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Abstract

Many functions encountered in applied mathematics and in statistical data analysis can be ex-
pressed in terms of perspective functions. One of the earliest examples is the Fisher information,
which appeared in statistics in the 1920s. We analyze various algebraic and convex-analytical
properties of perspective functions and provide general schemes to construct lower semicontin-
uous convex functions from them. Several new examples are presented and existing instances
are featured as special cases.

1 Introduction

Let G be a real Hilbert space and let p: G — |—00,+0o0| be a convex function. The perspective
function of ¢ is (see Figure 1)

Py R x G - ]—00,+00] : (1) > {W(y/ i H >0 (L.1)

“+o00, otherwise.

The properties of &2, were first investigated in [57], where it was shown in particular that &7, is
convex if and only if ¢ is convex (see also [6, 27, 34]). The term “perspective function” was coined
by Claude Lemaréchal ca. 1987-1988 [43] and first appeared in print in [34, Section IV.2.2]. Special
cases of the construction (1.1) arise in various areas of applied mathematics and data analysis. One
of the oldest instances involving perspective functions is the Fisher information of a differentiable
probability density z: RV — ]0, 400, that is,

V(03
——=dt 1.2
/RN ) ; (1.2)
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Figure 1: Slices of the graph of the perspective function of o: y + 1/2 + 8|y||® for fixed values of
ne€{1/4,1/2,1,2,3,4,5}; the value n = 1 provides the graph of .

where || - ||2 is the standard Euclidean norm on R¥. This notion, which dates back to the work of
Fisher in statistics [29], has found applications in many contexts, e.g., [9, 13, 14, 31, 52, 58, 60].
More generally, (1.1) can be used to construct convex integrands of integral functionals such as

/RN Py (x(t),y(t))dt = /RN :dtM(%)dt, (1.3)

where z: RY — ]0, +oo] and y: RY — G. In the case when N = 1 and G = R, it corresponds to a
notion of p-divergence which originates in [2, 26] and that has been used extensively in information
theory, statistics, signal processing, and pattern recognition [4, 10, 44, 55]; see also [7, 35] for
a discussion of discrete counterparts. In the case when G = RN ¢ = Vz, and ¢ = || - ||3,
one recovers (1.2). Furthermore, choosing ¢ = || - ||5 with p € |1, 400 provides the extension
of the Fisher information (1.2) found in [12] in the case when N = 1. Instances of perspective
functions can also be identified in robust estimation [37, Section 7.7] (see also [49, 53] for recent
developments), transportation theory [8, 18, 30, 54], sparse regression [11, 25, 42], control theory
[38, 47], mixed-integer programming [33], computer vision [61], disjunctive programming [20],
game theory [1], machine learning [46], and mean-field games [19].

Although perspective functions appear explicitly or implicitly in an increasing number of di-
verse research areas, little effort has been dedicated to the systematic study of their properties,
especially in general Hilbert spaces. It is the goal of the present paper to propose such an investi-
gation, with a special focus on the construction of lower semicontinuous convex functions around
perspective functions. As is well known, these two properties are of paramount importance in the
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modeling, analysis, and numerical solution of variational problems. Section 2 focuses on algebraic
and convex-analytical properties. On the basis of these results, several examples of lower semi-
continuous convex perspective functions are provided in Section 3. Finally, integral functions with
perspective function-based integrands are studied in Section 4. Many of the functions we propose
are new and suggest new problem formulations in various applications areas. In particular, our
results are exploited in the companion paper [25], which investigates the proximity operator of
perspective functions and explores new models and algorithms in high-dimensional statistics.

Notation. Throughout, # and G are real Hilbert spaces and H & G denotes their Hilbert direct
sum. The closed ball with center x € # and radius p € |0,+o0] in H is denoted by B(z;p).
['o(H) is the class of lower semicontinuous convex functions f: H — |]—oo, +0o0] such that dom f =
{zeH { f(z) < 400} # @. Let f € Tg(H). Then f* denotes the conjugate of f, epi f the epigraph
of f, rec f the recession function of f, and 9 the subdifferential of f. Let C' be a subset of . Then
1o is the indicator function of C, d¢ the distance function to C, rec C the recession cone of C, and
oc¢ the support function of C. See [6, 41] for background on hilbertian convex analysis and [34, 57]
for the Euclidean setting.

2 Properties of perspective functions

In this section we study various properties of perspective functions. We start our discussion by not-
ing that, if ¢ € T'4(G), the construction (1.1) does not necessarily produce a lower semicontinuous
function. For this reason, we shall use the following variant, first proposed in [57] for G = RY.

