,
Definition 2.3 implies that p,, — T and, therefore, using (2.16), that p,, — . Finally,
it results from (i) that , — Z.

(iii) (b)=>(iii)(a) The assumptions imply that A + B is uniformly monotone at Z.
Hence, the result follows from Lemma 2.4(3).

(iii)(c) It follows from (2.14), (2.12), (ii), and [9, Proposition 3.10] that x,, — Z.
In turn, (i) yields p,, — &. O

Remark 2.6. The sequences (@ )nen, (bn)nen, and (¢, )nen in (2.3) model errors
in the evaluation of the operators. In the error-free setting, the weak convergence of
(Zn)nen to a zero of A + B in Theorem 2.5(ii) follows from [41, Theorem 3.4(b)].

2.3. The monotone + skew model. Let us start with some elementary facts
about the operators M and S appearing in Problem 1.2.
ProrosiTiON 2.7. Consider the setting of Problems 1.1 and 1.2. Then the fol-
lowing hold:
(i) M is maximally monotone.
ii) SeB(K), S*=-8, and ||S|| = || L]
(ili) M + S is mazimally monotone.
(iv) (Vy € ]0,40])(Vz € H)(Vo € G) Jym(z,v) = (Jyalz+72), Jyp-1(v—77)).
v) (Vy € ]0,4+00])(Va € H)(Vv € G),

Jys(z,v) = (Id+~+°L*L) " (z — yL*v), (Id+~+*LL*)""(v + vLx)).

Proof. (i) Since A and B are maximally monotone, it follows from [6, Proposi-
tions 20.22 and 20.23] that M is likewise.

(ii) The first two assertions are clear. Now let (z,v) € K. Then [|S(x,v)||? =
(L7, —La) |2 = [L7o]® + |[Zall> < |LIE0)? + l2]2) = [ LI (2 0)[2. Thus,
S]] < [IL][. Conversely, [lz] <1 = ||(z,0)[ <1 = [|Lz|| = ||S(x,0)| <[[S]|. Hence
LI < 1IS]-

(iii) By (i), M is maximally monotone. On the other hand, it follows from (ii) that
S is monotone and continuous, and hence maximally monotone [6, Example 20.29].
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Altogether, since dom S = I, it follows from [6, Corollary 24.4(i)] that M + S is
maximally monotone.

(iv) This follows from [6, Propositions 23.15(ii) and 23.16].

(v) Let (z,v) € K and set (p,q) = Jys(z,v). Then (z,v) = (p,q) +vS(p,q), and
hence x = p+~+L*qand v = ¢g—vyLp. Hence, Lv = Lp+~vyLL*q and L*v = L*q—~L* Lp.
Thus, * = p+~yL*v+~?L*Lp, and therefore p = (Id +~?L*L)~!(x —yL*v). Likewise,
v=gq—vyLx +~?LL*q, and therefore ¢ = (Id +~7?LL*)"!(v + yLx). O

The next proposition makes explicit the tight interplay between Problems 1.1 and

1.2. An alternate proof of the equivalence (iii)<(iv)«<(v) can be found in [29] (see
also [3, 16, 27, 31] for partial results); we provide a direct argument for completeness.

ProposiTIiON 2.8. Consider the setting of Problems 1.1 and 1.2. Then

(i) zer(M + S) is a closed convex subset of P x D.

Furthermore, the following are equivalent:

(ii) z €eran(A+ L*oBo (L - —1)).

(ifi) P # @.

(iv) zer(M + S) # @.

(v) D#o.

(vi) —r €ran(—Lo A lo(z— L*)+ B71).

Proof. The equivalences (ii)<(iii) and (v)<(vi) are clear. Now let (z,v) € K.

(i) We derive from (1.8) that (z,v) € zer(M + S) & (0 € —z + Az + L*v and
0Oer+Bv—Lz)& (2 — L*v € Az and Lr —r € B™1v) & (2 — L*v € Az and
ve B(Lx—r)) = (¢#—L*v € Az and L*v € L*(B(Lx—71))) = 2z € Ax+L*(B(Lz—r))
& ¢ € P. Similarly, (z — L*v € Ar and Lv —r € B 'v) & (x € A~ (2 — L*v)
and r — Lr € —B ') = (Lx € L(A~Y(2 — L*v)) and r — Lx € —B ) = r €
L(A=Y(z — L*v)) — B™'v & v € D. Finally, since M + S is maximally monotone by
Proposition 2.7(iii), zer(M + S is closed and convex [6, Proposition 23.39].

(iii)=(iv) In view of (1.8), 2 € P& z € Az + L*(B(Lz — 1)) & Bw € §) (2 —
L*w e Avandw € B(Lz—r)) & (3w € G) (2 € Az+L*wand —r € B"'w—Lz) &
(Jw € G) (z,w) € zer(M + S).