Definition 2.1 Let ¢ € I'3(G) and let rec ¢ be its recession function, i.e., given any z € dom ¢,

. +
(VyeG) (recy)(y) = sup (p(z+y)—¢(z)) = lim M. 2.1
zedom ¢ a—+00 «a
The lower semicontinuous envelope of the perspective of ¢ is
ney/m), if n>0;
¢: Rx G —]—o00,+00] : (n,y) — { (recy)(y), if n=0; (2.2)
+00, otherwise.

For simplicity, ¢ is called the perspective of ¢.

Lemma 2.2 Let ¢ € I'y(G). Then the following hold:

(i) recepip = epirecy [41, Proposition 6.8.3].

(i) recy = ogomy+ [41, Théoreme 6.8.5].

The following result records basic topological and convex analytical properties of the perspective
function (2.2).

Proposition 2.3 Let ¢ € I'y(G). Then the following hold:



(i) @ is positively homogeneous.
(i) g eTo(RaG).
(iii) @ is sublinear.
(iv) Let C = {(p,u) €ERxG |+ ¢*(u) <0}. Then (§)* = 1c and = o¢.
(v) Letn € Rand y € G. Then

{(ely/n) = (y | w)/n,u) | uwedply/n)}, if n>0;

03 (n.y) = 4 L) €C | Gdome (y) = (v [ u)}, fn=0and y#0; 2.3)
C, if n=0 and y =0;
o, if n<O.

Proof. (i): This follows from (2.1) and (2.2).

(i): Set D = {1} x epiy and g = &, and let z € dom¢. Then (1,z) € domg. On the other
hand, since D is convex, epig = cone D is convex and g is therefore a proper convex function. Let
us denote by g the largest lower semicontinuous convex function majorized by g. To show that
¢ € I'o(R & G), it is enough to show that

p=g. (2.4)

This can be done using the following argument due to H. H. Bauschke. Since (0,0) ¢ D, it follows
from [6, Theorem 9.9 and Corollary 6.52], Lemma 2.2(i), and [6, Lemma 1.6(ii)] that epig =
epig = cone D = (cone D) U (rec D) = (epig) U ({0} x recepiy) = (epig) U ({0} x epirecy) =
(epig) Uepi(tf) @ recy) = epimin{g, (g} ® recp} = epip.

(iii): This follows from (i) and (ii).

(iv): Set g = Z,. Then g* = 1c [6, Example 13.8]. Hence, we derive from (2.4) and [6,
Proposition 13.14] that (¢)* = (9)* = ¢* = t¢. In turn, (ii) and [6, Corollary 13.33] yield ¢ =
(@) =16 =oc.

(v): Let 4 € R and u € G. It follows from the Fenchel-Young identity [6, Proposition 16.13] and
(iv) that

(,u) €0p(n,y) < @(n,y) + (D) (,u) = nu+(y | w)
& omy)=nu+(ylu) and p+¢*(u) <O0. (2.5)

We consider three cases.

e 7 < 0: Then (2.2) and (2.5) yield d¢(n,y) = 2.
e 1 = 0: We deduce from (2.5), (2.2), and Lemma 2.2(ii) that

(1,u) €09(n,y) < (recy)(y) = (y|u) and p+¢"(u) <O
& Odome () = (¥ | uw) and (p,u) € C. (2.6)
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Since odom 4+ (0) = 0 = (0 | u), we obtain the desired results.

e 1 > 0: Using successively (2.5), (2.2), the Fenchel-Young inequality [6, Proposition 13.13],
and the Fenchel-Young identity, we obtain

(1, u) € 0p(n,y) o(y/m) — (v lu)/n and @(y/n) + ¢*(u) < (y/n | )
o(y/n) — (v | u)/n and @(y/n) + ¢*(u) = (y/n | v)

o(y/n) —(y | u)/n and u € dp(y/n). 2.7)

S op
Sy
& op

We have thus proved (2.3). U

Remark 2.4 Some of the results of Proposition 2.3 have already been obtained in the case when
G = RY with different tools, some of which are specific to the finite-dimensional setting. Thus,
items (ii) and (iv) can be found in [57], and the case n > 0 of (v) appears in [20, Proposition 4].

As shown in [25], (2.3) is instrumental in computing the proximity operator of a perspective
function. Here is an important refinement.

Corollary 2.5 Let ¢ € I'g(G) and denote by bar dom ¢* the barrier cone of dom p*. Let n € R, let
y € G, and suppose that one of the following holds:

(i) y ¢ bardom ¢*.
(ii) dom p* is open.
(iii) dom p* =G.
(iv) ¢ is supercoercive: lim| 100 (¥)/llyl = +o0.

(v) Foreveryv € G, ¢ — (- | v) is coercive.

Then

{(ely/n) =y | u)/n,u) | uedp(y/n)}, if n>0;
oo(n,y) =4 C, if n=0andy = 0; (2.8)
, otherwise.