(iv)=-(iii) and (iv)=(v) These follow from (i).

V)=(iv)veDere LAY 2~Lv)—-Blve ByeH) (ye ANz —
L*v)andr € Ly —B ) & (FyeH) (0 € —z+Ay+L*vand 0 € r+ B~lv— Ly) &
Fy e H) (y,v) € zer(M + S). O

Remark 2.9. Suppose that z € ran(A + L*B(L - —r)). Then Proposition 2.8
asserts that solutions to (1.2) and (1.3) can be found as zeros of M + S. In principle,
this can be achieved via the Douglas—Rachford algorithm applied to (1.9) as follows:
let (an)nen and (by)nen be sequences in IC, let (A, )nen be a sequence in ]0, 2[ such
that b, — 0, >y An(l[an||+][ba]]) < 400, and D An(2—An) = 400, let y, € K,
let v € ]0,4o00[, and set

Tp = sY, + bn
2.22 Vn € N 7o In

Then it follows from Proposition 2.7(i)—(iii) and [11, Theorem 2.1(i)(c)] that (z,)nen
converges weakly to a point in zer(M + S). Now set (Vn € N) z, = (zp,vp),
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yn = (yl,nayZ,n)a a, = (al,naaQ,n)a and bn - (bl,nabQ,n)~ Then7 using items (iV)*(V)
of Proposition 2.7, (2.22) becomes

In = (Id+72L*L)_1(yl,n - 'YL*yZn) +bin

vp = (Id + 72LL*)_1(y2,n +vLy1 ) + ban

Yin+1 = Yin + )\n J’yA(2$n —Yin + ’}/Z) + Q1,n — xn)
Yo+l = Y2.n + A (S B-1 (200 — Y2, — Y7) + a2, — Vn).

(2.23) (¥n € N)

Moreover, (z, )nen converges weakly toward a solution T to (1.2) and (v, )nen toward
a solution T to (1.3) such that z — L*v € AT and v € B(LT — r). However, a
practical limitation of (2.23) is that it necessitates the inversion of two operators at
each iteration, which may be quite demanding numerically.

Remark 2.10. Tt follows from (2.13) that the error-free version of the forward-
backward-forward algorithm (2.3) is Fejér-monotone with respect to zer(A + B), i.e.,
for every n € N and every € zer(A + B), ||@pn+1 — 2| < ||@, — z|. Now let n € N.
Then it follows from [5, section 2] that there exist A, € [0,2] and a closed affine
halfspace H,, C H containing zer(A + B) such that

(2.24) Tpi1 = Ty + M (PH, Ty — T4).

In the setting of Problem 1.2, H, and A, can be determined easily. To see this,
consider Theorem 2.5 with H = K, A = M, and B = S. Let T € zer(M + S)
and suppose that q,, # y,, (otherwise, we trivially have H,, = K). In view of (2.3),
Y, — Pn € VnMp, and —y, ST € v, Mx. Hence, using the monotonicity of ~, M
and Proposition 2.7(ii), we get 0 < (p,, —E | ¥,, — P, + T ST) = (P, | Y, — Pp) —
(@ | Yn —Pp) + W (8P, | T) = (P, | Y — Pp) — (T | Yy, — Pn + 1 SP,). Therefore,
we deduce from (2.3) that (T | y,, — q,,) < (Pp | Y5 — Pn) = (Pn | Yn — @) Now set
(2.25)

2
H,={zeK|(z|y,—q.) <P, |y, —4q,)} and /\n=1+ﬁ%

Then zer(M + S) C H,, and \,, < 1 +72|S||? < 2. Altogether, it follows from (2.3)
and the skew-adjointness of S that

<p — Tn |mn_p +7ns(p _wn)>)
=z, + An< n n n L=,
[@n — o T mS@, @B ) Yn )

|zn — p,l? )
:wn"‘/\n( < (9, —Yn)
lzn — p,lI* + 7S (P, — zn)?

Thus, the updating rule of the algorithm in Theorem 2.5 applied to M and S is given
by (2.24)—(2.25). In turn, using results from [5], this iteration process can be easily
modified to become strongly convergent.