Q

Proof. In view of Proposition 2.3(v), it suffices to suppose that y % 0 and to show that
D= {(pu) ERXG | p+¢*(u) <0 and ogome+(y) = (u|y)} = 2. (2.9)

Now denote by spts dom ¢* the set of support points of dom ¢*. Then

D = {(p,u) € R x (sptsdom ¢*) | pn+ ¢*(u) <0 and cgome+(y) = (u | y)}. (2.10)

(i): We have o4om ,+(y) = +00 and therefore (2.9) yields D = @.
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(ii): We have spts dom ¢* = @ and therefore (2.10) yields D = @.
(iii)=-(ii): Clear.
(iv)=-(iii): [6, Proposition 14.15].

(v)=(iii): Let v € G. Then by the Moreau-Rockafellar theorem [6, Theorem 14.17], ¢ — (- | v)
is coercive if and only if v € intdom ¢*. Hence G C intdom ¢*. [

Next, we provide an example of a perspective function g € I'y(R & G) such that g| dom g is discon-
tinuous.

Example 2.6 Suppose that G # {0}, let p € |1, +o0], and set

[yl /mP=t, if 5> 0;

g R®G — ]—00,+a] : (n,y) — <0, if n=0 and y = 0; (2.11)
~+o00, otherwise.
Then g € T'H(R @ G) and g|domg is not continuous at (0,0). Indeed, set ¢ = || - ||’. Then ¢ is a

supercoercive function in I'g(G), and it thus follows from (2.1) that recy = tgoy- Hence (2.1
coincides with (2.2) and the first claim is therefore an application of Proposition 2.3(ii) with ¢ = .
Now set y = (0,0) € R x G, let v € G be such that ||v|| = 1, fix a sequence (a;, )nen in |0, +00[ such
that o, | 0, and set (Vn € N) y,, = (aﬁ/(p_l),anv). Then (y,)nen lies in dom g and y,, — y, but
limg(yn) =10 =g(y).

We now turn to some algebraic properties.

Proposition 2.7 Let ¢ € I'¢(G). Then the following hold:

(i) Let ¢ € To(G) be such that domy Ndomey # @, and let A € |0,4o0c[. Then [Ap + |~ =
A+ U eTH(RG).

(i) Let A: H — G be linear, bounded, and sgch that ran A Ndom p # &. Set AROH - R
G: (§,x) — (§,Azx). Then [po A]” =po A e Th(R@® H).

(iii) Suppose that ¢ is positively homogeneous with domp = G, let ¢ € I'o(R) be increasing on
ran ¢ and such that 0 € dom¢, let n € R, and let y € G. Then [¢p o 9|~ € I'H(R & G) and

(¢ 0@~ (n,y) = d(n, 0(y))-

Proof. (i): We have dom (¢ + ¢) # @. Hence ¢ + ¢ € I'g(G) and (2.1) implies that rec (A\p + ) =
Arec ¢ + rec. The claim therefore follows from (2.2) and Proposition 2.3(ii).

(i): Let § € Rand z € H. If £ > 0, then [p o A]¥(§,2) = &(p o A)(z/§) = Ep(Ax/E) =
(¢ o A)(§,x). Furthermore, we have dom (¢ o A) # @. Hence, p o A € T'g(H) and (2.1) yields
rec (p o A) = (recy) o A. Hence, we derive from (2.2) that

[p o A]™(0,2) =rec(po A)(z) = (recp)(Az) = (F o A)(0, z). (2.12)



Finally, if £ < 0, then [p o A]™(€,2) = 400 = ($ o A)(£, z). Altogether, the conclusion follows from
Proposition 2.3(ii).

(iii): The assumptions imply that ¢ is continuous and that ¢(0) = 0. In turn ¢ o ¢ is lower
semicontinuous and 0 € dom (¢ o ¢). It also follows from the assumptions that ¢ o ¢ is convex.
Altogether, ¢ o ¢ € T'y(G) and we deduce from Proposition 2.3(ii) that [¢ o ¢]~ € T'o(R & G). Now
suppose that 7 > 0. Then

(60 @]~ (n,y) = no(e(y/m) = ne(e(y)/n) = 6(n, ¢ (y)). (2.13)
Next, we observe that, since 0 € dom (¢ o ¢) and 0 € dom ¢, (2.2) and (2.1) yield

[¢0¢]7(0,y) = rec(dop)(y)
_ i 9090+ ay)

a—-+00 (6]

o 2e(a)

a— o0 o

:hmw

a—-+00 (6]

= (rec ) (v (y))
= (0, 9(y)). (2.14)

Finally, if 17 < 0, then [¢ o ¢]™ (1, y) = +00 = ¢(n, p(y)). O

Corollary 2.8 Let 1) € T'y(G) and let C be a closed convex subset of G such that C N dom v # @. Set

np(y/n), i n>0 and y € n(C Ndomu);
g:Rx G —]—o00,+0]: (n,y) — < (recy)(y), if n=0 and y € recC; (2.15)
400, otherwise.

Then g € To(R & G).

Proof. This is an application of Proposition 2.7(i) with A = 1 and ¢ = (. Indeed, in this setting,
rec (¢ + 1) =recic + recty) = irecc + recyy and (2.15) yields g = [vo +¢]~. U

Corollary 2.9 Let ¢ € T'4(G), let ¢ € T'y(G) be a positively homogeneous function such that dom ¢ N
domv # @, and let § € R. Then [p +v¢ + ]~ € Th(R & G) and

(meR)(VyeG) [p+v+"(ny) =0y +¥(y)+dn. (2.16)

Proof. This follows from (2.2) and Proposition 2.7(i) since rec (¢ + ¢ + 0) = (recy) + (rect)) =
(recy) +. 0

Corollary 2.10 Let ¢ € Ty(G). Then (¥(¢,1) € R?)(Vy € G) &(¢,n,y) = &(n. y).

Proof. By Proposition 2.3(i)-(ii), ¢ is a positively homogeneous function in I'y(R & G). Hence the
claim follows from Corollary 2.9. [



Proposition 2.11 Let I be a finite set and let n € R. For every i € I, let G; be a real Hilbert space, let
i € Po(gi), and let Y; € QZ Set @ie[ ©i: @z’e[ QZ — ]—OO7 —i—OO] : (Zi)iel —> Zz’e[ SOZ(Zz) Then

(EB%) (m (widier) = (EB%) (. ) : (2.17)

el el

Proof. Suppose that 1 > 0. Then

<EB%> n, (Yi)ier —n(EB%) (i/mier = >_mpi(yi/n) = (@%)(n vi) ) . (2.18)

i€l i€l i€l i€l

Now suppose that » = 0. Then (2.1) implies that rec P,.; i = @, recy; and (2.17) follows.
Finally, if n < 0, then both sides of (2.17) are equal to +oc. [

Perspective functions can be used to provide examples of nonintuitive behaviors for minimizing
sequences in optimization problems.

Example 2.12 Suppose that G = R. Then Proposition 2.3(ii) asserts that the function

& /61, if & > 0;
g=1[1-1’]": R* = ]—o0,400] : (£1,&) — {0, if & =& =0 (2.19)
+o00, otherwise

belongs to T'g(R?). Moreover, Argming = [0, +oco[ x {0}. Now let p € [1,+oo[ and set (Vn € N)
zp, = ((n +1)P*2,n +1). Then (z,)nen is @ minimizing sequence of g since g(z,) — min g(R?) =
1/(n+ 1)? | 0. However, dargmin g(2rn) = n + 1 T +00. To sum up,

g(x,) — ming(R?) = O(1/nP), while (Vz € Argming) |z, — x| T +oc. (2.20)

This illustrates the fact that, even if it induces a very good convergence rate of the objective values
(9(xn))nen, @ minimizing sequence (z,, ),y may have extremely poor properties in terms of actually
approaching a solution to the underlying minimization problem.

We now describe constructions of lower semicontinuous convex functions based on perspective
functions. The first result is based on the composition of the perspective of a convex function with
an affine operator.

Proposition 2.13 Let L: H — G be linear and bounded, let p € T'o(G), letr € G, let u € H, let p € R,
and set

(o1 =)o =) o @l >
f:H—=]—00,4+00]: x — (recgp)(Lx—r), if (x| u) = p; (2.21)

+00, if (x]u)<p.

Suppose that there exists z € H such that Lz € r + ({(z | u) — p)dom ¢ and (z | u) > p, and set
A:H—-R&G: 2 ((x|u)—p,Lx —r). Then f = go A e To(H).
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Proof. By construction, A is a continuous affine operator, while ¢ € I'g(R® G) by Proposition 2.3(ii).
Therefore f = ¢ o A is lower semicontinuous and convex. Finally, to show that f is proper, suppose
first that (z | u) > p. Then (Lz —r)/((z | u) — p) € dom ¢ and hence z € dom f. On the other hand,
if (z | u) = p, then Lz — r € {0}. In turn, f(z) = (recy)(0) = 0 and therefore z € dom f. I

The next result involves the marginal of a perspective function (see [1] for a special case in the
context of game theory).

Proposition 2.14 Let ¢ € I'y(G) and let K be a nonempty closed bounded interval in [0, +o00|. Define
g: G— R:yw— inf ¢(n,y). (2.22)
neK

Then g € Fo(g).