3. Main results. The main result of the paper can now be presented. It consists
of an application of Theorem 2.5 to find solutions to Problem 1.2, and thus obtain
solutions to Problem 1.1. The resulting algorithm employs the operators A, B, and
L separately. Moreover, the operators A and B can be activated in parallel, and all
the steps involving L are explicit.
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THEOREM 3.1. In Problem 1.1, suppose that L # 0 and that z € ran (A—I—L* oBo
(L - —7‘)). Let (a1,n)nen; (b1,n)nen, and (cin)nen be absolutely summable sequences
in ", and let (a2.n)nen, (b2n)nen, and (can)nen be absolutely summable sequences
in G. Furthermore, let xo € H, let vo € G, let € € 10,1/(||L|| + 1)[, let (Yn)nen be a
sequence in [e, (1 —¢€)/||L||], and set

Yin = Tn — ’Yn(L*Un + al,n)

Y2,n = Un + A/n(Lfn + a2,n)

Pin = JvnA(yl,n + A/nz) + bLn
P2.n = J’ynB—l (y2,n - A/nr) + b27n

(31) (vn < N) qi,m = Pln — 'Yn(L*pQ,n + Cl,n)

q2,n = P2,n + Tn (Lpl,n + C2,n)

Tn+1 = Tn — Yin + d1,n

Un4+1 = Un — Y2,n + q2,n-

Then the following hold for some solution T to (1.2) and some solution T to (1.3) such
that z — L*U € AT and© € B(LT —r):
(i) zp —p1p — 0 and v, — p2., — 0.

(i) zn =T, p1jn =T, U =T, and p2, — .

(iii) Suppose that A is uniformly monotone at T. Then x, — T and p1, — T.

(iv) Suppose that B~ is uniformly monotone atv. Then v, — T and Do — V.

Proof. Consider the setting of Problem 1.2. As seen in Proposition 2.7, M is
maximally monotone, and S € B (K) is monotone and Lipschitzian with constant
IL]|. Moreover, Proposition 2.8 yields

(3.2) @+ zer(M + S) C P xD.
Now set

Ty = (Tn,vn)

Yn = Y1,n,Y2,n)
Pn = (P10, P2.n)
q, = (91,1, 92,n)

Ay, = (al,na CL2,n)
and bn = (bl,na b27n)

Cp = (CLna 02,11)'

(3.3)  (VneN)

Then, using (1.8) and Proposition 2.7(iv), (3.1) can be written in IC as

Y, = Tp — Y (Sxy, + ay)

3.4 Vn € N n Tn n
(34) ( ) 4, =P, — W(Sp, +cn)
Tpt1l =Tn — Y, +4,,

which is precisely the form of (2.3). Moreover, our assumptions imply that (2.2) is
satisfied. These observations allow us to establish the following:

(1), (ii) These follow from items (i) and (ii) in Theorem 2.5 applied to M and S
in IC.

(iii) As in (2.4), define
(35) (VTL S N) (51,n7§2,n) = ﬁn = J'YnM(mn - Vnsmn)

Then, arguing as in (2.16), we obtain

(36) Pin — Fﬁl,n — 0 and P2,n _ﬁ27n — 0.
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On the other hand, (3.5) yields
(3.7) (Yn € N) ~. Y (x, —P,) — Sz, € Mp,,;

ie., via (1.8),

1 n_~n _L*n ANTL_
(3.8) (Vn € N) {7“ (Tn = Prn) = Lon € AP1n — 2

Yot (v — P2.n) + Ly, € B~ Do + 1

Since T solves (1.2), there exist u € H and v € G such that

(3.9) u€ Az, veB(LT—-r), and z=u+ L*v.

Now let n € N. We derive from (3.8) that

(3.10) v, H(zn —pin)—L'vp+2€ Apr,, and po, € B(’y;1 (vn —p2n)+ Ly, — r).

Now set
(3.11)
an = |[&n—=Pprnll (67 1PLa =T+ | Ll lva—vl) and  Bn =& oo —Danll ID2.n —vll.

It follows from (3.9), (3.10), and the uniform monotonicity of A that there exists an
increasing function ¢: [0, +oo[ — [0, +00] that vanishes only at 0 such that

(3.12)
ap + {xy —T | L*'v — L*vy,)
2 571”?51711 = || [|#n = Prnll + (P1n — @ | L'v — L¥0p) + (xn —T | L0 — L™vp)
= e P =Tl l2n — Prwll + Pron —T | L' — L*vp)
> (Pin— T | "/1:1(5571 —DPin) — L + L*U>
= <’p51,n —Z | v N (n — Din) — L vy +2 — u>
> ¢([|p1,n — 7))

On the other hand, since B is monotone, (3.11), (3.9), and (3.10) yield
ﬁn + <xn - | L*,ﬁZ,n - L*U> > <71:1(Un - Fﬁ2,n) + L(xn - E) | ﬁ27n - U>

= (v " (vn = Pan) + Ly — 1) = (LT = 1) | Po,n — v)
(3.13) 0.

v

Upon adding these two inequalities, we obtain
(3.14)
n+Bn |2 =TI | L [|[P2,n—vnll > an+Bn+{(xn — T | L (D2,n — vn)) = S(I[P1,n—Z|)).