Proof. Proposition 2.3(ii) asserts that ¢ € I'o(R @ G). In turn, it follows from [6, Proposition 8.26]
that g is convex and from [6, Lemma 1.29] that it is lower semicontinuous and proper. [

3 Examples of perspective functions

Our first construction involves a difference of convex functions.

Corollary 3.1 Let ) € T'g(G) and let env (1*): u +— inf,eg(1* (v)+||u—v||?/2) be the Moreau envelope
of Y*. Set

2
Y .

WL senvorum. i 1>0
'R — : . 3.1
g: Rx G — |—00,+00] : (n,y) — Gdom (V) if n=0; (3.1)

+00, if n<DO.

Then g = [env (¢*)]~ € To(R & G).

Proof. Setq = || - ||>/2 and ¢ = q — env), and let O denote the infimal convolution operation.

It follows from Moreau’s decomposition [48] (see also [6, Theorem 14.3(i)]) that ¢ = env (¢*) €
I'o(G). In addition, from basic convex analysis,

"= 0¢)" =T +qg=v+gq (3.2)
and therefore Lemma 2.2(ii) yields
reCyY = 0domp* = Odomp- (3.3)

In view of (2.2) and Proposition 2.3(ii), we conclude that g = ¢ € T\(R @ G). [



Example 3.2 (generalized Huber function) Let C' be a nonempty closed convex subset of G and
let P denote its projector. Upon setting ) = t¢ in Corollary 3.1, we deduce that the function

( P, 2 )
(y | Pc(y/n) —w, if y¢nC and n > 0;
o1 o
g: RxG — |—o00,400] : (n,y) — o it yenC and 1>0; (3.4)
UC(Z/)? if 77:07
+00, if n<0

is in I'g(R & G). More precisely, g = ¢, where ¢ = env (¢*) = envoc. Let us further specialize by
taking C' = B(0; p) for some p € |0, 4o00[. Then (3.4) reduces to

np*
pllyll — o if ||y|| >np and n > 0;
[ly]? :
g: Rx G — ]—00,+00] : (n,y) — W7 if [yl <np and n > 0; (3.5)
pllyll, if n=0;
[ +00, if n<o.

We infer from Corollary 3.1 that g = @, where ¢ = env (p|| - ||) = ¢ — d%/2, that is,

2
oyl =2 iyl > o

ly 112
2 )

0: G = |—00,4+00] 1y — (3.6)

if |yl < p.

In particular, if G = R, then ¢ is known as the Huber function. This function was introduced in
[36] and it plays an important role in robust statistics and signal processing [37, 51], while its
perspective function appears implicitly in robust regression problems [37, 39, 53]. The fact that the
Huber function is the Moreau envelope of the absolute value function can already be found in [16];
see also [17]. On the other hand, if we specialize the perspective function (3.5) to the case when
G =R and p = 1, we obtain the function

( n .
lyl =5, if [yl >n and 7> 0;
ly[? .
= f < d 0;

g: R = |—00, +00] : (n,y) = { oy Wl<mandn> (3.7)
lyl, if n=0;
400, if n <0,

which is used in computer vision [61], where it is called the bivariate Huber function.

We now consider a function that combines distance and support functions.

Example 3.3 (generalized Berhu function) Let C' and D be nonempty closed convex subsets of G,
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and let p € ]0, +oco[. Then the function

d2
M%—ap(y), if n>0 and y ¢ nC;
g: R x G —]|—o0,+00] : (1,9) — < oD(W), if n>0 and y € nC; (3.8)
op(y), if n=0 and y € recC;
+o00, otherwise
is in I'y(R & G). To show this, set ¢ = || - |?/2, ¢ = d%/(2p), and ¢» = op. Then ¢ € T'x(G) and

1 is a positively homogeneous function in I'y(G) such that 0 € dom ¢ N dom ¢. Furthermore, since
© = 1c0O(q/p), we have ¢* = 17, + (¢/p)* = 1 + pq and therefore dom ¢* = dom . In turn,
Lemma 2.2 yields

IreCyY = Odomy* = Odom.}, = I€CLC = lrecC- (3.9)
Altogether,
d2 ~
g— [_c + UD] (3.10)
2p
and the claim follows from Corollary 2.9. An especially interesting case is obtained when C' =
B(0;p) and D = B(0;1). Then recC = {0}, op = | - ||, and (3.8) therefore becomes
2, 22
Tl o7 n>0 and [yl > np;
2np .
g: R X G —]|—00,+00] : (n,) — < Iy, if n>0 and [jy|| <np; (3.11)
0, if n=0 and y = 0;
~+00, otherwise.