Hence, since (ii), (i), and (3.6) imply that the sequences (2 )nen, (VUn)nen, (P1,n)nen,
and (P2, )nen are bounded, it follows from (3.11), (3.6), and (i) that ¢(||p1,,—Z||) — 0,
from which we infer that p1, — T and, by (3.6), that p1, — Z. In turn, (i) yields
Ty — T.

(iv) Proceed as in (iii), using the dual objects. 0

Remark 3.2. Using a well-known resolvent identity, the computation of py , in
(3.1) can be performed in terms of the resolvent of B via the identity J, p-1y =

Y- A/anle(Pygly)'
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Remark 3.3. Set Z = {(z,v) € PxD | z—L*v € Az and v € B(Lz —r)}.
Since Theorem 3.1 is an application of Theorem 2.5 in K, we deduce from Remark 2.10
that, in the error-free case, the updating process for (z,,v,) in (3.1) results from a
relaxed projection onto a closed affine halfspace H,, containing Z, namely,

(3.15) (Tnt1, Vnt1) = (Tn,vn) + A (PHn (Tp, Up) — (xn,vn)),

where

(3.16) H, = {(z,0) K| (& |y1n = qi,n) + (v | 2.0 — G2,n)

< Pin | Y1n —qun) + P20 [ Y20 — Q2,n>}
Pin — $n)||2 +[|[1L*(p2,n — Un)||2
[P1n = znl* + [|P2,n — vnll?

and A\, =1+12 IL¢

In the special case when G = H and L = Id, an analysis of such outer projection
methods is provided in [17].

COROLLARY 3.4. Let Ay: H — 2™ and Ay: H — 2™ be mazimally monotone
operators such that zer(Ay + Az) # @. Let (bin)nen and (b2n)nen be absolutely
summable sequences in H, let xo and vy be in H, let € € 10,1/2], let (yn)nen be a
sequence in [g,1 — €], and set

Pin = JvnAl (xn - A/nvn) + bl,n
P2,n = JWnAgl ('Un + ’Ynl’n) + bg)n
Tn+1 = Pl1,n + Tn (Un - p2,n)
Un41 = P2,n + Vn(pl,n - xn)

(3.17) (Vn € N)

Then the following hold for some T € zer(A; + Ay) and some T € zer(— A o (= 1Id) +
A;l) such that —v € A;T and ¥ € Ay
(i) xp, =T and v, — .

(ii) Suppose that Ay is uniformly monotone at T. Then x,, — T.

(iii) Suppose that Ay*' is uniformly monotone at ©. Then v, — .

Proof. Apply Theorem 3.1 with G =H, L =1d, A = A;, B= Ay, r =0, and
z=0. d

Remark 3.5. The most popular algorithm for finding a zero of the sum of two
maximally monotone operators is the Douglas—Rachford algorithm [11, 15, 24, 38]
(see (2.22)). Corollary 3.4 provides an alternative scheme which is also based on
evaluations of the resolvents of the two operators.

COROLLARY 3.6. In Problem 1.1, suppose that L # 0 and that zer(L*BL) # o.
Let (a1,n)nen and (c1,.n)nen be absolutely summable sequences in H, and let (a2,n)nen,
(bn)nen, and (ca.n)nen be absolutely summable sequences in G. Let xg € H, letvg € G,
let € €10, 1/(|IL|| + 1)[, let (yn)nen be a sequence in [, (1 —¢€)/||L||], and set

Sp = 'Yn(L*'Un + al,n)

Yn = Un + (LT + azn)
(3.18) (Vn € N) Pn = Jy, B-1Yn + bn

Tn4l = Tp — A/n(L*pn + CLn)

Un+1 = Pn — In (Lsn + C27n)~

Then the following hold for some T € zer(L* BL) and some ¥ € (ran L)+ N B(L7):
(i) , =T and v, — 7.
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(i) Suppose that B~ is uniformly monotone at v. Then v, — .

Proof. Apply Theorem 3.1 with A =0, r =0, and z = 0. O

Remark 3.7. In connection with Corollary 3.6, a weakly convergent splitting
method was proposed in [30] for finding a zero of L*BL. This method requires the
additional assumption that ran L be closed. In addition, unlike the algorithm de-
scribed in (3.18), it requires the exact implementation of the generalized inverse of L
at each iteration, which is a challenging task.

Next, we extend (1.2) to the problem of solving an inclusion involving the sum
of m composite monotone operators. We obtain an algorithm in which the operators
(Bi)i<i<m can be activated in parallel and independently from the transformations
(Li)i<i<m.-

THEOREM 3.8. Let z € H, and let (w;)1<i<m be real numbers in 0,1] such that
S wi=1. For everyi € {1,...,m}, let (Gi,| - |lg,) be a real Hilbert space, let r; €
Gi, let B;: G; — 29 be mazimally monotone, and suppose that 0 # L; € B (H,G;).
Moreover, assume that

(3.19) z € raunZwiL;k oB;o(L;-—r;).
i=1

Consider the problem
(3.20) find x €M suchthat z¢€ ZwiLfBi(Lix —7)
i=1

and the problem

(3.21) find v1 €Gi,...,0m € Gy such that ZwiLfvi =z

i=1
(S Bl(le — 7'1)
and (3z eH) :
Um, € B (L@ — ).
Now, for every i € {1,...,m}, let (a1,i,n)nen and (¢1,in)nen be absolutely summable

sequences in H, let (a2,in)nen, (bin)nen, and (c2,in)nen be absolutely summable se-
quences in Gy, let ;0 € H, and let v, o € G;. Furthermore, set = maxi<i<m || Lil|,
let € €10,1/(8+ 1)[, let (Yn)nen be a sequence in [e, (1 —¢)/B], and set

m
Sn = D i Willin
fori=1,....m

Yiin = Tin — Yn(LiVin + a1,in)
Y2.in = Vin + Yo (LiTin + a2,in)

Pin = ZZl WilY1,i,n + Yn2
(3.22) (Vn € N)

fori=1,....m
D2,in = J%B;l (Y2,i,n — YnTi) + bin
Qin =Din — Wn(Lip2in + Cl,in)
@2,in = P2,i,n + Yn(Lip1n + C2,in)
Tin+1 = Tin — Ylin T q1in
Vin+1 = Vin — Y2,in T Q2,i,n-
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Then the following hold for some solution T to (3.20) and some solution (U;)i<i<m to
(3.21) such that, for every i € {1,...,m}, v; € By(L;T —r;):

(i) sp =T and, for every i € {1,...,m}, vin — T;.
(ii) Suppose that, for everyi € {1,...,m}, B;l is strongly monotone atv;. Then,
for everyi € {1,...,m}, vin — T;.

Proof. Let H be the real Hilbert space obtained by endowing the Cartesian
product H™ with the scalar product (- | )4, : (x,y) — > ;" wi (zi | ¥;), where =
(zi)1<i<m and y = (yi)1<i<m denote generic elements in ‘H. The associated norm is
||l & — /> itq willai]]?. Likewise, let G denote the real Hilbert space obtained by
endowing Gy X - -+ X G,,, with the scalar product and the associated norm, respectively,
defined by

(323) (- |)g:(2) =Y wilylz)g, and [|-lg:y— [ D willyillZ,
i=1 i=1

Define
(3.24) V={(z,....0) eH|zeH} and j:H—>V:izw (z,...,2).
In view of (1.11), the normal cone operator of V is

1 m ape — .
(3.25) Ny:H Mg |V SlwEHINLwu =0} eV,
(%) otherwise.

Now set

m

(326) A=Ny, B:G—29 yrs X By, L+ H — G: x> (Liz:)1<i<m,
=1

and r = (73)1<i<m-

It is easily checked that A and B are maximally monotone with resolvents

Jyaix—= Pyx = j(E?iWﬂfi)
(3.27) (Vy € ]0,+00])

Jyp-1: Y — (JvBi_lyi)léiSm'

Moreover, L € B (H,G) and
(3.28) L :G—-oH:v— (Livi), ., .
Now, set

(3.29) {7’: {zxeH|j(z) e Az+ L"B(Lz — )}

D={veg|-re—-LA '(j(z) - L*v)+ B 'v}.
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Then, for every x € H,

x solves (3.20) & z € Y wiL} (Bi(Liz — 1))
=1

& <5| (vi)i<i<m € X Bi(Lix — m)) z = ZwiLfUi
i=1 i=1

& <5| (vi)i<i<m € X B;(L;x — Tz)) sz(z —Liv;) =0
=1 i=1

& (Gve B(Lj(z) —r)) j(z)—L'veV"'=Aj@)
& j(z) € Aj(x) + L*B(Lj(z) — )

(3.30) Sjlx)ePCV.
Moreover, for every v € G,
v solves (3.21) & Zwi(z —Liv;)=0and 3z € H) (vi)i<i<m € X B;(Lyx — ;)

i=1 i=1

& (3zeH) jz) - L've V= Aj(z) and v € B(Lj(z) —r)
o @zeH) jx)eA! (§(2) = L*v) and Lj(z) —r € B 'y
& (Jz eV =domA) z € A ' (j(z) - L*v) and Lz —r € B~ 'v
& —re —LA_l(j(z) —L*v) +B v

(3.31) swveD.