As seen above, g is the perspective function of
lyl* + p°
9: G = |—00,+00] : y 20

lyll, if [lyll < p.

if |yl > p; (3.12)

In the special case when G = R, ¢ arises in mechanics [3, 15] as well as in statistics [53], where it is
called the Berhu (or reverse Huber) function. The reason for this terminology is that (3.6) exhibits
a quadratic behavior on B(0; p) and a sublinear behavior outside, while (3.12) exhibits a sublinear
behavior on B(0; p) and a quadratic behavior outside. Applications of the perspective of the Berhu
function in robust regression can be found in [40] and in [53].

We now turn to a type of function that is used in support vector machines and in computer
vision.

Example 3.4 (generalized Vapnik loss function) Lete € |0, +oo[. By applying Proposition 2.7(iii)
to ¢: t — max{|t| —e,0} and ¢ = || - ||, we obtain that the function

dB(O;en) (y)7 if n > 0;
g: R x G — ]—o00,+00] : (n,9) — < |lyll, if n=0; (3.13)
+00, if n<O.
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is the perspective function of = max{||- || —¢,0}] and that it is in I',(R & G). A special case of this
function appears in the context of computer vision in [61]. When G = R, ¥ is known as Vapnik’s
e-insensitive loss function and it is employed in the area of support vector machines [59].

Our next construction involves a mix of positively homogeneous and norm-like functions.

Example 3.5 Let ¢: G — [0, +oco[ be a proper, lower semicontinuous, positively homogeneous con-
vex function, let § € R, let p € [0, +o0], let p € [1,+o0], let v € G, and set

S+ (y | v)+ |pn? + P ()| 7P, i n > 0;

! (3.14)
+o00, if n<o.

g: Rx G — ]—00,+00] : (n,y) — {
Then g = [§ 4 (- | v) + |p + ¥P|"/?]™ € To(R @ G). Indeed, set ¢ = & + (- | v) + |p + ¢?|"/P and
o= |p+]- |p|1/p. Then rec = |- | and ¢ = § + (- | v) + ¢ o ¢h. Altogether, we derive from
Corollary 2.9 and Proposition 2.7(iii) that g = ¢ € I'o(R @ G). Let us now consider some special
cases of this perspective function.

(i Setwy =| ||, v =0, and p = 2. Then (3.14) leads to the perspective function

o+ +1yl? ifn>0; (3.15)

R X G — |—00,+00]: (n,y) — .
g G — ]—00,+q] : (n,9) {JFOO’ if <0,

In the case when G = R, p = 1, and § = —1, this function shows up in computer vision [32],
where g(n, ) is called the pseudo-Huber function.

(ii) Let D be a nonempty closed convex cone in G, let v = 0, let 6 = 0, let p = 1, and let ||| - ||| be
anormongG. Set H=R& G, K =[0,+00][ x D, and ¢ = ||| - ||| + ¢tp. Define a norm on #H by
11Ul (m,9) = ([P + [[lyll|*)'/. Then (3.14) yields g = ||| - [[|, + ik, i.e.,

lz[llp, if z € K;
:H — |—00,+00] : 2 3.16
I ] | {—i—oo, if 2¢ K. ( )
(iii) Consider the following setting in (ii): NV > 2 is an integer, G = RV~1, ||| - ||| is the ¢’ norm on

RN-1, D = [0,+00[""!, and K = [0, +oo[". Then, if || - ||, denotes the /# norm on R", the
corresponding perspective function (3.14) is

if z € [0,400[";
‘RN 5 ]—00, +00] : 2 — 1=l ’ ’ 3.17
g ! ! {+oo, if 2z ¢ [0, 400" . (317
(iv) Set G =R, ¢ = ||, v =1, p =1, and § = —1. Then (3.14) yields the generalized
Fischer-Burmeister function

—n — P p|YP i >0
g: R? = ]—00,400] : (1,y) — =y |+l i = (3.18)

+00, if n<o0,

which is used is nonlinear complementarity problems [22]. The original Fischer-Burmeister
function is obtained for p = 2.
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The example below extends constructions found in robust estimation and in machine learning.

Example 3.6 Let ¢ € I'y(R) be an even function, let v € G, and let § € R. Then ¢ in increasing
on [0, +oo[ and 0 € dom ¢. In turn, it follows from Corollary 2.9 and Proposition 2.7(iii) that the
function

on +(y [ v) +nollyll/n), if n>0;
9: R®G — |—00,+00]: (n,y) = { (y | v) + (recd)(|lyl]), if n=0; (3.19)
+00, if n<0

is in I'o(R & G). More precisely, g = [0 + (- | v) + ¢ o || - |||~. Now assume further that dom ¢* = R
Then [5, Theorem 3.4] implies that ¢** = ¢ is supercoercive and, therefore, that ¢ is likewise. In
turn, we derive from (2.1) that recy = L{0}s which allows us to rewrite (3.19) as

on+(y [ v) +nelyll/n), if n>0;

g:R®G — |—00,+00] : (n,y) — <0, if n=0 and y=0; (3.20)
~+o00, otherwise.
In particular, when G = R, ¢ = | - |?, and v = 0, (3.20) has been used in robust estimation [37] and

in machine learning [46].
Example 3.7 Let p € |0, +o0], let p € [1,+00[, and set

g:RxG — ]—o00,+0]