Altogether, solving the inclusion (3.20) in H is equivalent to solving the inclusion
j(z) € Ax + L*"B(Lxz — r) in ‘H, and solving (3.21) in G is equivalent to solving
—r € B"'v—LA '(j(z)— L*v) in G. Next, let us show that the algorithm described
in (3.22) is a particular case of the algorithm described in (3.1) in Theorem 3.1.
To this end define, for every n € N, &, = (Zin)i<i<m, Vn = (Vin)i<i<m, Y1, =
(Y1,i,n)1<i<m Yon = (Y2,i,n)1<i<m D1 = J(P1n), Dby = (P2,in)1<i<m. din =
(qLi,n)lgigma qs ., = (q27i,n)1§i§ma a1n = (aLi,n)lgigma az n = ((Iz,m)lgigm by, =
(bi,n)lgigm, Cin = (Cl,i,n)lgigm, and Copn = (02,i,n)1§i§m- Then we deduce from
(3.26), (3.27), and (3.28) that, in terms of these new variables, (3.22) can be rewritten
as

Yin = Tn — ’YH(L*'vn + al,n)
Yon = Un + Yn(Lay + a2,n)

an = J’YnA(yLn + PYTLJ(Z))

D2y = ']'ynB*1 (y27n - ryn,’,) =+ bzm«

3.32 Vn € N *
( ) ( ) ql,n = pl,n - 7”(L pQ,n + cl,n)
ds, = P2y T ’Yn(Lan +con)
LTnt1 = Ty — yl)n + q17n
L Un+1 = Un — Yz p + d2.n-
Moreover, ||L|| < maxi<i<m || L:|| = 8, and our assumptions imply that the sequences

(al,n)neNa (cl,n)neNv (aZ,n)neNa (bZ,n)nENa and (CQ,n)nGN are abSOIutely summable.
Furthermore, (3.19) and (3.30) assert that j(z) € ran(A + L* o Bo (L - —7r)).

(1) It follows from Theorem 3.1(ii) that there exist € € P and (T;)1<i<m =T € D
such that j(z) — L*v € Az, v € B(LT —r), ¢, — T, and v,, — . Hence j(s,) =
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Pyx, — PyT =T. Since (3.30) asserts that there exists a solution T to (3.20) such
that & = j(Z), we obtain that s,, = j~'(Py@®,) — j '(Z) = T. Altogether, by (3.31),

for every i € {1,...,m}, v;, = U;, where (T;)1<i<m solves (3.21).
(i) Let (wi,y;) and (wa,y,) be in graB~'. We derive from (3.26) that
(Vi € {1,...,m}) y1; € B;'wi; and y2; € B; 'wa;. Hence, since the operators

(Bi_l)lgigm are strongly monotone, there exist constants (p;)1<i<m in |0, +o0[ such

that (y; —ys | w1 —wa)g = Y00 wi (Y1, — Y20 | w1 —wai)g, > D70 wipsllwi; —
wail|g, > plwr — wyllg, where p = minj<i<m pi € ]0,400[. Therefore, B lis
strongly monotone and hence uniformly monotone. Thus, the result follows from

Theorem 3.1(iv). O

4. Variational problems. We apply the results of the previous sections to
minimization problems. Let us first recall some standard notation and results [6, 42].
We denote by T'o(H) the class of lower semicontinuous convex functions f: H —
]—o00, +0c] such that dom f = {z € H | f(z) < +o0} # @. Now let f € I'o(H). The
conjugate of f is the function f* € I'o(H) defined by f*: u — sup,cqy((z | u) — f(2)).
Moreover, for every x € H, f + ||z — -||?/2 possesses a unique minimizer, which is
denoted by prox; z. Alternatively,

(4.1) prox; = (Id +0f)"" = Jay,

where Of: H — 2" a0 — {ueH | (VyeH) (y—a|u)+ f(z) < f(y)} is the sub-
differential of f, which is a maximally monotone operator. Finally, let C' be a convex
subset of H. The indicator function of C' is denoted by t¢, its support function by
oc, and its strong relative interior (the set of points in € C such that the cone
generated by —x 4+ C is a closed vector subspace of H) by sriC. The following facts
will also be required.

PROPOSITION 4.1. Let f € T'o(H), let g € To(G), let L € B(H,G), let z € H,
and let v € G. Then the following hold:

(i) zer(—z+ 9f + L* o (0g) o (L - —7)) C Argmin(f — (- | z) + go (L - —7)).

(i) zer(r — (Lo (8f*) o (z — L)) + dg") C Argmin(f*(z — L*:) + g" + (r [ ).

(iii) Suppose that one of the following is satisfied:

(a) Argmin(f +go(L-—r)—(|2)) # @ and r € sri(L(dom f) — domg).

(b) Avgmin(f+go(L-—r)—(- | 2)) C Argmin(f— (- | 2))NArgmin go(L-—r)
& and r € sri(ran L — dom g).

(¢) f=tc andg=1p, z=0, where C and D are closed convex subset of H
and G, respectively, such that CNL~Y(r+D) # & and r € sri(ran L— D).

Then z € ran(0f + L* o (0g) o (L - —1)).

Proof. (i),(ii) By [6, Proposition 16.5(ii) and Theorem 16.2], zer(—z + df + L* o
(99)0 (L-—1)) C 2ex(d(f — (| 2} + g0 (L- 1)) = Argmin(f — (- | 2} + go (L - —1)).
We obtain (ii) similarly.

(iii)(a) By [6, Theorem 16.2 and Theorem 16.37(i)], we have

@ # Argmin(f +go (L-—r) = (-] 2)) =zerd(f +go(L-—r)—(]2))
(4.2) =zer(—z+0f + L* o (0g) o (L - —r)).

(iii)(b) Since r € sri(ran L — domg), using (i) and standard convex analysis, we
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obtain

Argmin(f — (- | 2)) N Argmin(go (L - —r)) = zer(—z + 9f) Nzerd(g o (L - —r))
= zer(—z 4+ 0f) Nzer(L* o ((’99) (L-—r))
Czer( z+0f+L"o ( g)o (L-— ))
(4.3) C Argmin(f +go (L-—r) = (-] 2)).

Therefore, the hypotheses yield zer(—z + 9f + L* o (0g) o (L - —r)) = Argmin(f —

(-] 2)) N Argmin(go (L - —7)) # @.
(iii)(c) Since dom(vc 4 tp o (L-—r)) = C N L~ Y(r + D),

Argmin(cc +tp o (L - —r)) = Argmin tcnr-1(r+D)
=CNL Yr+D)
(4.4) = Argmintc N Argmin(tp o (L - —7)) # &.

In view of (ii) applied to f = ¢c, g = tp, and z = 0, the proof is complete. d
Our first result is a new splitting method for the Fenchel-Rockafellar duality
framework (1.4)—(1.5).
PROPOSITION 4.2. Let f € To(H), let g € To(G), let L € B(H,G), let z € H,
and let v € G. Suppose that L # 0 and that

(4.5) zeran (8f + L* o (9g) o (L-—r)).
Consider the primal problem

(4.6) migién{ize fl@)+g(Lx—7)—(z|z)

and the dual problem

(4.7) minirgize ffz=Lv)+g"(v)+{(v]|r).

ve
Let (a1,n)nen, (b1,n)nen, and (cin)nen be absolutely summable sequences in H, and
let (a2,n)nenN, (b2.n)nen, and (c2,n)nen be absolutely summable sequences in G. Fur-
thermore, let xg € H, let vg € G, let e €]0,1/(||L|| + 1)[, let (n)nen be a sequence in
e, (1 =¢e)/|IL||], and set

Yin = Tn — (L Uy + al,n)

y2 n — Un + 'Yn(an + aQ,n)

pl,n — prOX»ynf(yl,n + ’Ynz) + bl,n
P2,n = PTOX, 4= (y27n - A/nr) + b2,n

(48) (Vn < N) an - pl,n - ’Yn(L*pQ,n + Cl,n)

q2,n = P2,n + ’Yn(Lpl,n + C2,n)

Tn4+1 = Tn — Yin + di,n

Un+1 = Un — Y2,n + q2,n-

Then the following hold for some solution T to (4.6) and some solution T to (4.7) such
that z — L*v € Of(T) and © € Og(LT —1):
(i) zn —p1n — 0 and v, — pan — 0.
(i) zp =T, pijn =T, vp =T, and pa,p, — 7.
(iii) Suppose that f is uniformly convex at T. Then x, — T and p1, — T.
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(iv) Suppose that g* is uniformly convex at T. Then v, — T and p2, — .
Proof. Suppose that A = 0f and B = 0g in Problem 1.1. Then, since A~! = 9f*
and B~! = dg*, we derive from items (i) and (ii) in Proposition 4.1 that the so-
lutions to (1.2) and (1.3) are solutions to (4.6) and (4.7), respectively. Moreover,
(4.1) implies that (4.8) is a special case of (3.1). Finally, the uniform convexity of
a function ¢ € T'g(H) at a point of the domain of dp implies the uniform mono-
tonicity of d¢ at that point [42, section 3.4]. Altogether, the results follow from
Theorem 3.1. d
Remark 4.3. Here are some comments on Proposition 4.2.
(i) Sufficient conditions for (4.5) to hold are provided in Proposition 4.1.
(ii) As in Remark 3.2, if the proximity operator of g is simpler to implement
than that of g*, p2, in (4.8) can be computed via the identity prox, ..y =
Y — T prox 1, (7, ')

(iii) In the special case when H and G are Euclidean spaces, an alternative primal-
dual algorithm is proposed in [8], which also uses the proximity operators of
f and g, and the operator L in separate steps. This method is derived there
in the spirit of the proximal [36] and alternating direction (see [21] and the
references therein) methods of multipliers.