Pliyll® +pnlnn —nln (0P P). if 0:
1 tpnlnn —nln (n? + pllylP), if >0
7 _ (3.21)
(my) — Pyl if n=0andp=1;
0, if =0, y=0, and p > 1;
+00, otherwise.
Upon invoking Proposition 2.3(iii) with ¢ = || - || and
¢: R — ]—00,400] : t = p|t|P —In (1 + plt|?), (3.22)

we see that g = [p o p]~ € TH(R@ G). For p = 1, (3.22) arises in inverse problems [21]. For
G =Rand p =p =1, (3.21) is closely related to the so-called “fair” function in robust statistics
[56, Section 6.4.5]. For G = R and p = p = 1, (3.21) is used in least-squares regularization [28].

Example 3.8 Let p € [1, +oo[ and set

g:RxG — ]|—o0,+o0]

pnlnn —nln(n? — [jy||P), if n>0and |jy| <n; (3.23)
(n,y) — 0, if n=0and y =0;
+00, otherwise.
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It follows from Proposition 2.3(iii) applied to ¢ = || - || and

—In(1—[t]P), if |t|<1;

3.24
+00, if [t >1 (3.24)

qﬁ:R—)]—oo,—i—oo]:tr—){

that g = [po @]~ € To(R® G). For G = RV and p = 2, (3.23) is closely related to a standard barrier
for the Lorentz cone {(y,n) € RV | |ly|| < n} [50, Proposition 5.4.3].

Proposition 2.13 is an effective device for constructing a lower semicontinuous convex function
in I'o(H) by composing a perspective function ¢, for some ¢ € I'y(G), with a continuous affine
operator A: H — R @& G and, possibly, a suitable convexity preserving operation (see also Propo-
sition 4.2). For instance, the generalized TREX estimator of [25] hinges on a special case of the
following example in Euclidean spaces.

Example 3.9 Let L: H — G be linear and bounded, let ||| - ||| be a norm on G such that, for some
€ 10,400, ||| - Il = x|l - I, letr € G, letu € H,let p € R, let g € |1,+0o0], and let s € [1, +oo]. Set
Lo —rl[|®s
e it @) > p
o [ — ol
h: H — ]|—o00,4+00] : & +— 0, if Ly =7 and (z |u) = p: (3.25)
+o00, otherwise.
Then h € T'y(H).
Proof. Set ¢ = ||| - [||?. Then dom ¢ = §. In addition, ¢(y)/llyll = x?[lyl|?/Ilyll — +oc as [ly|| = +oo
and therefore (2.1) implies that rec p = ¢(gy. Thus, (2.21) becomes
Lz — |||
I IRy
5 Tl =l 326)
M= ]=00, o0l i 0, if L =r and (x| u) = p; ’
~+o00, otherwise,
and Proposition 2.13 asserts that f € I'g(#). Now let ¢ = | - |* and set ¢(+00) = +oco. Then ¢ is in-

creasing on [0, +oo] = ran f, continuous, and convex. Hence it follows from [23, Proposition II.8.4]
and [6, Proposition 8.19] that h = ¢ o f € I'o(H). O

Example 3.10 Let (2, F,P) be a probability space and let # = L?(£2, F, P) be the associated Hilbert
space of square-integrable random variables. Let ¢ € T'g(H) and set

X .
EX@(ﬁ), if EX > 0,
(recp)(X), if EX =0; (3.27)
00, if EX <0.

f:H—]—00,+00]: X —

Then f € I'y(H).

Proof. This is an application of Proposition 2.13 with G =H, L=1d, p=P,u=1as.,r =0 as.,
z=0a.s.,and p =0. [
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4 Integral functions

In this section we construct lower semicontinuous functions by using as an integrand a perspective
function. First, let us extend and formalize the divergence model (1.3).

Proposition 4.1 Let (Q2,F, ) be a measure space, let G be a separable real Hilbert space, and let

0 € To(G). Set H = L2((Q,F,u);R) and G = L?((Q, F, u); G), and suppose that one of the following
holds:

(1) n(Q) < +oo.
(D) ¢ > ¢(0) = 0.
For every = € H, set Q(z) = {w € Q| z(w) =0} and Q4 (z) = {w € Q | z(w) > 0}. Define

O:HBG — |—00,+00] : (x,y) —

( /QO - (rece) (y(w)) u(dw) + /Q +($)$(w)gp<y(w)> (dw),

z(w)

x>0 a.e
F 9 (rec )W) Llay () + ze(y/T)la, () € L' ((Q, F, p); R);

+00, otherwise.