(iv) Condition (iii) is satisfied when f is strongly convex, i.e., when h = f—a/l|-||%/2

is convex for some a € ]0,+o00[. In this case, after rescaling, problem (4.5)
can be written as

(4.9) minimize h(z)+ g(Lx — 1) + 1||;1c — 2|
reH 2
An alternative primal-dual splitting method for solving this strongly convex
problem is proposed in [12].
We now turn our attention to problems involving the sum of m composite func-
tions.
PROPOSITION 4.4. Let z € H and let (w;)i<i<m be real numbers in 10,1] such
that 37", w; = 1. For everyi € {1,...,m}, let (G;,| - |lg;) be a real Hilbert space, let
r; € Gi, let g; € T'o(Gi), and suppose that 0 # L; € B(H,G;). Moreover, assume that

(4.10) zerany w;L] o (dgi) o (L —rs).
i=1

Consider the problem

(4.11) minimize ;w gi(Lix —r;) — (x| 2)

and the problem

412 inimi (0F (05 - (v | 7).
(4.12) o inimize, ;w (g7 (vi) + (v | 7))

J
jeq wiljvi=z

For every i € {1,...,m}, let (a1,in)nen and (c1,in)nen be absolutely summable se-
quences in H, let (a2,in)neN, (Din)nen, and (c2.in)nen be absolutely summable se-
quences in Gy, let ;0 € H, and let v, o € G;. Furthermore, set = maxi<i<m || Lil|,
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let e €]0,1/(B+1)], let (Yn)nen be a sequence in [, (1 —€)/p], and set

Sn = Dpey Willin
fori=1,....m

Ylin = Tin — Yn(LiVin + a1in)
{ Y2,i;n = Vijn + Yn(Li%in + a2,in)
Pl = Yoy Willlin + V2
(4.13) (Vn € N) fori=1,...,m
P2,in = ProX, g« (Y2,in — nTi) + bin
Q1in = D10 — Yn(LiD2,in + Cl,in)
@2,in = P2,in + Yn(LiP1n + C2,in)
Tin+1 = Tin — Yli;n T qin
Vin+1l = Vin — Y2,in + G2,in-

Then the following hold for some solution T to (4.11) and some solution (V;)i<i<m to
(4.12) such that, for every i € {1,...,m}, v; € 8g;(L;T — r;):

(i) spn =T and, for every i € {1,...,m}, vin — T;.
(ii) Suppose that, for every i € {1,...,m}, gF is strongly convexr at ;. Then, for
every i € {1,...,m}, v;p — Tj.

Proof. Define H, G, L, V, r, and j: H — V as in the proof of Theorem 3.8.
Moreover, set f = vy and g: G — |—00,4+00] : y — > " w;gi(y;). Then, f €
Lo(H), g € To(G), f* = tyr, and g*: v — > " wigF(v;). Therefore, (4.10) is
equivalent to

(4.14) j(z) eran (0f + L* o (Og) o (L - —r)).

Furthermore, (4.11) and (4.12) are equivalent to

(4.15) minir;l{ize fx)+g(Lx—7r)—(x|7(2))sy
xE

and
(4.16) minimize f*(j(z) — L*v) +g"(v) +(r | v)g,

veG
respectively. On the other hand, since, for every v € 0,+oc0], prox,z: ¢
J(Oo, wizi) and prox., g = (Prox.,«)i<i<m, (4.13) is a particular case of (4.8).
Finally, in (ii), g* is strongly, hence uniformly, convex at T. Altogether, the results
follow from Proposition 4.2 and the weak continuity of prox. . |

Remark 4.5. Suppose that (4.11) has a solution and that

(4.17)

(ri,...,7m) € sri {(le—yl, cersLnz—ym) | z€H, y1 € domgy, ..., ymedomgm}.
Then, with the notation of the proof of Proposition 4.4, (4.17) is equivalent to r €

sti(L(V) — domg) = sri(L(dom f) — domg). Thus, Proposition 4.1(iii)(a) asserts
that (4.10) holds.
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