4.1

Then ® € To(H @ G).

Proof. It follows from Proposition 2.3(ii) that ¢ € I'y(R & G). Furthermore, we derive from (2.2)
and (4.1) that

(V2 € M)Wy € 0) Bloy) = [ Flate).ylw)n(d) 4.2)
In turn, [6, Proposition 9.32] yields ® € T'y(H & G). O
Proposition 4.2 Let ) be a nonempty open subset of RV and let ’H be the Sobolev space HY(Q), ie.,
H:{xELQQ) (L2 NV ForeveryxE’HsetQ x) = {teQ | a(t) <0}, Qo) =

{t€Q|z(t) =0}, and Qy(z {t €Q|a(t)>0}. Letp € FO(RN) be such that ¢ > p(0) = 0, and
define

fiH — ]—o0,+x]

J ; 4.3
. /Qo(ar) (recy) (Vﬂc(t))dt—i—/m(x)x(t)tp( ) )dt, if >0 ae.; (4.3)

00, otherwise.

Then fe Po(%).
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Proof. Set G = (L%(2))" and G = R”, define ® as in (4.1), where (2, F, ;1) is the standard Lebesgue
measure space, and let L: H - H & G: x — (z,Vz). Then ® € I'y(H @ G) by Proposition 4.1(ii).
On the other hand, since V: H — G is bounded, L is linear and continuous. Since f(0) = 0, we
conclude that f = ®o L € Ty(H). O

The next examples recover two classical functions that have been used extensively in statistics
(Fisher information) and in image recovery (total variation).

Example 4.3 Consider the setting of Proposition 4.2.

(i) By choosing the supercoercive function ¢ = || - ||3, we infer that the Fisher information

(ii)

f:H(Q) — ]—o0,+]

/ HV:{:(t)H%dt7 L >0 a.e. (4.4)
T o= Q@ () [2=0 = Vz=0]ae,;

+00, otherwise

is in To(H'(Q)). The convexity properties of (1.2) over the subspace of strictly positive 1-
dimensional smooth densities were apparently first discussed in [24]. The convexity and
lower semicontinuity properties of extensions of the Fisher information, such as those used in
[45] for N = 1 and based on ¢ = | - |P, with p > 1, or on higher order derivatives, can be
obtained analogously.

By choosing the positively homogeneous function ¢ = || - |2, we infer that the total variation
function

f: H(Q) — ]—o0,+]

/HVCE(t)Hth, if >0 a.e.; (4.5)
T Q
+00, otherwise

isin To(H'(Q)).

We can also derive from Proposition 4.1 lower semicontinuous versions of a variety of standard
divergences in the continuous and discrete cases. In the former, the underlying measure space is
the Lebesgue measure space. The latter is illustrated below.

Example 4.4 Let N be a strictly positive integer, set I ={1,...,N}, and let qﬁ € I'g(R). For every
x—(&)ze[eRN and every y = (1;)ie; € RV, set I_( {ZEI‘£Z<O} ILz)={iel|&=0

I (z

={iel|& >0}, and
> (reco)(m) Z Gomi/&), if I_(x) = 2;

O(x,y) = | icl(x) iely(x (4.6)
+o0, if I_(z)#0.
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Then ® € T'o(R?*V). Indeed, this is a special case of Proposition 4.1(i), where Q = I, F = 2!, p1 is
the counting measure (hence H = G = RY), ¢ = ¢, and G = R. For instance, consider

tlnt, if ¢ > 0;
¢: R — ]—o00,+0o0] 1 t = < 0, if t=0; (4.7)
400, if t<O0.

Then rec ¢ = v and, if we set J(z,y) = {i e I | (& =0andn; #0)or (§ >0and n; <0)},

Z niIn(n; /&), if I_(z)UJ(z,y) = &;
D(x,y) = < il ()Nl (y) (4.8)
+00, otherwise

is the Kullback-Leibler divergence between x and y. This notion is central in statistics and in infor-
mation theory. Another noteworthy family of discrete divergences is obtained by replacing (4.7) by

[t/p — 1|7, if ¢ > 0;

h € [1,+o0]. 4.9
+00, if ¢ <0, where p € [1, +ool (4-9)

¢: R —]—o0,+00]: t +— {
In this case rec ¢ = 0]_, 1) and, if we set J(z,y) = {i € I | & > 0 and 7; < 0}, (4.6) becomes
Somr Y PP i (@) Ud(ay) = o

D(x,y) = S ich(@)nlt(y)  i€li(@)NI-(y) (4.10)
~+o00, otherwise.

We recover the Kolmogorov variational divergence for p = 1 and the Hellinger divergence for p = 2.
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